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Abstract

We extend the definition of conical representations for Riemannian symmetric
space to a certain class of infinite-dimensional Riemannian symmetric spaces. Us-
ing an infinite-dimensional version of Weyl’s Unitary Trick, there is a correspon-
dence between smooth representations of infinite-dimensional noncompact-type
Riemannian symmetric spaces and smooth representations of infinite-dimensional
compact-type symmetric spaces. We classify all smooth conical representations
which are unitary on the compact-type side. Finally, a new class of non-smooth
unitary conical representations appears on the compact-type side which has no
analogue in the finite-dimensional case. We classify these representations and show
how to decompose them into direct integrals of irreducible conical representations.



Chapter 1

Introduction

Harmonic analysis and representation theory of topological groups have been very
well-studied over the past century and have produced many fruitful applications in
areas such as PDEs and quantum physics. Two broad developments in the theory
are brought together in this thesis: first, Helgason’s theory of horocycle spaces and
conical representations for noncompact-type Riemannian symmetric spaces and
second, the more recent study of representation theory and harmonic analysis on
infinite-dimensional Lie groups.

In the theory of Riemannian symmetric spaces, there are two crucially impor-
tant dualities. One is the duality between compact-type and noncompact-type
Riemannian symmetric spaces. The other is the duality between a noncompact-
type Riemannian symmetric space and its horocycle space. These dualities are
intimately connected to the representation theory of their corresponding isom-
etry groups (see [20], [22], and [23], for instance). For instance, Weyl’s unitary
trick sets up a correspondence between finite-dimensional spherical representations
for a compact-type symmetric space and finite-dimensional spherical representa-
tions for its corresponding noncompact-type symmetric space. In turn, the finite-
dimensional spherical representations for a noncompact-type symmetric space are
identical to the conical representations for its corresponding horocycle space.

More recently, researchers have turned their attention to the study of infinite-
dimensional Lie groups. These are groups which are modeled by locally convex
topological vector spaces in the same way that finite-dimensional Lie groups are
modeled on finite-dimensional vector spaces. The simplest and “smallest” infinite-
dimensional groups are the direct-limit groups, which are constructed by taking
unions of increasing chains of finite-dimensional Lie groups. In a similar way, one
can form an infinite-dimensional symmetric space by forming a direct limit of
finite-dimensional symmetric spaces. Representation theory and even harmonic
analysis questions for direct-limit groups and direct-limit symmetric spaces have
been studied in some depth (e.g., see [2], [4], [43], [44], [39], [40], [54], [55], and[56]
for just a few examples). A good overview of the field may be found in [45].

In particular, spherical representations for infinite-dimensional symmetric spaces
are well-studied in the literature (e.g., see [7] and [44]). On the other hand, the
theory of conical representations for infinite-dimensional Riemannian symmetric
spaces appears to have been largely neglected up to this point. In this thesis, we
begin to rectify this situation by classifying all of the smooth conical represen-
tations for direct limits of noncompact-type Riemannian symmetric spaces that
satisfy certain technical conditions. Combined with the results of [7], we see that
for infinite-dimensional symmetric spaces of infinite rank, none of the smooth con-
ical representations are spherical, a situation which is in stark contrast with the



classical result of Helgason that all finite-dimensional representations are spherical
if and only if they are conical. We further demonstrate the existence, in certain
cases, of nonsmooth unitary conical representations for direct limits of compact-
type Riemannian symmetric spaces. This is a phenomenon which has no analogue
for finite-dimensional symmetric spaces. We also show how these conical represen-
tations decompose into direct integrals of irreducible representations.

The arrangement of this thesis is as follows. Chapter 2 reviews relevant theorems
from elementary representation theory and harmonic analysis. Chapter 3 reviews
the relevant structure theory for Riemannian symmetric spaces and their associated
horocycle spaces. It also reviews the basic results about spherical representations
and conical representations and their role in harmonic analysis on Riemannian
symmetric spaces and horocycle spaces. Much of the theory of spherical repre-
sentations are due to Harish-Chandra, and the corresponding results for conical
representations are mostly due to Helgason. Chapter 4 introduces the concept of
direct-limit Lie groups. It also introduces the necessary technical machinery for
studying direct limits of symmetric spaces and horocycle spaces. We define what
we call admissible direct limits of Riemannian symmetric spaces and show that the
classical examples of direct limits of Riemannian symmetric spaces meet this defini-
tion. Chapter 5 contains several useful results about representations of direct-limit
groups, including an infinite-dimensional generalization of Weyl’s Unitary Trick.
Finally, Chapter 6 contains the main results of the thesis. We provide natural def-
initions of conical representations for infinite-dimensional Riemannian symmetric
spaces. We construct and classify all unitary conical representations for direct lim-
its of compact-type symmetric spaces. Finally, in Chapter 7 we end by describing
some interesting questions which remain unanswered.

1.1 Notational Preliminaries

If A is a set, then its cardinality is denoted by #A. If G is a group, then e denotes
the identity element. If H and K are subgroups of G, then Zy(K) and Ny (K)
denote the centralizer and normalizer, respectively, of K in H. Similar notation is
used for centralizers and normalizers of Lie algebras.

All vector spaces, except for Lie algebras, are assumed to be over the field of
complex numbers unless otherwise stated. We denote by (A) the algebraic linear
span of a subset A of a topological vector space V. The closed linear span of A is
denoted by @ The space of continuous linear functionals on V' is denoted by V*,
and the space of continuous conjugate-linear functionals on V' is denoted by V’. If
‘H is a Hilbert space, then the inner product of two vectors u,v € H is denoted
by (u,v)y, or if the choice of Hilbert space is understood, by (u,v). We consider
inner products to be linear in the first variable and conjugate-linear in the second
variable. The space of bounded linear operators on H is denoted by B(H).

If M is a manifold, then the space of smooth, compactly supported functions on
M is denoted by D(M). The usual topology given to D(M) gives it the structure
of a lim-Fréchet space (i.e., it is a direct limit of Fréchet spaces). The space of



distributions on M is denoted by D’(M) and is defined to be the space of continuous
conjugate-linear functionals on D(M) (we choose to think of D’(M) as the anti-
dual of D(M) so that there is a continuous linear embedding D(M) — D'(M)).
We give D'(M) the weak-* topology. We denote by C*°(M) the space of smooth
functions on M.



Chapter 2

A Brief Review of Harmonic Analysis
and Representation Theory

Representation theory is the study of linear actions of groups on vector spaces,
which are called representations. Of particular interest are the unitary represen-
tations, in which a group acts on a Hilbert space by isometries. Given a group,
representation theory seeks to explicitly construct and classify the representations
of that group to the broadest extent possible. It thus fits naturally into the broader
theory of groups, which has been traditionally motivated primarily by the study
of symmetry.

Fundamental insights in representation theory often come from relating group
representations to representations of other related objects. For instance, unitary
representations of locally compact groups may be integrated to yield representa-
tions of a group C*-algebra, which allows the application of powerful tools from
operator theory. Similarly, unitary representations of a Lie group may be differ-
entiated to yield representations of the group’s Lie algebra, which allows the rep-
resentation to be studied using basic linear algebra techniques instead of more
difficult tools from differential geometry and analysis. Finally, through the beau-
tiful and classical construction of Gelfand-Naimark-Segal, the theory of unitary
representations may be connected with the theory of positive-definite functions.
A distributional variant of this construction uses positive-definite distributions on
Lie groups to embed unitary representations into spaces of distributions on homo-
geneous spaces.

The foundational task of the field of harmonic analysis, on the other hand, is
to use the information provided by the action of a group to decompose a space of
functions into simpler pieces. Such exploitations of symmetry, to borrow a phrase
of Mackey, have many applications, particularly in the study of linear PDEs and
in quantum physics. Because it is concerned with symmetries of vector spaces of
functions, representation theory naturally plays a very important role, although
harmonic analysis may be distinguished from the study of representation theory
as an end in itself.

The material in this chapter is entirely classical and may be found in standard
references on abstract harmonic analysis, such as [8], [I4], and [31]. See also the
survey article [30] for an excellent and concise introduction to the theory.

2.1 Unitary Representations
We begin by defining the basic terms.

Definition 2.1. Let G be a topological group and let V' be a locally convex topolog-
ical vector space. A representation of G on V' is a continuous homomorphism:

m: G — GL(V),



where GL(V') is given the strong operator topology. (We say that 7 is a norm-
continuous representation if it is continuous when GL(V') is given the operator
norm topology.) If V is a Hilbert space, then 7 is said to be a unitary represen-
tation if 7(g) is a unitary operator for all g € G.

Given two representations (m, V') and (o, W) of G, we say that a bounded linear
operator T : V. — W is an intertwining operator if Tw(g) = o(g)T for all g €
G. If ™ and o possess a continuously-invertible intertwining operator between them,
then we say that they are equivalent representations. We write Hom(w, o) for
the space of all intertwining operators between ™ and o.

Among more general continuous representations, unitary representations in par-
ticular possess the important property that they may be decomposed into smaller
representations. In fact, suppose that (7, H) is a unitary representation of a group
G on a Hilbert space H and that V is a closed subspace of H such that 7(g)v € V
for all v € V. Then we say that V' is an invariant subspace of H. One may form
a representation my of G on V simply by restricting the action of m on H to the
subspace V. We say that 7y is a subrepresentation of 7.

Now consider the closed subspace

Vi ={w e H|[(w,v) =0 for all v € V'}.
Note that if w € V*, then

(r(g)w,v) = <’w,71'(g_1)1)> =0

for all v in V. It follows that V' is also an invariant subspace of H.
In fact, we see that H =V @ V+ and that

m(g)(v+w) = 7wy (g)v + Ty (g)w

for all v € V and w € V*. In this case, we write 7 = 7y @ my. and say that 7
decomposes into a direct sum of representations.

If a representation (7, H) of G possesses no invariant subspaces besides ‘H and
{0}, then we say that 7 is an irreducible representation. Let G denote the set of
equivalence classes of irreducible representations of G.

Theorem 2.2. (Schur’s Lemma; see [14, p. 71]). Suppose that (w,H) is an ir-
reducible unitary representation of a group G. Then every intertwining operator
T € Hom(w, ) for the representation m may be written T = Ald for some A € C.

Now suppose that 7 is a unitary representation of G on a finite-dimensional
Hilbert space H. If 7 is not irreducible, then we can repeatedly follow the process
outlined above of decomposing it into sums of subrepresentations. Because H is
finite-dimensional, the process must terminate at some point, which will occur
when 7 has been decomposed into a direct sum of irreducible subrepresentations.
In this way, irreducible representations play a role similar to that of prime numbers
in arithmetic.



More generally, we say that a representation (m,H) of G is cyclic if there is a
vector v € H such that the span (7(G)v) is dense in H. In that case, we say that
v is a cyclic vector for 7. The following powerful and broad-ranging result may
be proven using Zorn’s Lemma.

Theorem 2.3. ([T], p. 70]). Every unitary representation (w,H) of a group G
may be decomposed into an orthogonal direct sum of cyclic subrepresentations.

It is a classical result that all unitary representations of compact groups may
be decomposed into a direct sum of irreducible subrepresentations. On the other
hand, there are many interesting examples of representations of noncompact groups
on infinite-dimensional Hilbert spaces which do not possess any irreducible sub-
representations (and thus cannot be decomposed into a direct sum of irreducible
subrepresentations). However, it is possible to write such representations as a sort
of “continuous” direct sum of irreducible representations in a matter which we now
describe, roughly following the construction in [14], p. 219-232].

Suppose that p is a Borel measure on a topological space X, and that for each
x € X we are given a unitary representation (7., H,) of a group G. Suppose we
are also given a collection of maps s; : X — UyexH, for ¢ in some countable index
set [ such that:

1. si(x) € H, for each x € X and i € .
2. (si(x)]i € I) is dense in H, for all z € X.
3. x> (si(x), sj(x))n, is a Borel-measurable function on X for all ¢, j € I.

The set {s;}icr is called a measurable frame. We then say that a map s : X —
UzexH, is a measurable section if

1. s(z) € H, for each z € X.
2. x> (s(x),s;(x))n, is a Borel-measurable function on X for all i € I.

Finally, we define a direct-integral Hilbert space by

@
H= / H.dp(z) = {measurable sections s
X

[ 1@l dute) < oo}

where the inner product is given by
(1) = [ (uta),o(@h.du(o)
X
for u, v € H. We can also define a continuous unitary representation 7 = [ )G? T dp(x)

of G on H by
(m(g)s)(x) = ma(g)(s(x))

for all s € H and g € G. We say that 7 is a direct integral of the representa-
tions H, for x € X.



It is easy to see that orthogonal direct sums of Hilbert spaces and representations
are a special case of direct integrals in which the measure is discrete. Moreover,
every continuous unitary representation of a group G may be decomposed as a
direct integral of irreducible representations, although there are some subtleties
surrounding the uniqueness of such decompositions for certain groups.

We end this section by defining two very important classes of representations.

Definition 2.4. A unitary representation (w,H) of a topological group G is said
to be multiplicity free if every decomposition m = w1 & my of ™ into a direct sum
of subrepresentations has the property that no subrepresentation of m, is equivalent
to a subrepresentation of ms.

One can show that a unitary representation 7 is multiplicity-free if and only if its
ring Hom(7, 7) of intertwining operators is commutative. The term “multiplicity
free” comes from the face that a direct sum m = @®;c;m; of irreducible representa-
tions of a group G is multiplicity free if and only if each equivalence class in G
appears at most once in the collection of m;’s. This basic result is a corollary of
Schur’s lemma (see [9) p. 123]).

Definition 2.5. A unitary representation (w,H) of a topological group G is said
to be primary if the center of its ring of intertwining operators is trivial—that is,
of

Z(Hom(m, 7)) = {A\Id|\ € C}.

One can show (see [9, p. 122]) that a direct sum 7™ = @;¢;m; of irreducible rep-
resentations of a group G is primary if and only if all the irreducible components
m; are equivalent to each other. However, for some groups it is possible to con-
struct primary representations which cannot be decomposed into a direct sum of
irreducible representations.

2.2 Invariant Measures

It is well-known that every locally-compact topological group G possesses a Radon
measure (i which is left-invariant under left translations of the group and such
that every open subset of G has positive measure. That is,

/G Flg2)due(z) = /G F(@)dpc(a) (2.1)

for all f € C.(G) and g € G. Such measures, called Haar measures, are unique
up to multiplication by a constant. If G is a compact group, then ug is a finite
measure, which we will always normalize so that pug(G) = 1.

The existence of Haar measures has several important and useful consequences.
For example, the fact that compact groups have invariant probability measures
makes it possible to construct many arguments in which one averages some object
over the group:



Theorem 2.6. (See also [27, Proposition 4.6]). If G is a compact topological group,
then every norm-continuous representation (w,H) of G on a Hilbert space is equiv-
alent to a unitary representation.

Proof. We denote the inner product on H by (,)4 and construct a new inner
product (,), on H by defining:

(0, 0}y = /G (n(g)v, 7(g)whrdpic(g)

for all v, w € H.
Now define

M = sup||m(g)||x
geG

and note that M < oo because 7 is norm-continuous and G is compact. We then
have ||m(g)~ Y| < M for all g € G. Thus

M2l < lvllz = /G 17 (g)vll5duc(g) < M?[v|f3,

for all v € H. Hence the identity map on H forms a homeorphism between H under
(,)% and H under (, ).
Finally, for all h € G and u,v € H, we have that

(m (B, m ()0 = /G (r(gh)v, w(gh)w)wdiicg)

_/G(ﬁ(g)v,w(g)w>ﬂdMG(g>
= (U, V).

Thus, we see that « is a unitary representation of G on ‘H under the inner product
(s ) 0

For certain groups, the left-invariant Haar measure is also right invariant. That
is, the Haar measure uq satisfies the property that

/G F(gr22)dpc(x) = /G f(@)dpc(x) (2.2)

for all f € C.(G) and g1, go € G. In this case, we say that G is unimodular. Many
basic results in harmonic analysis can be formulated most cleanly when the group
under consideration to be unimodular; fortunately several broad classes of groups
are known to be unimodular, including (see [12, p. 88]) all compact groups, abelian
groups, semisimple Lie groups, and connected nilpotent Lie groups (in contrast,
not all solvable Lie groups are unimodular).

At any rate, with a Haar measure pug on G, we may consider the Hilbert space
L*(G) = L*(G, ug) of square-integrable functions on G. It is easy to show that the
action given by

(9-Nx) = flg~'w) (2.3)



for g € G and f € L*(G) gives a continuous representation of G on L*(G) that is
unitary by (2.1). This representation is called the (left) regular representation
of G.

The foundational problem of harmonic analysis is to provide, for a particular
group (G, a decomposition of the regular representation into irreducible compo-
nents. A general result states that this is possible for a very broad class of locally-
compact groups, called Type I groups.

Definition 2.7. A topological group G is said to be of Type I if every primary
representation of G decomposes into a direct sum of copies of the same irreducible
representation.

This class includes all compact groups (see [12, p. 206] and all semisimple Lie
groups (see [19, p. 230]), for example.

Theorem 2.8. (The Abstract Plancherel Theorem; see [9, p. 368]). Let G be a
Type I separable, locally-compact topological group. For each \ € @, choose a rep-
resentative irreducible representation (mx, Hy) of G. Then there is a measure (1 on
G (whose measure class is uniquely determined) such that

7]
L*(G) =g /A Ha ® Hado(N).
G

Such a decomposition is called a Plancherel formula for G.

One of the basic tasks of harmonic analysis is to make the Plancherel formula
as explicit as possible for particular groups.

There are several variants of the regular representation that will be useful to us
later. We can define continuous representations L and R of G on the space D(G)
of smooth, compactly supported functions as follows:

L(g)f(x) = f(g ')
R(g)f(x) = f(zg)

for g,x € G and f € D(G). These representation may be dualized to produce
continuous representations L and R on the space D'(G) of distributions on G.

Similarly, one can define continuous left- and right-regular representations of G
on the space C*°(G) of smooth functions on G. We say that a function f € C*(G)
is G-finite if the subspace (L(G)f) C C*(G) generated by all G-translations of
f is finite-dimensional. We denote the space of all G-finite smooth functions by
C(G) and note that C22(G) is an invariant subspace of C*(G).

2.3 Homogeneous Spaces

More generally, we wish to study not only functions on a group G but also functions
on spaces on which G acts. To that end, suppose that GG is a Lie group which acts
smoothly and transitively on a manifold X. Let x, € X and consider the stabilizer
subgroup of G given by

G ={g€Glg- -z, =1}



Note that G* is a closed subgroup of G.
One can then form the space G/G"™ of left cosets. There is a transitive action
of G on G/G™ given by
g - hG™ = ghG™.

In fact, one can show (see [0, Proposition 4.6]) that there is a G-equivariant dif-
feomorphism

X = G/G™.

In other words, we have an identification of transitive G-actions with quotient
spaces of the form G/H, where H is a closed subgroup of G. Such spaces are
called homogeneous spaces, because the transitive group action forces them to
have the same local behavior around each point. We refer to GG as the translation
group of G/H and to H as the isotropic subgroup of G.

We would like to study harmonic analysis on homogeneous spaces. Just as for
harmonic analysis on groups, the natural place to start is to construct an invariant
measure. Unfortunately, not every homogeneous space G/H, where G and H are
locally compact groups, possesses a Radon measure that is invariant under the
action of GG. However, as long as both G and H are unimodular, then such a
measure always exists:

Theorem 2.9. (See [8, p. 41-44]). If G and H are locally compact unimodular
topological groups, then there is a Radon measure jic/g on G/H, unique up to
multiplication by a constant, such that

flg-x)dpcn(x / f(@)dpcyn(x)
G/H
forallge G and f € C.(G/H).

Furthermore, pg g satisfies the functional equation

| 1@aueto) = [ B | Haduan(W)dyn(s)

for all f € C.(G).

As before, we construct the Hilbert space L*(G/H) = L*(G/H, p/u) and note
that a continuous unitary representation of G on L?(G/H) may be constructed
using the action given by

(g )= flg" )
for f € L*(G/H), g € G,and x € G/H. This representation is also called a regular
representation of G for the homogeneous space G/H. Just as for L?(G), it is a
basic problem of harmonic analysis to explicitly decompose L*(G) into a direct
integral of irreducible representations.

In the interest of brevity, from this point forward we will use the simplified
notations dg = duc(g) and do = dug/u(x) to denote integration against a Haar
measure on G and against a G-invariant measure on G/ H, respectively.
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2.4 Gelfand-Naimark-Segal

In this section we explore the connection between unitary representations and
positive-definite functions. We begin with a basic definition:

Definition 2.10. Let G be a group. We say that a function ¢ : G — C is positive-
definite if

> dlgitgi)eic; > 0

ij=1
where g; € G and ¢; € C for 1 <1 < n.

Positive-definite functions have several basic properties which may be proved
directly from the definition (see [8, Lemma 5.1.8]):

1. ¢(e) >0
2. 16(g)| < éle) for all g € G

3. ¢(g7!) = ¢(g) for all g € G

The canonical examples of positive-definite functions are provided by matrix
coefficients of unitary representations. That is, if (7, H) is a unitary representation
of a group G and v € H\{0}, then the function ¢, : G — C given by

Pr0(9) = (v, m(g)v) (2.4)

is continuous and positive-definite, as may be shown straightforwardly using the
unitarity of 7 and the definition of positive-definite functions.

The key insight of Gelfand-Naimark-Segal is that every continuous positive-
definite function arises in this way from a unitary representation. In particular,
given a continuous positive-definite function ¢ : G — C, one can define a repre-
sentation. We now show how this may be done.

For each g € GG, define the function g- ¢ : G — C by

g-¢(x) = ¢(g~'x)
for each x € G. We can then define the vector space
Vo =({g-dlg € G}),

which is the algebraic span of all G-translates of ¢. We define a pre-Hilbert space
structure on Vy:

<Z ¢i(gi - 0), Zdj(hi : ¢)> =Y g, hy)eid; (2.5)

i=1 i,j=1

where ¢;,d; € C and g;, h; € G. It can be shown that this bilinear form is well-
defined on V; and turns it into a pre-Hilbert space.
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We can then define a representation 7, of G on Vy by

mo(g)v(h) = v(g~'h)

for all v € V; and ¢g,h € G. It is clear from (2.5) that 7, extends to a unitary
representation on the the Hilbert-space completion H, of V. Then one has

d(9) = (6, 7(9) ),

Thus every positive-definite function may be given the form (2.4). In fact, a
stronger result may be proven:

Theorem 2.11. (Gelfand-Naimark-Segal; see [8, p. 54, 61]). The map

(7, 0) = G

is a surjection from the set of all pairs (mw,v) of cyclic representations (7, H) of G
and cyclic vectors v € H\{0} to the set of all continuous positive-definite functions
on G.

Furthermore, suppose that (w,H) and (o,K) are unitary representations of G
such that v € H and w € K are cyclic vectors. Then one has

¢w,v = ¢U,w

if and only if there is a unitary intertwining operator T : H — K such that
T(v) =w.

Let G be a locally-compact topological group. We write P(G) for the space
of all positive-definite functions ¢ on G such that ¢(e) = 1. One can show that
P(G) is a closed convex subset of the space L>(G) of almost-everywhere-bounded
measurable functions on G. The convexity may be shown by noticing that

/\Qsmv + (1 - >‘)¢U,w = ¢w@g,ﬁv+\/ﬂw’ (2~6)

where (7, H) and (o, K) are unitary representations of G with cyclic vectors v € H
and w € K.

In fact, L>°(G) is the dual of the Banach space L'(G) by the Riesz Representation
Theorem. One can show that P(G) is closed in the weak-* topology on L*(G).
Since |¢(g)| < ¢(e) =1 for all ¢ in P(G) and g € G, we see that P(G) is contained
in the unit ball B;(L*(G)). It follows from the Banach-Alaoglu theorem that
P(G) is a compact convex subset of L*(G) in the weak-* topology. Thus, the
Krein-Milman theorem may be applied to P(G):

Theorem 2.12. (Krein-Milman [8, Theorem 5.2.7]) If K is a compact, convex
subset of a locally convex topological vector space V', then

K = co(ex(K)),

where co denotes the conver hull and ex(K) denotes the set of extremal points of
K.
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In other words, all normalized positive-definite functions may be formed by
taking a limit of convex combinations of normalized positive-definite functions. In
fact, by exploiting the identity in (2.6, one has the following result:

Theorem 2.13. Let G be a locally compact topological group. Then the extremal
points of P(G) are given by functions of the form ¢, ,, where (w,H) is an irre-
ducible representation of G and v is a cyclic unit vector in H.

Thus, positive-definite functions are generated in some sense by the ones coming
from irreducible representations. These are just a few examples of how powerful
theorems from functional analysis may be applied to provide insight into the de-
composition of unitary representations.

2.5 Smooth Vectors and Distribution Vectors

Suppose now that G is a Lie group with Lie algebra g. In a certain sense, g is
a “linearization” of GG that encapsulates all of the local aspects of its structure.
This is exemplified best by the famous Campbell-Baker-Hausdorff Theorem, which
shows how the group product on a Lie group may be recovered, in a neighborhood
of the identity, from the Lie bracket on its Lie algebra.

Similarly, it is desirable to recover information about a representation of a
group G by first passing to a representation of g. If (7, V) is a continuous finite-
dimensional representation of G' (not necessarily unitary), then one can show that
the map g — 7(g)v is a smooth (in fact analytic) function from G to V. Thus, 7
induces a representation dw of g on V' by:

dr(X)v = —| (m(exp(tX))v)

t=0

for all X € gand v € V. One can show that two finite-dimensional representations
7w and p of G are equivalent if and only if d7r and dp are equivalent.

However, the situation is more delicate for infinite-dimensional representations.
Let (m,H) be a continuous representation of G on a Hilbert space. We say that
v € H is a smooth vector in # if the map g — 7(g)v is smooth. We denote the
space of all smooth vectors by H>. Similarly, we say that a vector is G-finite if
the G-invariant subspace (7(G)v) generated by v is finite-dimensional. We denote
the space of G-finite vectors by H™. It is not difficult to show that H> and A"
are linear subspaces of H and that H™ C H>°.

Unfortunately, there are many interesting examples of infinite-dimensional rep-
resentations (7, H) for which not every vector is a smooth vector. Nevertheless, a
classical result of Garding uses the integrated representation of 7 to show that H>
is a dense subspace of H.
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Theorem 2.14. (Garding; see [8, p. 131-133]). Let (m,H) be a continuous repre-
sentation of a locally compact group G on a Hilbert space H. Then H™ is a dense
subspace of H. In fact, for each f € D(G) and v € H, the vector

(o = /G f(g)m(g)udg 2.7)

15 in H™.
In fact, a beautiful theorem of Dixmier and Malliavin shows that the vectors
Garding constructed generate all of the smooth vectors:

Theorem 2.15. (The Decomposition Lemma; see [10]) If (w,H) is a continuous
representation of a locally compact group G on a Hilbert space H, then every ele-
ment of H*™ may be written as a finite linear combination of vectors of the form

&,

Theorem [2.14] allows us to define a representation of g on the space H* in the
same way as before, namely

dr(X)v = lim m(exp(tX))v — v
t—0 t

for all X € g and v € H*°. Furthermore,
dr(X)dn(Y)v — dn(Y)dn(X)v = dn([X, Y])v

for all X,Y € g and v € H™ (see [22], p. 387]). This representation of g on H>
extends to a representation dm of the universal enveloping algebra U(g) in the
natural way:.
Finally, H* may be given a Fréchet topology under the family of seminorms
given by
[vllp = [|dm(D)v]l3

for each D € U(g) and v € H. Under this topology, the inclusion map
H* —H

is a continuous dense embedding of a Fréchet space into a Hilbert space (|8 p.
132]).

Now consider the anti-dual H™>° of H*°-that is, the space of all conjugate-
linear continuous functionals on H*. Elements of H~> are called distribution
vectors for the representation 7. We give H~>° the weak-* topology. Then there
is a continuous embedding

H—H ™

given by mapping a vector v € H to the conjugate-linear functional on H* given
by
w = <U7 w)H

for all w € H®™.
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There are several ways in which the space of distribution vectors is well-behaved.
Just as distributions on a manifold are infinitely differentiable in a weak sense,
the derived representations of g and U(g) on H*> extend by dualization to repre-
sentations on H~*°. Furthermore, distribution vectors can be “smoothed out” by
integration against smooth functions on G:

Lemma 2.16. ([8, p. 136]). For each v € H™> and ¢ € D(G), the distribution

vector
= d
P)v /G¢(g)v g

As a corollary of this result, one has that H* is densely contained in H~>°. Putting
everything together, we have continuous, dense embeddings

is an element of H™.

H® — H — H™ ™.

2.6 Invariance and Harmonic Analysis on

Homogeneous Spaces
Suppose that G is a compact group with a closed subgroup K, and consider the
space G/K and the regular representation of G on L?(G/K). The basic task of
harmonic analysis on G/K is to decompose L?*(G/K) into a direct sum of irre-
ducible representations. We now show how to determine which equivalence classes
of unitary representations of GG appear in this decomposition, as well as how many
times they appear.
Suppose that (o, ) is a unitary representation of G. We consider the space

K={veV|r(k)v=uoforal ke K}

of K-invariant vectors in H. One then has the following theorem.

Theorem 2.17. For each irreducible unitary representation (o, H) of G, we have
that
dim H* = dim Hom(o, L*(G/K)).

That is, the multiplicity of o in L*(G/K) is equal to the dimension of the space of
K-invariant vectors in H.

This result is a special case of the Frobenius Reciprocity Theorem for unitary
representations of compact groups (see [14, p. 160]).

Corollary 2.18. Let G be a compact group. For each (7, Hr) € G. Then
G/K —G @ m7T T
el

where m, = dim ’Hf and m;H, = H, D --- ® H, refers to the direct sum of m,
copies of H.
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Unfortunately, the analysis just described is not applicable to homogeneous
spaces G/H where either G or H is non-compact. If G is locally compact but
not compact, then L?(G/H) is no longer guaranteed to decompose into a direct
sum of irreducible subrepresentations; a direct integral decomposition is necessary.
Furthermore, if H is non compact, then L?(G) may not possess any nontrivial H-
invariant functions, so that L*(G/H) cannot be embedded as a subrepresentation
of L?(G). The solution to this problem is to move to the theory of distributions and
distribution vectors; one attempts to decompose L*(G/H) into a direct integral of
irreducible representations (7, H) which possess H-invariant distribution vectors

(ie., (H™)" £ 0).
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Chapter 3

Finite-Dimensional Riemannian
Symmetric Spaces

Riemannian symmetric spaces form a class of particularly well-behaved homo-
geneous spaces with a rich structure theory and relatively well-understood har-
monic analysis. Among other important properties, they possess a Riemannian
metric that is invariant under the action of the translation group. Furthermore,
the isotropic subgroup is fixed under an involution on the translation group, which
essentially forces the regular representations on Riemannian symmetric spaces to
have multiplicity-free direct integral decompositions. We shall also see that there is
a beautiful duality between compact-type and noncompact-type Riemannian sym-
metric spaces.

In addition, the noncompact-type Riemannian symmetric spaces possess an as-
sociated homogeneous space called a horocycle space. The relationship between a
Riemannian symmetric space and its horocycle space is analogous to, for instance,
the relationship between points and hyperplanes in R", or the relationship between
points and horocycles of hyperbolic space (it is for this reason that the terminology
horocycle space was originally chosen).

In the late 1950s, Gelfand and Graev developed a “horospherical method” which
relates harmonic analysis on the noncompact-type Riemannian symmetric space
SL(n,C)/SU(n) and harmonic analysis on its corresponding horocycle space (see
[31, p. 283-287]). These ideas were generalized to all noncompact-type Rieman-
nian symmetric spaces and developed quite completely in the pioneering work of
Helgason (see [20], for instance). The relationship between symmetric spaces and
horocycle spaces, together with its implications for representation theory, provides
the primary context for this thesis.

See [21] for a comprehensive overview of the structure theory for Riemannian
symmetric spaces. See also [22] and [23] for applications of representation theory
to analysis on Riemmanian symmetric spaces and horocycle spaces, respectively.
A good concise overview of this theory from the perspective of unitary group
representations may be found in [3§].

3.1 Basic Definitions

Suppose that G is a semisimple Lie group with finite center and that K is a closed
subgroup. Furthermore, we suppose that there is an involutive automorphism
0 : G — G such that

(G < K <GY, (3.1)

where GY is the fixed-point subgroup for 6 and (G%), is the connected component
of the identity for G?. Then G/K is said to be a symmetric space.

The involution # differentiates to an involution 6 : g — g of the Lie algebra g
of G. By (3.1)), the +1-eigenspace for 6 is just € (i.e., the Lie algebra for K). We
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denote the —1-eigenspace of 6 by p. Just as £ may be naturally identified with the
tangent space T,K, there is a natural identification of p with the tangent space
T.xkG/K (see [21, p. 214]). We may write down the eigenspace decomposition

g=tdp.

Due to the fact that @ is also a Lie algebra involution, one easily computes that
[e,€] C & [£,p] Cp, and [p,p] C &

Let G/K be a symmetric space with involution 6, and recall that the Killing
form B : g x g — R provides an Ad(G)-invariant nondegenerate symmetric bilin-
ear form on g. If B restricts to a positive-definite or negative-definite symmetric
bilinear form on p, then G/K is said to be a Riemannian symmetric space.
This terminology comes from the fact that an Ad(G)-invariant positive-definite
bilinear form on p may be translated by the action of g to produce a G-invariant
Riemannian metric on G/K.

If U/K is a Riemannian symmetric space with U compact, then B restricts to a
negative-definite form on p and U/K is said to be a compact-type Riemannian
symmetric space. On the other hand, if G/K is a Riemannian symmetric space
with G noncompact, then K is compact and B restricts to a positive-definite form
on p and G/K is said to be a noncompact-type Riemmanian symmetric
space.

There is a beautiful duality between compact-type and noncompact-type Rie-
mannian symmetric spaces. Suppose that U/K is a compact-type symmetric space
with involution #. We make the further simplifying assumption that G is simply-
connected. As before, we consider the #-eigenspace decomposition u = €@ p. Recall
that g may be embedded in the complexified Lie algebra uc = u®g C. Furthermore,
0 extends to a complex Lie algebra involution on uc, which we also denote by 6.
Furthermore, the Killing form B on u extends to a complex bilinear form on g¢.
We can then consider the real vector space g C g¢ defined by

g=tDp.

It can be shown that g is a real semisimple Lie algebra that is invariant under 6.
In fact, € and ip are the +1- and —1-eigenspaces for 6 : g — g. Also, since U/K
is a compact-type Riemannian symmetric space, we see that B(X, X) < 0 for all
X € p. But then B(iX,iX) > 0 for all X € p and hence B is positive-definite on
ip. [

We now consider the unique connected complex Lie group U with Lie algebra uc
such that U is the analytic subgroup of U¢ corresponding to the Lie algebra g C gc.
The Lie algebra involution 6 on u¢ integrates to an involution on Uc by Proposition
7.5 in [27]. We then consider the analytic subgroup G < Ug corresponding to the
Lie algebra g C uc. By Proposition 7.9 in [27], we see that G is a closed subgroup
of Uc and has a finite center. Putting everything together, we see that G/K is a
noncompact-type Riemannian symmetric space, called the c-dual of U/ K.

!Here we have used the fact (see [27), p.37]) that Bg.|gxg = By together with the fact that gc = uc
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3.2 The Structure of Noncompact-Type

Riemannian Symmetric Spaces
In this section we review the basic structure theory for noncompact-type Rieman-
nian symmetric spaces. All of the material is entirely classical and may be found
in standard references, such as Chapters VI and VII in [27] or in Chapter VI of
[21].

Let G be a semisimple Lie group with Lie algebra g. It can be shown (see [27, p.
355-358]) that there is an involution # on g such that the symmetric bilinear form
given by

(X,Y)— —B(X,0Y)

is positive-definite. Such an involution is called a Cartan involution and is unique
up to inner automorphisms. One shows that a Cartan involution on g integrates
to an involution on G (see [27), p. 362]). Furthermore, if G has a finite center, then
K = (% is a maximal compact subgroup of G. For a subgroup G < GL(n, C) which
is stabilized by the taking of adjoints, then one may define Cartan involutions on
G and g by setting 8(g) = (¢7')* and 0(X) = —X*, respectively.

Now suppose that G/K is a noncompact-type Riemannian symmetric space
with involution ¢ and that G has finite center. It can be shown that  is a Cartan
involution on G and thus that K is a maximal compact subgroup of g. Thus, the
classification of real semisimple Lie groups may be used to provide a classification
of noncompact-type Riemannian symmetric spaces.

As before, we write g = £ @ p. Now let a be a maximal abelian subalgebra of
p. Denote the real linear dual of a by a*, whose elements are called weights. For
each a € a*, write

0o = {X € g|[H,X] =a(H)X for all H € a}
Note that because a is a maximal abelian subalgebra of g, we have
go=m S¥ a,

where m = Z;(a) is the centralizer of a in €. The set of all a # 0 in a* such that
go 7 0is denoted by X(g, a) = X. Elements of this set are called restricted roots.

Fix H € a. Because ad(H) is skew-adjoint under B and #(H) = —H (since
H € p), we see that ad(H) is self-adjoint under the inner product (-,-) = —B(-,0-).
Thus, g decomposes into joint eigenspaces under the action of ad(a):

g:m@a@@ga (3.2)
acd

(Note that all of the restricted roots in (g, a) are real-valued weights on a, in
contrast with the roots of g with respect to a Cartan subalgebra b, which are in
general complex-valued.)

The Jacobi identity shows that

[gOu gﬁ] - Yo+ (33>
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for all o, 8 € X. In this way the restricted root spaces provide a great deal of
information about the Lie algebra structure of g.
Furthermore, we claim that

0(9a) = 9-a- (3.4)

In fact, suppose that X € g, and H € a. Then

[H,60X)] = 0([6(I7), X))
= 0(~[H, X))
= —a(H)B(X),

where we use the fact that 6 is a Lie algebra involution and that H € p. Thus
Xeg,.

An element H € a* is said to be regular if a(H) # 0 for all @ € X. The set
of all regular elements of a will be denoted by a. The connected components of
a are called Weyl chambers. We choose a Weyl chamber at C a. Under this
choice, a weight A € a* is said to be positive if A(H) > 0 for all H € a™. We let
¥t (g,a) = X denote the set of all positive restricted roots. Since the negative of
any restricted root is again a restricted root (see , one obtains a decomposition

N=3xtU (=5t (3.5)

We denote by ¥¢(g,a) = ¥y the set of nonmultiplicable restricted roots (that is,
roots a € ¥ such that ca ¢ ¥ for all ¢ # 1 in R)P|We set ¥j = ¥y N EF. Finally,

it is possible to choose a set ¥ = {ay,...,a,.} C XF, where r = dima, such that
¥ is a basis for a*. Each root a € Ear may then be written a = njay + - - - + n,a
where nq,...,n, € Z*. Roots in ¥ are called simple roots.

Now consider the normalizer M’ of a in K (that is, M’ consists of all k € K
such that Ad(k)a = a). Similarly, let M = Zx(a) denote the centralizer of a in K
(that is, M consists of all k € K such that Ad(k)X = X for all X € a). Note that
M < M'. The quotient group W = M’/M is called the restricted Weyl group
for (g,a). In fact, one may show that elements in W, acting by conjugation on
A, permute the Weyl chambers. Furthermore, there is a unique element w* € W
whose action on A sends the Weyl chamber a™ to the Weyl chamber —a*t. We refer
to w* as the longest element of the Weyl group.

As a word of caution to the reader, we note that M = Zg(a) is generally not
connected (even when G is connected), in which case M # expm. We define
My = expm and note that Mj is the connected component of the identity for M.
We will recall some well-known results about the structure of the component group
M /My when the need arises later.

21t is standard in the literature to define X to be the set of all indivisible roots, but here we follow the notation
of [7].
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Consider the nilpotent Lie algebras

We note that §(n) = 6() by 3.4 By combining (3.2)) and (3.5), we then have a

triangular decomposition of g:
g=ndémdadn. (3.6)

There is a triangular decomposition on the level of the group G, as well. Consider
the subgroups N = expn, N = exp7, and A = expa of G. One can show that
N, M, A, and N are closed Lie subgroups of G with Lie algebras n, m, a, and n,
respectively. Furthermore, one shows that #(N) = N. Then the map

NxMxAxN =G
(m,m,a,n) +— mman

(3.7)

is a smooth embedding of the manifold N x M x A x N into an open dense subset
of G.
There are other decompositions of GG that are useful to consider. The Iwasawa
decomposition states that
g=tdadn (3.8)

We will prove this result in the next subsection, when we discuss the Killing form
more deeply. This Lie algebra decomposition integrates nicely to the group level;
in fact, the map

KxAxXxN—=G
(k,a,n) — kan

is a diffeomorphism.
Recall the choice of positive Weyl chamber C' in a. The set

A=expa
is called the regular set of A. Similarly, we define
AT =expC C A.

In fact, because the elements of W permute the Weyl chambers of A, there is a
natural identification A* = A/W.

One can show (see Theorem 7.39 in [27]) that G = K AK; that is, each g € G
may be written g = kjaks where a € A and ky, ky € K. More strongly, one has the
decomposition

G =KAVK. (3.9)
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In fact, if ¢ = kjaky where a € A" and ki, ky, € K, then a € A" is uniquely
determined by g. In other words, there is a natural identification

K\G/K =~ A/W, (3.10)

where K\G/K denotes the space of double-cosets of G over K.

It follows easily from that [a,n] C n and [m,n] C n. One can in fact show
that both A and M normalize N in G. Since M normalizes N, we see that M N
is a closed Lie subgroup of G with Lie algebra m @& n. Also, since A centralizes M
and also normalizes N, it follows that M AN is a closed Lie subgroup of G with
Lie algebra m@® a®n. Furthermore, M N <M AN and MAN/MN = A. One refers
to M AN as a minimal parabolic subgroup of G (more generally, a parabolic
subgroup of G is a group H such that MAN < H < (). Note that each choice
of maximal abelian subalgebra a in p and Weyl chamber in a produces a minimal
parabolic subgroup in this way.

We move now to the final decomposition of this section. For each w € W, we
choose a representative m,, € M’. We then consider double cosets of the form

MANm,MAN = Nm, MAN,

called Bruhat cells. The Bruhat decomposition (see [27, Theorem 7.40]) states
that G decomposes into a disjoint union of Bruhat cells. That is,

G= | J Nm,MAN. (3.11)
weW

From we see that one of the Bruhat cells is an open and dense subset of G,
namely the cell corresponding to the longest Weyl group element w*.

The Bruhat decomposition should be viewed as analogous to the decomposition
in . Helgason exploited this analogy and many others to relate analysis on
the symmetric space G/ K to analysis on the associated horocycle space, which we
discuss in Section [3.3]

3.2.1 More on the Killing Form

In this section, we review some more facts about the Killing form on g. Because
it is neither positive- nor negative-definite (only compact-type Lie groups produce
definite Killing forms), there are some subtleties with which to be careful. For
instance, there are many nonzero vectors X € g such that B(X, X) = 0.

First, we note that £ 1 p in g under both B and the inner product (-,:) =
—B(+,0-). Orthogonality under the latter inner product follows immediately from
orthogonality under B, since 6(¢) = ¢ and 6(p) = p. Orthogonality under B follows
from the relations [¢,€] C ¢, [¢,p] C p, and [p,p] C €. In fact, they imply that if
X etand Y € p, then ad(X) and ad(Y) may be given in two-by-two block form
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under the decomposition g =€ & p as

ad(X)

*
0
*
ad(Y) ( . 0
Thus we have the product

amxmayy:(gg),

and it follows that B(X,Y) = Tr(ad(X)ad(Y)) = 0.

Since B is negative-definite on £ and positive-definite on p, it follows that both
£ and p are non-degenerate subspaces of g. In other words, p* = £ and £+ = p
under B. It is also not difficult to explicitly write down the orthogonal projections
onto ¢ and p. In fact, we note that X + 6(X) € £ and Xy(X) € p for all X € g.
Since X = (X + 0(X)) + 5(X — 0(X)) for all X € g, we have the orthogonal
projections pe(X) = (X 4 0(X)) and p,(X) = (X — 0(X)).

Note that the orthogonal projections p¢ and p, commute with ¢ because £ and p
are both stable under 6. Since n = 6(n), we see that pe(n) = pe(n) and p,(n) = p,(n).
Furthermore, we easily see that p¢(n) C n®n and p,(n) C n@®n. Hence, we obtain
the decomposition

g = (pe(n) ®m) P (a® py(n)). (3.12)

Furthermore, we will soon see that B(n,m) = B(n,a) = 0, from which it will
quickly follow that this decomposition is orthogonal under both B and (-,-) (hint:
use the fact that the orthogonal projections py and p, are self-adjoint and act as
the identity on m C ¢ and a C p, respectively).

In fact, can be used to prove the Iwasawa decomposition on the Lie algebra
level. One begins by showing that pyl, : n — p and pe, : n — £ are linear
isomorphisms onto their images. This comes from the fact that n and n are linearly
independent subspaces and thus, if X +6(X) = 0 for some X € n, then X =0 € n
and 6(X) = 0 € n. It follows from this and that each X € g may be written
as X =pe(Y1)+Z+ H 4 py(Y2), where Y1,Y, € n, Z € m, and H € a are uniquely
determined. But then we have

X =p(Y1) +Z + H + py(Va)
= pe(Y1 — Ya) + Z + H + p,y(Ya) + pe(Y2)
=pe(Y1 —Yo) + Z + H+ Yy,

where we note that pe(Y1—Y2)+Z € ¢, H € a, and Y5 € n. Because ¢, a, and n have

pairwise trivial intersections, the Iwasawa decomposition g = € @ a ® n follows.
Next, we note that the decomposition in |3.2] is an orthogonal decomposition

of g under the inner product (-,-) but is not an orthogonal decomposition under
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B. This is because ad(a) consists of operators that are self-adjoint for (-,-) and
skew-adjoint under B. To prove this, we need the following elementary fact about
skew-adjoint operators on real scalar product spaces:

Lemma 3.1. Suppose that (-,-) : V x V' — R is a symmetric bilinear form for a
vector space V' over R. Suppose that A :V — V is skew-adjoint with respect to Q.
If Vi and V,, are eigenspaces of A with eigenvalues A\, u € R such that X # —p,
then V\ L V,.

Proof. Fix x € V) and y € V,,. Then \z,y) = (Az,y) = —(z, Ay) = —p(z,y).
Thus (z,y) = 0 since X\ # —pu. O

Corollary 3.2. Since ad(a) acts by skew-adjoint operators on g under B, we
have that g L gp for all o # —B. Furthermore, because B is nondegenerate and
g = @aecxu{0}fa; this implies that the restriction Blg, xg_ . : §a X §—a — R is a
non-degenerate pairing between g, and g_, for any o € XU {0}.

In particular, since m@a = go and n = B,ex5+4,, We have that n L a and n L m.
It also follows that g, L g, for all & € . In fact, n L n and one can show that
Bluxm : n X 1 — R is a nondegenerate pairing of n and n. Thus n is far away from
being a nondegenerate subspace of g under B. Finally, we note that n* = m@®adn.

Since g, is not orthogonal to g_, for all a € X, it follows that neither the root-
space decomposition in nor the related triangular decomposition in [3.6] nor
the Iwasawa decomposition in are orthogonal under B.

3.3 The Horocycle Space

In this section, we introduce and explore the geometric aspects of horocycles for
Riemannian symmetric spaces. We begin by briefly reviewing the analogous geo-
metric considerations for Euclidean space in order to motivate the definition of a
horocycle.

3.3.1 DMotivation from Euclidean Space

In the early twentieth century, the famous Radon transform was introduced. For-
mally, the idea is as follows. Consider R™ and denote the space of all n — 1-
dimensional planes in R™ by P". For each function f : R® — C with sufficient
decay characteristics (for example, Schwartz or compact support), we can define
the Radon Transform of f as a function Rf : P* — C as follows:

(R)(€) = / RS

If we could put a suitable measure on P", then it would be possible to construct a
dual Radon Transform which would take a function g : P* — C and construct
a new function R*g : P* — C by

(Rg)(x) = /é KRG

24



What properties should this measure have? For one thing, we would like it to
have suitable invariance characteristics, like the ones Lebesgue measure on R" has.

In particular, the Euclidean motion group M(n) = O(n) x R™ acts transitively
on R". In fact, the subgroup of M (n) which stabilizes 0 is equal to O(n). In other
words, we can make the identification

R™ 2 O(n) x R"/O(n).

Because O(n) and O(n) x R™ are both unimodular, it follows that R™ possesses a
unique (up to constant multiple) measure invariant under M (n). This measure, of
course, is Lebesgue measure.

Similarly, note that applying M(n) = O(n) x R™ pointwise to hyperplanes in
P™ produces a natural action of M(n) on P". The action is readily seen to be
transitive. It is clear that the base hyperplane {(z,0) € R"|z € R*! 2 R"" !} is
stabilized by the subgroup M(n—1) C M(n). Furthermore, we see that R"~! is also
stabilized by the reflection group L = {Id, —Id} on R". In fact, the full stabilizer
subgroup of our base hyperplane is M(n — 1) x L. Thus, we have the identification

P" 2 M(n)/(M(n — 1) x L).

It is thus possible to give P" a smooth manifold structure and a measure which
is invariant under M(n), which in turn makes it possible to define a dual Radon
transform.

Next we examine one more way to look at hyperplanes in R"~!: namely, each
hyperplane is an orbit of a subgroup of R™. In particular, one way to construct a
hyperplane ¢ is to fix a point x € R" and consider a subgroup gM(n — 1)g~! <
O(n) xR, where g € O(n). The orbit

gM(n—1g - o

is then a hyperplane. In fact, every hyperplane may be constructed in this fashion.
In particular, x € R" serves to fix a point in the hyperplane and g € O(n) serves
to give the hyperplane its “tilt.”

Next we need to find a property of hyperplanes that we can readily generalize to
Riemannian symmetric spaces. One important property of hyperplanes is that each
hyperplane in R” is orthogonal to a maximal collection of parallel lines in R*~!. For
this reason, we expect that an appropriate generalization of a hyperplane should
be orthogonal to a family of parallel geodesics.

3.3.2 Horocycles for Noncompact-Type Riemannian

Symmetric Spaces
We continue with the same notation as in Section[3.2] A horocycle on a noncompact-
type Riemannian symmetric space G/K is an orbit in G/K of a subgroup of G
that is conjugate to N. In other words, it takes the form

gNg~ " 9K C G/K,
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where g, go are arbitrary elements G. We denote the space of all Horocycles by Z=.

Horocycles on Riemannian symmetric spaces were studied in detail by Helgason
in the 1970s. The relationship between horocycles and points in a Riemannian
symmetric space was intended to be analogous to the relationship between points
and hyperplanes in R" (see [23], p. 59]). Most of the results in this section may be
found in either [20] and [23].

It is not difficult to see that left translations of horocycles by elements of G are
also horocycles. In fact,

h-(gNg~" - goK) = (hg)N(hg)™" - hgo K

where h € G and gNg~! - goK is a horocycle in =. Thus G acts on = by left
translation. Furthermore, this action is transitive: consider the horocycles gNg~! -
hK and N - K. Next consider the Iwasawa decomposition h~'g = kan and note
that

hkN - K = hkN(hk)"'hk - K
= g(an)"'N(an)g 'hk - K
=gNg'h- K.

One then has the following theorem of Helgason.

Theorem 3.3 (Theorem I1.1.1 in [23]). The group G acts transitively on =, and
the isotropic subgroup of G which fizes the horocycle N - K is M N.

In other words, we can make the identification
EXG/MN

In certain ways, = behaves more simply than G/K, as exemplified by the fol-
lowing important decomposition theorem.

Theorem 3.4. (Proposition 11.1.4 in [23]).

1. The map

K/M x A— G/K
(kM,a) — kaK

is a surjection, and its restriction to K/M x A" is a diffeomorphism onto its
dense image in G/K.

2. The map

K/M x A— G/MN
(kM,a) — kaM N

18 a diffeomorphism.
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Proof. Note that (1) is well-defined because kmaK = k(mam ')mK = kaK.
The surjection of the map in (i) then follows immediately from the decomposition
G = KAK.

The map in (2) is well-defined by a similar argument. To see that it is surjective,
we note that GG acts transitively on = and observe that

kanMN = kaM N

for each k € K, a € A and n € N. Surjectivity then follows from the Iwasawa
decomposition.

Next we show that (2) is injective. Suppose that kya; M N = ksas M N. If follows
that ay 'ky 'kia, = mn for some m € M and n € N. Then

—1 -1
ky k1 = agmna;

= masa; *(aina;t).

Since aina;' € N, asa;’ € A and ky'k; € K, it follows from the uniqueness of
the Iwasawa decomposition that aQal_l = e and k;lk:l =m &€ M. Thus a1 = as
and ki M = koM. Thus (2) is injective.

The proof that (2) is a diffeomorphism may be found in [23]. O

For each w € W, define a set of horocycles by =, = NAm,, - MN C G/MN,
where m,, is a representative in M’ of the Weyl group element w € W = M'/M.
Using the fact that A normalizes N and that M’ normalizes A, we obtain the
following identity for each Bruhat cell:

MANmMAN = MNAm,MN = NAm,MN.

The Bruhat decomposition then implies (see [23, p. 63]) that = decomposes dis-
jointly as

Furthermore, from the denseness of the embedding in (3.7)), we see that =+ is an
open, dense subset of =. In fact, we can write £ € =+ as

5 = na(£> ’ 5*7
where n € N and a(§) € A. The next theorem shows that a(§) is uniquely deter-

mined by &.

Theorem 3.5 (Proposition II.1.5 in [23]). Each element gM N € G/MN may be
written in the form
gMN = nam,MN,

wheren € N, a € A, and m,, € M’ is a representative of w € W. Furthermore a
and w are uniquely determined.
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As a corollary of this result, we may make an identification
MN\G/MN = A x W,

which should be viewed in analogy with (3.10)).
Finally, we take a moment to identify which horocycles pass through a given
point in G/K.

Theorem 3.6. A horocycle hN - K € = contains gK € G/K if and only if there
1s k € K such that hMN = gkMN.

Proof. First, we note that it is clear that gK € gkN - K for all k € K.

Next, we claim that gK € gaN - K (where a € A) if and only if a = e. In
fact, suppose that gK € ga’N - K for some a’ € A. It immediately follows that
K =aN - K. In other fords, there is n € N such that K = anK. The uniqueness
of the Iwasawa decomposition then shows that n = e and a = e, as we wanted to
show.

Now fix hMN € G/MN such that gK € hN- K. By Theorem [3.4] we may write
hMN = gkaM N for some k € K and a € A. By the previous paragraph, we see
that gi € gkN - K and that gK = gkK € gkaN - K if and only if a = e. Thus we
are done. O

3.3.3 Tangent Spaces of Horocycles and Geometry on the

Symmetric Space
In this section, we prove some results about the relationship between horocycles
and the geometry on the symmetric space. The tangent spaces of horocycles play
an important role in these results.
It is a result of Cartan that the maximal flats of G/K have the form gA- K C
G/K, where g € G (see Section V.6 in [21]). We begin by showing that horocycles
and maximal flats are, indeed, embedded submanifolds of G/K.

Lemma 3.7. Consider the canonical projection m : G — G /K. The restrictions
Ty : N—>N-KCG/K andw|y: A— A- K CG/K are smooth embeddings.

Proof. Note that the tangent space of N C G at the identity may be identified
with n C g and that the tangent space of A C G at the identity may be identified
with a. Furthermore, there is a natural identification of T,k G/K with p such that
the canonical projection p : G — G/K induces a differential dr, : g — p which is
equal to the orthogonal projection p, of g onto p.

Our next claim is that 7|y : N - N- K C G/K and 7|, : A - A- K C
G/ K are smooth embeddings. First we recall from the discussion surrounding
that the differential dm, = p, restricts so that dr|, = pyls and dr|, = pyla are
linear isomorphisms onto their images. Because 7 : G — G/K is equivariant with
respect to the left-actions of G on G and G/ K, it follows that d(7|x ), : T'].(N) —
T|wk(G/K) and d(7|a)a : T|a(A) = T|ox(G/K) are linear isomorphisms for each

28



n € N and a € A. The injectivity of 7|y and 7|4 follows immediately from the
Iwasawa decomposition on G.

We still need to show that 7|x and 7|4 are homeomorphisms onto their images
in G/K. Since they are already known to be continuous and injective, we need only
show that they are closed maps. Suppose that F' C N is closed in N. Since N is a
closed subgroup of G we see that F'is also closed in G. Then 7(F') C G/K is closed
if and only if 77! (7 (F)) C G is closed. But 77} (7(F)) = FK C G. Tt is well known
that the product of a closed set and a compact set is closed for any topological
group (see [8, p. 28], for instance). Thus FK C G is closed and it follows that p(F)
is closed. The same argument shows that 7|4 is a homeomorphism onto its image

in G/K. O

Corollary 3.8. Each horocycle gN - K and maximal flat gA - K is an embedded
submanifold of G/ K.

Proof. This corollary follows immediately from the fact that 7, : @ — g -z is a
diffeomorphism of G/ K. O

Recall that the geodesics in G/K which pass through the basepoint eK are
precisely the curves of the form

vx(t) = exp(tX)K,

where X € p. More generally, the geodesics in G/K which pass through a point
gK are precisely curves of the form

Yorx () = gexp(tX) K,

The next theorem shows that each horocycle is indeed orthogonal to a family of
geodesics and, in fact, orthogonal to a maximal flat:

Theorem 3.9 (See Exercise VI.B.2 in [21]). The horocycle gN - K is orthogonal to
the mazimal flat gA - K at gK. In particular, gN - K 1is orthogonal to the geodesic
Yor,i for each H € a.

Proof. First we will show that N - K C G/K and A- K C G/K are orthogonal
at eK. It will then follow that g/N - K is orthogonal to gA - K at gK because the
metric on G/K is left-invariant under G.

By Lemma [3.7} we see that N - K and A- K are embedded submanifolds of G/K
with tangent spaces T.x(N - K) = dr.(n) = py(n) and T.x(A - K) = dn.(a) =
pp(a) = a. We recall from the discussion following that p,(n) L a and so we
are done. ]

Corollary 3.10. The horocycle kaN - K is orthogonal to the maximal flat kA- K =
kAk™' - K at kaK. In other words, kaN - K is orthogonal to the geodesic Vad(k)H
for all H € a.
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An Iwasawa decomposition argument shows that kA - K NkaN - K = {kaK} C
G/K. Thus, the previous theorem shows that each horocycle is orthogonal to a
unique maximal flat. Since kM uniquely identifies which maximal flat the horocycle
kaM N is orthogonal to, Helgason refers to kM € K/M as the normal for kaM N.

Theorem 3.11. ([23, Proposition 1.7(ii)]). Each gK € G/K is contained in a
unique horocycle kaM N with a given normal kM € K/M.

Proof. To show existence, suppose that gK € G/K. Consider the Iwasawa decom-
position g7k = kiaini. Then g = kny'a;'k; ', In particular gK = ka] 'no K for
some ny € N because A normalizes N. Thus, gK is contained in the horocycle
ka;'N - K, which has normal kM.

Conversely, if gK € kaN - K for some a € A, then by Theorem [3.6] we see that
kaMN = gkiMN for some k; € K. Thus there are my,my € M and ni,ny €
N such that kamin; = gkimaony. Then g7'k = kimg(ngn;')mi a=t. Since M
commutes with A and both M and A normalize N, we see that we can write

g 'k = ksa"'ns. Hence a™! is the Iwasawa A-component of g~'k and is thus
uniquely identified by g € G and kM € K/M. O

In the previous section, we classified which horocycles contain a given point in
G/K. In this section, we consider the question of determining which horocycles
pass through a given point and have the same tangent space at that point.

Theorem 3.12. ([23, Proposition 1.7(i1)] The horocycles kN - K and K'N - K
have the same tangent space at eK if and only if k=*k' € M'. Thus there are #W
distinct horocycles which pass through a given point in G/K and possess the same
given tangent space.

Proof. First we note that kN - K and k' N - K have the same tangent space if and
only if k7'&" and N - K have the same tangent space. Thus we may assume that
k' = e without loss of generality.

We use the notation q = p,(n) to denote the tangent space of N - K at e/X. Note
that kN - K = kNk~! - K. Thus, the tangent space of kN - K at eK is

T.K(kN - K) = Ad(k)T.x (N - K)
= Ad(k)py(n)
= pp (Ad(k)n)a

where the last equality comes from the fact that Ad(k)p C p. Therefore, we need
to show that p,(n) = p,(Ad(k)n) if and only if £ € M.

The key is to note that Ad(k) acts as an isometry on p with respect to B for
each k € K (since B is ad-invariant). Thus, the orthogonal decomposition

p=adpy(n)
(see [3.12)) turns into the orthogonal decomposition
p = Ad(k)a @ py(Ad(k)n).
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Hence p,(n) = pp,(Ad(k)n) if and only if a = Ad(k)a, which is equivalent to k € M’
by definition. Thus we are done.

We have already seen a horocycle g/N - K passes through eK if and only if g € K
(see Theorem [3.6). Since two horocycles kN - K and k'N - K (where k, k' € K) are
equal equal if and only if K71k’ € M, we can identify the set of horocycles passing
through eK having a fixed tangent space with W = M’/M. Left translation by
elements of G then shows that there are #WW horocycles passing through a given
point in G/K which have a given tangent space. O]

3.3.4 Geometry on the Horocycle Space

In this section we discuss some aspects of the geometry on the horocycle space
G/MN of a Riemannian symmetric space G/K of noncompact type. The first
thing we note is that G/M N is not a symmetric space in general and, in fact, not
even a reductive homogeneous space.

The fact that G/M N is not a symmetric space (with respect to G) follows from
the fact that m @& n is a degenerate subspace of g. In fact, from the results of
Section [3.2.1] we see that n € (m @ n) N (m @ n)L, so m @ n is clearly degenerate.
However, if G/M N were a symmetric space, then we would have there would be
an involution 7 such that g = (m @ n) @ q, where m @ n is the +1-eigenspace and
q is the —1-eigenspace of 7. The same argument used to prove that ¢ L p would
show that (m @ n) L q. But since m & n is degenerate, it is impossible to write an
orthogonal (with respect to B) decomposition g = (m @ n) @ q for any subspace
q € g. Thus G/MN is not a symmetric space.

We say that a homogeneous space G/H, where H is a closed subgroup of G, is
reductive if there is an ad(h)-invariant subspace q C g such that g = h @ g. In
particular, it is clear that symmetric spaces are always reductive. The important
property of reductive homogeneous spaces is that if G is semisimple, then the
Killing form on G can be used to produce a G-invariant pseudo-Riemannian metric
on G/H, which makes it possible to define geodesics, parallel transport, etc. on
G/H.

Unfortunately, G/M N is not, in general, reductive (see [23], p. 65]). What can be
said, then about the geometry on G/M N7 Helgason defines curves which resemble
geodesics in the following way. Let v be a regular geodesic-that is, a geodesic
such that the stabilizer G, = {g € G|g -y = 7} has minimal dimension. Next,
we pick a point z = gK € v C G/X. Then isotropy subgroup at * € G/K is
K, = gKg~'. Consider the Lie algebra £, = Ad(g)t of K, and its orthogonal
complement p, = ad(g)p. Then the quotient map 7, : g — g - x differentiates to
an isomorphism (dm,)ep, — To.(G/K).

Finally, we choose d, € p, such that (dm,).(d,) is the tangent vector of v at
x € G/K. Because 7 is a regular curve, it follows that the centralizer of d, in
p, has minimal dimension. Thus, a, = Z,,(g,) is a maximal abelian subspace of
p, and d, lies in a Weyl chamber a;. Denote by N, the nilpotent group which
is constructed with the weyl chamber af. It can be shown (see [23, p. 66]) that
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N, = N, for all z,y € ~. Thus it makes sense to write N, = N, for any x along .
Then one defines

Dy(t) = N, -5(t) € 2
for ¢ € R. We say that ', is a geodesic in = = G/MN.

Lemma 3.13 (Lemma IL.1.9 in [23]). For any g € G, we have that g - I',(t) =
Ly (t).

A transvection along a geodesic vy i x in G/K is defined to be a map of the
form z — gexp(tX)g~!-x, where ¢ € G and X € p. It is an isometry of G/K
that, when restricted to v, x, corresponds to a shift along the geodesic.

Lemma 3.14 (Corollary I1.1.10 in [23]). Any two horocycles on a given geodesic
I, correspond in G/K under a transvection along .

Given an element m € M’, we say that the m-reflection about a point naK €
G/K is the map = — (na)m(na)™' - z . Note that the reflections about a point
x € G/K preserve the tangent spaces of horocycles passing through z.

Theorem 3.15 (Proposition 11.1.12 in [23]). Given any two horocycles & and
&, it is possible to write & = sy, where T 1s a transvection along a geodesic 7y
orthogonal to both & and & and s is a reflection about & M.

3.4 The Radon Transform for Riemannian

Symmetric Spaces
Recall that functions on G/ K may be thought of as right- K-invariant functions on
G. Similarly, functions on G/M N are identified with right-M N-invariant functions

on G. We can, for instance, consider the natural projections Py : C*(G) —
C>*(G/K) and Pyn : D(G) — D(G/MN) by

P f(gK) = /K f(gk)dk

Punf(gMN) = . f(gmn)dm dn.

In fact, these projections generalize to projections Pk : D'(G) — D'(G/K) and
Pyn : D'(G) — D'(G/MN). Note that these projections are both intertwining
operators for the left-regular action of G.

Note that compactly-supported functions on G/K correspond to campactly-
supported right- K-invariant functions on G (because K is compact). In other
words, D(G/K) C D(G). Thus, it is possible to construct a G-intertwining op-
erator R : D(G/K) — D(G/MN) by simply restricting Py, N. That is, we define
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R = Pun|pG/k)- In particular,

Rf(gMN) = f(gmnK)dm dn

for each f € D(G/K).
In fact, if we recall that gM N € G/M N corresponds to the horocycle gN - K C
G/ K, then we see that

RFE) = /5 f(x)de

for each horocycle £ € =. It is for this reason that we refer to R as the Radon
transform for G/K.

Similarly, the dual Radon transform RY : D(G/MN) — D(G/K) is defined
by

RYf(oK) = [ flokMN)ak

- F(gkMN)dk.
K/M

for each f € D(G/MN).
Because the horocycles passing through a point gK € G/K are precisly those
of the form gkM N, where k € K/M (see Theorem we see that

RYf(x)= [ f(&)ds,

&z

and thus the dual Radon transform generalizes the dual Radon transform for Eu-
clidean space.

3.5 Spherical Representations and Gelfand

Pairs

In this section, we review the theory of harmonic analysis on Gelfand Pairs, which
generalize the theory of harmonic analysis on locally compact abelian groups. Most
of the theorems and their proofs (with the exception of the direct integral theory)
appear in Chapter 6 of [§], and these notes closely follow the exposition there.
Helgason uses a more geometric approach in Chapter IV of [22] to study the case of
Riemannian symmetric spaces, where the theory of invariant differential operators
is emphasized.

Suppose now that G is any locally compact topological group and that K is a
compact subgroup. Consider the convolution algebra L!(G), and note that L'(G)
is in fact a Banach x-algebra with the involution x given by f*(z) = f(x~!). One
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can show that the space L'(G)* = L'(K\G/K) of bi-K-invariant functions in
LY(G) is a closed subspace of L'(G) and closed under convolutions. Furthermore,
there is a projection # : LY(G) — LY(G)# given by

1#(g) = /K /K F(kaghs) by k.

Definition 3.16. If G is a locally compact group and K is a compact subgroup,
then we say that G/K is a Gelfand pair if L'(G)* is a commutative Banach
x-algebra.

Notice that if G is abelian and K = {e} is the trivial subgroup, then G/K
is clearly a Gelfand pair. In fact, the concept of a Gelfand pair is intended to
be a tool for generalizing the techniques of harmonic analysis on abelian groups.
Another important class of examples is given by Riemannian symmetric spaces, as
demonstrated by the following lemma.

Theorem 3.17. Suppose that K is a compact closed subgroup of a locally compact
topological group G. If there is an involution 6 such that 6(g) € Kg~'K for each
g € G, then G/K 1is a Gelfand pair.

Corollary 3.18. Every Riemmanian symmetric space (of either compact or non-
compact type) is a Gelfand pair.

Proof. This follows immediately from the K AK decomposition (we note that the
KAK decomposition holds for both compact- and non-compact-type Riemannian
symmetric spaces (see [21, Theorem V.6.7])). O

The next lemma is important for some integration arguments on G:

Theorem 3.19. If G/K is a Gelfand pair, then G is a unimodular group (that is,
the Haar measure on G is both left- and right-G invariant and invariant under the
group inverstion).

For harmonic analysis on an abelian locally compact group G, one studies the
space GG of irreducible representations of G. By Schur’s Lemma, it is easy to show
that each irreducible representation of GG is one-dimensional. Thus, G is the char-
acter group of G and consists of all of the continuous homomorphisms G — S*,
where S! is ‘the group of all complex numbers of modulus one. Finally, the char-
acters ¢ in GG are precisely the bounded, continuous positive-definite functions on
G such that

frs [ rayawis
a
is a character of the Banach x-algebra L'(G).

For Gelfand pairs we consider the following generalization of the notion of a
character for an abelian group.
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Definition 3.20. A continuous, bounded, bi-K-invariant function ¢ € Cy(G)* is
said to be spherical if the mapping

xwaKJ@W@ﬂM

is a character of the Banach x-algebra L'(G)7.

The appearance of ¢(z~') in the above definition in place of ¢(z) may be con-
fusing at first, but we will ultimately be concerned with positive-definite spher-
ical functions, which, like all positive-definite functions, have the property that

¢(a7h) = ().
Theorem 3.21. Every character of L'(G)# is given by a spherical function.

The analogies with characters for abelian groups continue in the following two
theorems.

Theorem 3.22. A continuous, bounded bi-K -invariant function ¢ € Cy(G)¥ is
spherical if and only if
1. ¢(e) =1

2. For each f € L>(G)*, there is x4(f) € C such that one has fx¢ = xs(f)9,
where x(f) = fG f(x)p(z™)dx.

As a consequence of the following theorem, it is easy to see that any spherical
function on G will in fact be bi- K-invariant. Thus, one may think of it as a function
on G, as a function on G/K, or as a function on K\G/K.

Theorem 3.23 (Proposition 1V.2.2 in [22]). A continuous bounded function ¢ :
G — C is a spherical function if and only if ¢ is not identically zero and

géwﬂwﬁzwwmw (3.13)

forall z,y € G.

For abelian groups, a character is a one-dimensional unitary group representa-
tion. Similarly, spherical functions on a Gelfand pair G/K are closely related to a
particular type of representation of GG, called a spherical representation.

Definition 3.24. Let G/K be a Gelfand pair. We say that a Hilbert space repre-
sentation (m,H) of G is spherical if there is a nonzero cyclic vector v € H such
that m(k)v = v for all k € K.

Theorem 3.25. Suppose that G is a Lie group with a closed compact subgroup K.

1. If (m,H) is a of G such that there is a nonzero cyclic vector v € dim H® and
dim H® =1, then 7 is irreducible.

2. G/K is a Gelfand pair if and only if dim HE < 1 for every irreducible unitary
representation (m,H) of G.
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The next theorem shows that the positive-definite spherical functions are pre-
cisely those given by certain matrix coefficients of certain irreducible untiary spher-
ical representations:

Lemma 3.26. (Theorem IV.3.7 in [22]) Suppose that (w,H) is an irreducible
unitary spherical representation of G with a spherical vector e. Then the function
o on G given by

¢7r(x) = <€,7T(g)€>
s a positive-definite spherical function. Furthermore, every positive-definite spher-
ical function takes the form ¢, for an irreducible unitary spherical representation m
that is unique up to unitary equivalence.

Proof. Suppose that (m,H) is an irreducible unitary spherical representation of G
with a spherical vector e. We will show that ¢, is spherical by demonstrating that
it satisfies the condition of Lemma [3.23] Note that the orthogonal projection P
from H to HX is given by:

P(v) = /K w(k)v dk.

Since P(m(y)e) € HE and dimHE = 1, it follows that P(n(y)e) = ce for some
nonzero ¢ € C. But then

¢ = (P(r(y)e). e)
- /K (r(ky)e, e)
= (n(y)e.c).

Hence

| oetatuar

e, m(xky)e

A

< m(k)m(y)e dk>
(n(

(m(a

= (e,

= (m(z™ e, y)6)>
= l)e, y)e, e>e>

m(z)e) (e, (y)€>
= ()9 (y)

On the other hand, suppose that ¢ is a positive-definite spherical function on
G. Because ¢ is positive definite, we recall from Section that there is a repre-
sentation (7, H) of G with a nonzero cyclic vector v € H such that

¢(g) = (v, m(g)v)

It follows immediately from the bi- K-invariance of ¢ that v € HX.
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It remains to be shown that 7 is irreducible To that end, we will show that
dimHE = 1. Fix y € G. From Lemma we see that

(r(a~ o)) = / o(rky)d

)B(y)
= <7T( Y, ¢(y)v)

for all x € G. Recall that v is cyclic; that is, (m(G)v) is dense in H, It follows that
P(m(y)v) = ¢(y)v. Using again the fact that v is cyclic, we see that

dim(range P) = 1.
In other words, dim H® = 1, and thus # is irreducible. O

One can show that in fact, the positive-definite spherical functions (together
with the zero function) are precisely the extremal points of the compact convex
space P(G)* of positive-definite functions ¢ € L>°(G) such that ||¢||o = ¢(e) < 1.
The Krein-Milman Theorem then suggests that all other positive-definite functions
should be constructed as limits of convex combinations of positive-definite spherical
functions.

We will see that understanding the commutative Banach x-algebra L'(G)¥ is
the key to determining the decomposition of the regular representation of G on
L*(G/K). To that end, we begin by considering the Gelfand transform on L*(G)#,
which in this context we refer to/as\the spherical Fourier transform. We have
seen that the character space L'(G)# for L'(G)# may be identified with the set
of spherical functions on G and with the space of spherical representations of G.
Forﬂl_y\f € LY(G)#, one sees that the spherical Fourier transform ~ : L'(G)# —

C(LY(G)#) is given by

fim) = xor1) = [ f@onta™)
This Fourier transform may readily be seen to have the following basic properties:
1. frg=f-Gfor f.ge LNG)*
2. fr=1f
3. f € Co(X) and |[f[|oe < [[f]]x

These may be proved directly, but they also follow immediately from the fact that
" is a Gelfand transform of a commutative Banach x-algebra.

It can be shown that if f € P(G)#, then the support of f on the space of
positive-definite spherical functions is sufficient to recover f. This is ess/eitially
true by the Krein-Milman theorem, as mentioned earlier. We denote by G/K the
space of equivalence classes of irreducible unitary spherical representations of G.
This space may be identified, as seen by Theorem |3.26| with the space of positive-
definite spherical functions G. In fact, one has the following result:
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Theorem 3.27. Let PY(G)# denote the space of all finite linear combinations of
positive-definite functions in P(G)#. For each irreducible unitary spherical repre-
sentation m, let ¢, denote the corresponding spherical function. Then there is a

unique positive Borel measure u on G/K such that
1. fe Ll((?/?{) for all f € PY(G)*
2. flg fG/K (m)o(g)du(m) for all f € PHG)* (in particular, f(e) = ||ﬂ|1)

8. [, 1f(g)dg = fG//} |f () 2du(x) for all f € C.G)*, so that the Fourier
transform extends to a unitary operator ~ : L*(G)# — LQ(CT/T().

We refer to v as the Plancherel measure for G/K.

The above theorem provides all of the essential details about harmonic analysis
on spaces of bi- K-invariant functions on GG. We would like to understand harmonic
analysis on spaces of functions on G/ K, which may be thought of as right-invariant
functions on G.

To begin, we recall that there is a unique G-invariant measure on G/K. In
fact, we may specify this G-invariant measure as follows. Consider the canonical
projection p : G — G /K. We recall that f — fop defines a continuous embedding
C.(G/K) — C.(G). The G-invariant measure on GG/ K is then defined by

f(gK)d(gK)z/f(p(g))dg

G/K G

for all f € C.(G/K). This definition gives rise to a natural unitary identifica-
tion L?(G)* = [?(G/K)X, where L?(G/K)X denotes the left- K-invariant square-
integrable functions on G/K. We will use the Fourier theory of L*(G/K)# in
Theorem [3.27)to generate harmonic analysis on L*(G/K).

Next we recall the operator-valued Fourier transform on G. For any f €
LY(G) and any (r,H) € G, we define an operator f(r) € B(H) by

_ /G f(g)m(g™

Note that fA(7T) is very closely related to the integrated representation of 7, which

is given by
= /G f(g)m(g)dg

In fact, it follows that f(ﬂ') =7n(fY), where fV(g) = f(g ') (here it is necessary to
use that G is unimodular). Another quick computation shows that ]?(7?)* =7(f).
The Fourier transform and the integrated representations will both be useful in
different contexts.

This transform has all the expected properties of a Fourier transform:
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o~ o~

1. fxg(m) = f(n)g(m) for f,g € L'(G)#
2. f* = f(n)*

-~

3 @I < [[f1h
for f,g € L'(G) and 7 € G. Furthermore, if g € G and f € L'(G), then

L,f(m) = /Gf<g—1x>w<x—1>das
B /Gf<x>7r<<gx>-1>dx = fm)(g™).

Similarly, on the level of integrated representations, we have that
W(Lof) = [ 1o~ )
a
= [ rermtg)is = wlo)n(r).

Recall that functions on G/K are naturally identified with right- K-invariant
functions on G. Furthermore, for such functions the projection # defined at the
beginning of the section takes on the simplified form

*(g) = /K f(kg)dk

for each f € L'(G/K) C L'(G).

Let P}(G/K) denote the space of all finite linear combinations of positive-
definite functions in € L'(G/K). Fix f € PY(G/K). Then f# € PYG)*. It is
not difficult to use the right-invariance of f to see that f(e) = f#(e).

Here we hit a small notational annoyance. Note that f# may considered an
element of either L*(G) or L*(G)#, and we have a different Fourier transform for

—

each space. For now, we let f# denote the Fourier transform of f# as an element

of LY(G)# and let ﬁ denote the Fourier transform of f as an element of L'(G).
There is no real difficulty here, however, because the two transforms are closely

related as follows. For each (7, H,) € G//?( , let e, denote a unit vector in HX.
Then

(FF(m)ex ex) = /G (FH(9)n(g ™ Vexs ex)dy
- /G [#(@)bnlg™) = FE(m).

Next we examine the connection between f# and fA For each (m,H,) € G/K,
we note that the orthogonal projection P : H, — HE is given by

Pv:/Kw(k)vdk.
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We then see that

~

In particular, since Pre, = e, we see that (f(m)e,,er) = (ﬁ(w)eﬂ, ).
We may now procede to the inversion formula for f. We see that

fle) = f*(e) = | __ f#(m)du(r)

G/K

- /A (F(m)er ex)u(r).

G/K

This formula merely recovers the value of f at the identity, which does not sound
impressive until we perform the following trick:

7o) = Lyaf(e) = | (g T (mpen,a)dul)

G/K

= //\ <f(7r)7r(g)€7r, ex)dp(T).

G/K

Proceeding to the L?-theory, we claim that the regular representation (L, L*(G/K))
decomposes into a direct integral over all spherical representations with respect to
the Plancherel measure:

S

L(G/K) = /G% Mo dpu(r). (3.14)

In order to correctly define the space [ g%?{ Hdp(m), we need to construct mea-
sureable frames. In fact, we begin by considering the section

e:CT/?(—> U Hr
71'66/7(

T €.

Then choose a countable dense subset {g, }nen of G (since G is a Lie group, it is
separable). Our frame of measurable sections will be the collection of sections g, -e

defined by 7 +— 7(g,)e. Since e, is a conical vector in H, for each m € G/K, it
follows that ({g, - e(7)}nen) = ({7(gn)ex tnen) is dense in H, for each 7 € G/K.
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We thus have a measurable bundle of Hilbert spaces which produces the direct
integral in [3.14] and G acts unitarily on fé%?( Hdu(m) by

g [ vedutr) = [ wtg)endut),

G/K G/K

where | é%?( vpdp(m) denotes a square-integrable section 7 — v, in |, é%?( Hodp(r).
Finally, we define the operator

@D
T:C(G/K) = [ Hedp(n)
G/K
@

[ | w(f)exdp(r).
G/K
Note that we have used integrated representations here instead of the Fourier
transform; this is done in order that T be an intertwining operator, which follows
from the fact that (L, f) = w(g)n(f) for all g € G.
It remains only to be shown that 7" extends continuously to a unitary intertwin-
ing operator between L?(G/K) and f Hdp(m). To prove this claim, we recall

that if f € C.(G/K), then f x f* is a p051tlve definite function on G. That is,
f* f*e€PYG/K). A quick computation shows that

/f T Vdg = |I/]2

But the inversion formula given above for elements of P!(G/K) shows us that

—

118 = £ 1@ = | (T F(messec)dnm)

G/K

— //\ < A(7T> A<7T)*€7ra €7r>d:u(ﬂ')
G/K

= [ty wen ()
G/K

= [ IirthenlPdum) = 1711
G/K

One can thus show that 7" extends to a unitary intertwining operator.

We have so far come at the theory of spherical functions from an “integral
calculus” point of view. In the case of a symmetric space, it is possible to view the
theory from a “differential calculus” point of view. In particular, this approach is
taken by Helgason in Chapter IV of [22].

Suppose that G/K is a Riemmanian symmetric space with an involution 6. In
this particular case, one also has that the algebra D(G/K) of left G-invariant
differential operators on G/K is abelian (see Corollary 11.5.4 in [22]). It is thus
natural to look for functions which are joint eigenvectors for the operators in
D(G/K). In fact, these are precisely the spherical functions:
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Theorem 3.28. A function ¢ € C*(G/K) is a spherical function if
1. ¢ s left-invariant under translations by elements of K.
2. ¢ is an eigenfunction for every differential operator in D(G/K).
3. ¢(eK) = 1.

In particular, spherical functions are eigenfunctions of the Laplace operator.
An application of the elliptic regularity theorem shows that any distribution in
D'(G) which satisfies the conditions of Definition is automatically an analytic
function (see [23] p. 105]), which is why we speak of spherical functions rather
than spherical distributions. It is this definition, in fact, which we will generalize
to the context of the horocycle space.

3.6 Conical Representations

In this section we assume that G/K is a noncompact-type Riemannian symmetric
space. Just as was the case for a symmetric space G/K, it can be shown that the
algebra D(G /M N) of left-G-invariant differential operators on a horocycle space
G/MN is commutative (see Theorem I1.2.2 in [23]), and it is natural to look for
joint eigendistributions.

Definition 3.29. A distribution ¢ € D'(G/MN) is called a conical distribution
if it is an eigendistribution for every differential operator in D(G/MN). If ¢ is in
fact a smooth function on G, then we say that it is a conical function.

As before, we notice that a conical distribution on G/M N may be considered to
be a bi-M N-invariant distribution on G. In contrast to the situation for spherical
functions, a conical distribution need not be analytic and need not be a function
at all.

The analogue for a horocycle space of a spherical representation is called a conical
representation.

Definition 3.30. A Hilbert space representation (7, H) of G is said to be conical
if there is a nonzero cyclic distribution vector v in H™>° such that 7(MN)v = v.
In this case, v is said to be a conical distribution vector for m.

Suppose that (7, #H) is a conical representation of G with a conical unit vector
v € HMN In this case, one obtains a conical function ¥, by

Uro(g) = (v, 7(g)v). (3.15)

Note the similarity with the way in which spherical representations give rise to
spherical functions.

In general, a conical representation (m, H) of G might not have a conical vector
but rather may have merely a conical distribution vector. In this case, each v €
(H>°)MN gives rise to a conical distribution ¢, on G in the following way:

42



Suppose that 7 is a conical representation of G' with conical vector v € (H=°°)MN,

For each v € H=*° and f € D(G), consider as in Section [2.5| the vector

(/) = /G F(g)n(g)v dg € H™
We then define a conical distribution ¢, on G by

(Y0, f) = (v, 7(f)v)

Another contrast with spherical representations is that an irreducible conical
representation (7, H) may have the property that dim(H=°°)M" > 1, as we shall
see later.

3.7 Finite-Dimensional Representations and
Weyl’s Unitary Trick

The easiest representations to construct and classify are those which are finite-
dimensional. For that reason, we will later be interested in studying, for infinite-
dimensional Riemannian symmetric spaces, the analogues of finite-dimensional
conical representations. Those representations will no longer be finite-dimensional,
but they will inherit many of the features of finite-dimensional conical representa-
tions. To that end, we review the relevant material on finite-dimensional represen-
tations.

The material in this section is almost entirely classical and very well known. For
a treatment of Weyl’s Unitary Trick, see Section VIL.1 of [27]. The highest-weight
theorem may be found in any standard reference on Lie groups, including Section
V.2 of [27]. For a more algebraic treatment, see Chapter 3 of [I6]. Results about
finite-dimensional spherical and conical representations may be found in Section
V.4 of [22] and Section 11.4 of [23], respectively.

As before, we suppose that G/K is a noncompact-type Riemannian symmetric
space with involution 6. For this section, we will further assume that G/ K is the
c-dual of a simply-connected compact-type Riemannian symmetric space U/ K. In
other words, we have that gc = uc and also have the decompositions

g=tdp
u==€tdpap,

where £ and p are the +1 and —1 eigenspaces of # on g. Furthermore, G and U
share the same complexified group G¢ = Uc.

Theorem 3.31 (Weyl’s Unitary Trick). ([27, Proposition 7.15]) There is are one-
to-one correspondences between the following categories of representations on a
finite-dimensional vector space V', under which corresponding representations have
the same algebra of intertwining operators:

1. representations of G on V'
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representations of g on 'V
complez-linear representations of gc on V.
holomorphic representations of Gc on V.

representations of U on V'

S A e e

representations of u on V'

Proof. We briefly sketch an outline of the proof. Begin with a representation 7 of
G on V. We can differentiate 7 to yield a representation of g on V. Note that any
two representations of G with the same derived representation are equivalent, so
passing from (1) to (2) is injective. We can extend the real-linear representation
of g on V to a complex-linear representation gc, and this process is bijective. We
can similarly extend representations of u to uc. This gives the correspondences
(2) > (3) and (6) <> (3). Since G¢ is simply-connected, there is a correspondence
between holomorphic representations of G¢ and complex-linear representations of
gc given by differentiation. This gives the bijective correspondence (3) <> (4). We
can restrict the holomorphic representation of G¢ to the closed subgroups U and
G, giving (4) — (5) and (4) — (1). Finally, differentiating a representation of U
gives a representation of u and this correspondence is bijective because U is simply
connected, yielding the correspondences (5) <> (6). ]

At this point we recall Theorem [2.6] from which it follows that every finite-
dimensional representation of U is equivalent to a unitary representation and thus
decomposes into a direct sum of irreducible representations of U E| At any rate,
classifying finite-dimensional representations of G can be reduced to classifying ir-
reducible unitary representations of U. For that reason, our next step is to briefly
review the highest-weight classification of irreducible representations of the com-
pact group U.

We use the notation of Section [3.2] In particular, we have a maximal abelian
subalgebra a in pﬁ Now let t be a maximal abelian subalgebra of m = Z(a). It can
be shown that h = t®ia is a Cartan subalgebra of u and that H =tdais a Cartan
subalgebra of g. In other words, hc = t¢ @ ac is a maximal abelian subalgebra of
gc. For each a € af, we define the space

gca={Y €gc| [H,Y]=a(H)Y for all H € h¢}.

If gco # 0, then we say that a is a root for (gc,be) and denote the set of all
such roots by A = A(gc, bc). Note the distinction between the restricted roots
in 3(g,a) and the roots in A(gc, hc). As with the restricted roots, we choose a
positive root subsystem AT C A. Then A = (AT)U(—AT).

31In contrast, finite-dimensional irreducible representations of the noncompact semisimple group G are typically
not unitary.

4In the literature it is standard to write u = £ @ p rather than u = € @ ip. Thus all instances of a or a* will be
off by a factor of ¢ from the literature on compact-type symmetric spaces.

44



Now consider an irreducible unitary representation (m, V) of U. The derived
representation of u then acts on V' by skew-adjoint operators, whose eigenvalues
are purely imaginary. For each A € ih*, we define the weight space

Vi={veV|dr(H)v = AH)v for all H € h}.

If V), # {0}, then we say that A is a weight for 7 and denote the set of all weights
for 7 by A(7). Because dr(h) is an abelian Lie algebra of skew-adjoint operators
on V, it follows that V' decomposes into joint eigenspaces. In other words,

V = @ 1%¥
)

XeA(m

We say that a weight A € ib* is dominant if (A\,;a) > 0 for all « € A*. We
can now review the famous Highest-Weight Theorem, which classifies irreducible
representations of compact groups. We say that a weight A € ih* is integral if
?iy)\aa; € 7Z for each a € AT. We denote the set of all dominant, integral weights by

AT(u,b).

Theorem 3.32. (The Highest-Weight Theorem; see Theorem 5.110 in [27])
Let U be a simply-connected compact group.

1. If (w, V') is an irreducible representation of U, then there is a unique domi-
nant integral weight A € A™(u,h) such that X € A(w) and

dr(X)v =0

for allv e Vy and X € @, cp+ 9c,a- One says that X is the highest weight

of m and that elements of V\ are highest-weight vectors. Furthermore,

2. If (m, V) is an irreducible representation of U, then dim V), = dimV,, for
any w in the Weyl group W = Ny (h)/Zy(h) and any X € ib*.

3. Two representations of U are equivalent if and only if they possess the same
highest weight.

4. Each dominant integral weight X\ € AT (u,b) is the highest weight of some
wrreducible unitary representation of U. We denote such a representation by

(WﬁwHu)'
Together with Weyl’s Unitary Trick, The Highest-Weight Theorem provides a

parameterization of all finite-dimensional irreducible representations of semisimple
Lie groups.
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3.8 Finite-Dimensional Conical and Spherical

Representations
The problem of determining which finite-dimensional representations are spherical
or conical is solved by some classical results of Helgason, which we state in this
section.

Theorem 3.33 (The Cartan-Helgason Theorem). ([22, p. 535]) Suppose that U/ K
is a compact-type symmetric space with c-dual G/K and that (m,V) be an irre-
ducible representation of U with highest-weight X € ib*. We recall that h = t ® ia,
where t € m is a mazximal abelian subalgebra of m. Suppose further that U s
simply-connected. Then the following are equivalent:

1. 7 is a spherical representation of U.
2. w(M)v =wv for each highest-weight vector v € V.

3. A(t) =0 and also
(A a)

{, @)

Proof. We prove that (1) <= (2). Suppose that 7 is an irreducible spherical
representation of U. We use Weyl’s trick to consider 7 as a representation of G.
Then we recall that the Iwasawa decomposition g = ¢ & a & n. Furthermore, we
have a root-system A = A(u,h) C ih* corresponding to the Cartan subalgebra
b for u. Choose a positive subsytem AT C A so that A*|, C 3T, the triangular
decomposition uc = gc = ny G hc & ny, where

€N for alla € ©*

is the positive-root nilpotent algebra coming from the root system A. One shows
that n C ny.

If v € V) is a highest-weight vector for m, then we see that m(n @ a)v C Co.
Because 7 is irreducible, we know that 7((g))v =V, where {(g) is the universal
enveloping algebra of g. Hence, by the Poincare-Birkhoff-Witt theorem it follows
that 7(U(8))v = V and thus that (r(K)v) = V.

Now recall that the orthogonal projection P : V — V¥ is given by

Pw:/Kw(k)wdk.

It follows that Pv € VE\{0} (in fact, if Pv = 0, then V¥ and (7(K)v) are
orthogonal, which contradicts the fact that (7(K)v) = V). We write Pv = e.
Because P is a K-intertwining operator, t C ¢, and 7(t)v C Cv, we see that
m(X)v = 0 for all X € t and thus that A(t) = 0. A similar argument shows that
m(g)v = v for all g € K Nexp(ia).
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Next, one sees that

me = {¢ @ (gc,s @ gc,-5) -
BEAT s.t. Bla=0
One sees clearly that m(X) = 0 for each X € g¢ 3 such that § € A*, because A is
a highest weight for 7 and thus A + [ is not a weight of the representation. Now
suppose that § € AT and |, = 0. Then (A, 8) = 0 under the Killing form on ih*
because A(t) = 0 but S(a) = 0. Thus, the Weyl-group reflection

(7, 3)

wg Yy 2<ﬁ,5>
reflects A+ 5 into A — . It follows that A — 3 is not a weight of the representation
(since the set of weights of 7 is invariant under the Weyl group) and thus that
7(X)v =0 for all X € g¢ .

Thus 7(X)v = 0 for all X € m. It follows that 7(m)v = v for all v € M, =
exp(m). Since M = My(exp(ia) N K, we see that 7(M)v = v and we are done
showing that (1) = (2).

Now suppose that 7 is an irreducible representation of U with highest-weight
A and highest-weight vector v € V) such that 7(M)v = v. We must show that
Pv € VE is a nonzero vector. Because t C m, it follows immediately that A(t) = 0.

Because 7 is a unitary representation of U, we have that 7(u)* = m(u™!) for all
u € U. Since u = £ @ ip, it follows that 7(X)* = n(X) for X € p and 7(X)* =
—m(X) for X € ¢ so that m(g)* = 7(6(g)) for all ¢ € G. In particular, for each
7 € N, we have that

(r(m)v,v) = (v, 7(0(1))v) = (v,v),
since 0(7) € N. Next, for each m € N, we write 1 = k(

decomposition. Next, we note that

e=Pv= / m(k)vdk
K/M

n)a(n)n(n) for the Iwasawa

= / m(k(®))v - a(m)”*dn

= /Jiﬂ(ﬁn(ﬁ)1a(ﬁ)1)v'a(ﬁ)2pdﬁ
:/]Vﬂ(ﬁ)v-a(ﬁ)_’\_deﬁ,

where we have used the fact that 7(n)v = v and 7(a)v = a*v for all n € N and
a € A.
Thus, we have

N

= <U,'U>/ W(ﬁ) <U,U> . a(ﬁ)*)\prdﬁ

(e,v) = / (@) (v, v) - a(@) " *dn

N
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and thus (e,v) > 0. Hence e € VX\{0}. O

If 7 is spherical, then we say by abuse of notation that \|;, is the highest weight
of m. Note that there is a natural identification of purely imaginary weights on ia
with purely real weights on a. Thus, the highest restricted roots may be identified
with elements of a*. We write

A*EAmez{uef

MY N for all a e 5t
(o, )

and note that each element of AT corresponds to unique irreducible spherical rep-
resentations of U and G.
Moreover, AT is a semilattice. In fact, define linear functionals §; € a* by

<£i7 Oéj>

<aj7 O‘J’)

=¢;,for1<j<r . (3.16)

7’Lj€Z+} .

The weights §; are called the fundamental weights for (g, a). Note that each element
of AT corresponds to a unique irreducible spherical representation of U.

In fact, a corollary of the Cartan-Helgason Theorem is that the finite-dimensional
conical and spherical representations of G are the same.

Theorem 3.34. ([23, p. 119]) Suppose that (w, V') is an irreducible finite-dimen-
sional representation of G. Then m is spherical if and only if it is conical, in which
case VMN consists of the highest-weight vectors of .

Then &;,...,& € AT and

AT =76+ - +77 = {Z”jfj
=1

Now that the irreducible finite-dimensional spherical and conical representations
have been parameterized, one may ask more generally about finite-dimensional
spherical and conical representations that may not be irreducible.

To that end, suppose that (m,,H,) is an irreducible K-spherical representation
of G with highest weight p and that (o, ) is a unitary primary representation of
G consisting of representations of type p. By [I7, Lemma 1.5], all cyclic primary
representations of a compact group are finite-dimensional, and hence o extends
uniquely to a holomorphic spherical representation of G¢. Because it is a finite-
dimensional spherical representation, ¢ is automatically a conical representation
of G¢. In fact, as the following result shows, the M N-invariant vectors of o are
precisely the highest-weight vectors of irreducible subrepresentations of O'.E|

Lemma 3.35. Suppose, as above, that (0, H) is a unitary primary representation
of a compact group G consisting of representations with highest weight p. If v €

5The lemma is likely known by specialists, but we were not able to find a citation in the literature.
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HMN\{0}, then v is a highest-weight vector that generates an irreducible spherical
representation of G. Furthermore, if v,w € HMNV\{0} and v L w, then (7(G)v) L
(m(G)w).

Proof. Let v € HMN\{0}, and consider W = (o(G)v). We can write W =
W@ ---@ W, where each W; gives an irreducible representation of G that is
equivalent to H,,. It must be a finite direct sum because all cyclic primary repre-
sentations of compact groups are finite-dimensional (see [I7]). For each i, let v; be
the orthogonal projection of v onto W;. Then v = vy + - -+ 4+ v,,. Since each W; is
a G-invariant subspace, it follows that each vector v; is also invariant under M N.
Because W; is irreducible, we see that v; must be a (nonzero) highest-weight vector
of weight 1 (see [16, Theorem 12.3.13]). Hence v is a weight vector of weight .

Suppose that W is not irreducible (that is, n > 1). Because W is cyclic, there
must be ¢g1,...,9x € G and ¢1,...,¢; € C such that Z?:o cim(g)v = vy (it is
sufficient to consider finite linear combinations because W is finite-dimensional).
It follows from the invariance of each space W that Zf:o cim(gi)vy = vp and
Z?:o ¢;m(g;)va = 0. Because W7 and W, give equivalent representations of G and
all highest-weight vectors of an irreducible representation are constant multiples of
each other, this is a contradiction. Thus W is irreducible and v = v; is a highest-
weight vector for W.

Now suppose that v and w are nonzero M N-invariant vectors in H such that
v L w. Write V = (n(G)v) and W = (n(G)w). By the above, we know that V'
and W are irreducible representations of G with highest-weight vectors v and w,
respectively. Hence, either VN W = {0} or V' = W. Because the space of highest-
weight vectors of an irreducible representation of GG is one dimensional and v 1 w,
we cannot have V' =W. Thus VN = {0}.

Now consider the invariant subspace Z = V + W and the corresponding orthog-
onal projection p : Z — W, which is an intertwining operator for m because W is
an invariant subspace of Z. Hence, p(v) € HM¥" and so p(v) = cw for some ¢ € C.
Since v L w, we see that ¢ = 0 and thus v € ker p. Moreover, it is clear that ker p is
a U-invariant subspace of Z, so it follows that V' = (7 (U)v) C ker p. Hence V. L. W
as we wished to show. O

3.8.1 Applications to Harmonic Analysis
The importance of finite-dimensional spherical representations of a group G for har-
monic analysis may be seen by the fact that each finite-dimensional irreducible rep-
resentation (m,V) of G is contained in the regular representation of G on Cgo(G).
In fact, let (7, V) be a finite-dimensional irreducible representation of G. Fix an
inner product on H such that the corresponding representation of U is unitary
(this inner product is unique up to multiplication by a constant). However, 7 will
not be a unitary representation of G.

What we can say, however, is that 7(k) is unitary for each £ € K and 7(exp X)
is self-adjoint for each X € p (since dm acts by skew-adjoint operators on ip, it
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acts by self-adjoint operators on p). That is,

(m(g)v,w) = (v, m(0(g7")))-

In other words, the contragredient representation (7*,V*) is given by

7 (g) = 7(0(9))

under the conjugate-linear identification V' = V* given by the inner product on V.
It can be shown (see Corollary 11.4.13 in [23]) that if 7, is the finite-dimensional
spherical /conical representation with highest-weight ;4 € AT, then Ty = Twp
where w* € W is again the longest element of the Weyl group.

For each u,v € H the matrix coefficient function

Tuw(9) = <7r(g_1)u,v>

extends to a holomorphic function on G by Weyl’s Unitary Trick. For each v € V,
the map

U= Ty

is a linear intertwining operator from (7, V') into (L, Cg2(G)). It is injective because
7 is irreducible.

Furthermore, if (7, V) is a finite-dimensional irreducible spherical representation
of G such that e € VX is a unit vector, then Tue 18 a right- K-invariant smooth
function on G for each v € V: in fact,

Tue(gk) = (m((gk) Hu, e)
= (g~ u, w(k)e)
= (m(g7 u, e) = Tue(9)

for all g € G and k € K. Here we have used the fact that 7| is unitary. Using the
identification of right-K-invariant functions on G with functions on G/K, we see
that

U Tye

gives an intertwining operator from (m, V') into (L, C52(G/K)). In fact, it can be
shown that (up to a normalizing factor) 7. is a spherical function on G (see [23]
p. 106)).

We can, in fact, obtain a more explicit formula for the spherical function 7.
Suppose 7 is a spherical representation with highest-weight u € A" and highest-
weight vector v. For each g € G, write g = k(g)a(g)n(g) be the Iwasawa decom-
position. Furthermore, consider the logarithm log : A — a. Using the fact that
e = P(v) = [, m(k)udk and that v is a p-weight vector, we arrive at Harish-
Chandra’s famous integral formula (see also Theorem 1V.4.3 in [22]):
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Tee(9) = Tee(9)
(m(g Hm(k)v, m(k)e)dk

(m(0(k(g~ " k)a(g™ k)n(g~"k))v, e)dk

|
SR el

(m(a(g™"k))v, e)dk

(eros(alg™ )y, e\ ik

_ / ehlos(a(a ™)) (). (3.17)
K

where we note that (v, e) is a constant.

Now suppose that (7, V') is a finite-dimensional irreducible conical representation
of G such that v € VMY is a unit vector. We choose a unit vector v* € V as a
highest-weight representation for the contragredient representation 7*. That is, v*
is invariant under (M N) = MN. In other words, v* may be thought of as a
lowest-weight vector for .

Under these constructions, 7, .+ is a right-M N-invariant smooth function on G
for each u € V: in fact,

Ty v* (gmn) =

forall g € G, m € M, and n € N. Here we have used the fact that m(m) is unitary
for m € M C K and that v* € 7M. Furthermore, it can be shown that (up
to a normalizing constant) ¢, ,+ is a conical function (see [23, p. 113]). Using the
identification of right-M N-invariant functions on G with functions on G/M N, we
see that

U ’/Tu,v*

gives an intertwining operator from (7, V') into (L, C2(G/MN)).

We can obtain a more explicit formula for the conical function , .- on a dense
subset of G. Suppose that 7 is a conical representation with highest-weight © € A™,
highest-weight vector v, and lowest-weight vector v*. For each ¢ € NM AN, write
g = n'a(g)my=mn, where m € M, n and n’ are in N, and a(g) € A. Furthermore,
consider the logarithm log : A — a. The following formula may also be found in
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Theorem I1.4.6 of [23]:

(m((n'a(g)muy-mn)~ v, v*)
= (m(myra(g)™v,v%)
= (r(m, ) p(log (g ”v,v*)

— e—u(loga(g))m v (M)

T (9) =

for all g € NM AN, where we note that 7, ,(m,,+) is a constant.

Next we consider how these representations allow us to decompose function
spaces. Because dim VX =1 and dim VMY = 1, it is possible to show that (m, V)
appears in (L,Cg(G/K)) and (L,C2(G/MN)), respectively, with multiplicity
one. In fact, it follows from Lemma I1.4.14 and Proposition 11.4.15 in [23] that

CO(G/MN) =g Z Hy,

AEAT(g,a)
where >°% denotes an algebraic direct sum. From Corollary 12.3.15 in [16], we

know that
C2(G/K) = Z Hy.

/\€A+(g7 a)

Furthermore, one can show (see [22, Theorem V.4.3]) that

CRU/K) = S Mo

ATEA(g,a)

In other words, there are very natural identifications of smooth, G-finite smooth
functions on U/K, G/K and G/M N. Consider the mapping defined by

Te = T,

for each spherical/conical representation (7,H) and each v € H, where e € HEX
and v € HM¥ are unit vectors. This mapping may be extended by linearity to
yield a G-intertwining operator from Cg2(G/K) to C32(G /M N). This intertwining
operator is given by a form of the celebrated Radon transform and may be defined
in terms of integral operators.

3.9 Unitary Spherical and Conical

Representations
We are primarily concerned in this thesis with studying the analogue of finite-
dimensional conical representations for infinite-dimensional symmetric spaces, none
of which are unitary. However, we briefly review the construction of unitary coni-
cal representations in order to show the important role that they play in harmonic
analysis on noncompact-type Riemannian symmetric spaces, which provides an
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important motivation for extending the theory of conical representations to the
infinite-dimensional context.

The results in this section are primarily due to Harish-Chandra (for G/K') and
Helgason (for G/MN). Helgason’s exposition of Harmonic analysis on G/K may
be found in Chapter IV of [22] and his exposition of analysis on G/M N may be
found in Chapters II and VI of [23] and in the earlier paper [20]. A simpler proof
of the Plancherel formula for G/M N was provided by Ronald Lipsman in [29]; it
is simple enough that we shall provide a brief outline here. For a good overview of
these topics from a representation-theory perspective, see [3§].

The standard construction of unitary spherical and conical representations for
noncompact-type Riemannian symmetric spaces uses a technique known as para-
bolic induction. As before, let G/K be a Riemannian symmetric space of noncom-
pact type and use the notation in Section [3.2]

We begin by choosing a one-dimensional representation of A, which may be
identified with an element A of af.. Due to the fact that MAN/MN = A, there is
a well-defined extension to a representation 1 ® A ® 1 of M AN such that

(1® A ® 1)(man) = *1e8@) = g

foralme M, a € A, and n € N.
We then define the spherical principal series representation (o,,K,) by

setting]
Ky = {w G —=C ‘w(gman) =a""P(g) and ||| = / [v(k)[Pdk < oo}
K

and letting o) act on K, by
ax(g)¥(h) = ¥(g™"h).

In the terminology of induced representations, one writes oy = Ind$, ,x (1@ A ® 1)
and says that o) is the representation of G induced by the representation 1@ A®1
of the parabolic subgroup M AN. The factor of p comes from the fact that the Haar
measure on G = KAN is given by dg = a* dk da dn.

There are several ways to interpret the space K. It can be viewed as a space of
square-integrable sections of a particular homogeneous line bundle over G/MAN.
Furthermore, using the Iwasawa decomposition, one can show that there is a dif-
feomorphism between G/M AN and K /M which gives a natural identification of
K\ with L2(K /M), on which the action is given by:

ox(g)f(hM) = a(g~"h) " f(k(g~"h))
for all f € L*(K/M) and h € K, where
9 'h = k(g™ 'h)a(g~ h)n(g~"h)

6The literature typically denotes this representation by (7, Hx), but we need to reserve that notation for a
later use.
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is the Iwasawa decomposition of g~'h in G. This realization of K, is called the
compact picture. Note that o,|x is just the regular representation of K on
L3(K/M).

One can further show that o) is irreducible for almost all A. Also, for each Weyl
group element w, we have that o, = o, for almost all A\ € af. Finally, o) is a
unitary representation if \ € ia*.

It is easy to see from the compact picture that o is a spherical representation. In
particular, we note that the constant function 1 in L?(K/M) is K-invariant. The
work of Harish-Chandra gives an explicit formula for the corresponding spherical
functions. In particular, a generalization of the argument in (3.17)), one can show
that the positive-definite spherical function for K has the form

or(9) = (1, da(g)1) = / a(gk) -k,

K

where g = ka(g)n for some k € K, a(g) € A, and n € N. This formula, when
varied over all A € ia*, provides all positive-definite spherical functions for G/K.
In fact, when varied over all A € 7ag, it provides all bounded spherical functions
on G. Finally, one shows that ¢) = ¢, if and only if ;1 = wA for some Weyl group
element w € W, which demonstrates the earlier claim that oy = o, for almost all
A€azand we W.

It is less obvious that o, is a conical representation. Note that there is a con-
tinuous injection Hy — D'(G/MN). For almost all A € ia*, Helgason constructs
#W distinct conical distributions on G/MN with eigenvalue A — p with respect
to the action of a. It is not clear from the works of Helgason whether these coni-
cal distributions are continuous functionals on the space (H,)> of smooth vectors
for H,. but this result may be seen in [29] p. 50]. In other words, one has that
dim(H, ©)MN = #W for almost all \ € ia*.

The question of whether all unitary irreducible conical representations are con-
structed by the unitary spherical principal series is a subtle one. In a certain moral
sense, one expects the unitary spherical principal series to exhaust “almost all,” if
not all, unitary irreducible conical representations [23, p. 147]. To this end, Hel-
gason was able to classify all conical distributions with the exception of certain
singular eigenvalues [23, Theorem I1.5.16]. For symmetric spaces G/K of rank one,
the classification was completed by Hu (see [25] as well as Theorem I1.6.18 and
Theorem I1.6.21 in [23]). However, for cases of rank higher than one it is not clear
in the literature whether the answer is known.

3.9.1 Applications to Harmonic Analysis
In this section we briefly discuss the Plancherel formulas for noncompact-type
Riemannian symmetric spaces and their associated horocycle spaces and note the
role played by unitary spherical and conical representations.

We once again suppose that G/K is a noncompact-type Riemannian symmetric
sapce and use the terminology of Section [3.2] Because M is a compact group and
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N is a connected nilpotent group, we see that both groups are unimodular. We
normalize the measure on N by

/N a(n) *dn = 1.

One can show that M N is a unimodular group ([23 p. 82]) and that its Haar
measure is (up to a constant) d(mn) = dm dn. Furthermore, G is a unimodular
group because it is semisimple. It follows from Theorem that G/M N possesses
a G-invariant measure. Similarly, because G and K are both unimodular, the
symmetric space G /K possesses a G-invariant measure.

We can now consider the unitary regular representations of G on L?(G/K) and
L*(G/MN). The deep work of Harish-Chandra shows that the regular represen-
tation (Lg/k, L*(G/K)) may be written as a direct integral of unitary spherical
principal series representations (see, for instance, Sections 2.5 and 2.8 in [3§]):

®
[2(G/K) 2 / Kale(3)]2dA, (3.18)
ia* /W
where the measure |[c(A\)|72d\ is the Lebesgue measure on ia*/W weighted by
|c(M\)| 2. Here c is the famous Harish-Chandra c-function given by

c()\):/Na(ﬁ)Apdﬁ

for A € ia* with Re(A\,a) > 0 for all @ € ¥*. It is W-invariant and may be
extended meromorphically to all of ia*, so that (3.18) is well-defined.

The direct-integral space [, w Kale(A)|72dA may be realized geometrically as
the space

Liy (a", L*(K/M); (#W) " e(M)|dA) = Liy (a* x K/M, (#W) " e(A)|*dAdk),

where the subscript W indicates that we consider W-invariant functions.

On the other hand, the decomposition of (Lg/nn, L?(G/MN)) may be derived
using more elementary methods, and we briefly sketch the argument here. By using
induction in stages, one has that

Loy = nd§ (1) 2 Ind§, v Ind )7y (1)

But we also have

&
IndyiaN (1) =2 LA (MAN/MN) = / 1@A®1dA,
ia*
where the latter equality follows from the fact that MAN/MN = A. Here d\ is
Lebesgue measure on ¢a*. Therefore, one has that

D
LG/MN%/ Ind§, ,v(1®A®1)

ia*
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where we use the fact that induction commutes with taking direct integrals. Putting
everything together, we have the following result (see Section 4.2 in [38]):

[2(G/MN) = / Kad. (3.19)

In fact, because (o, H,) is equivalent to (o,x, Hwy) for almost all A € ia* and
w € W, one sees that

®
LHG/MN) =6 (#W) | oA (V)G K,
That is, L*(G/MN) is equivalent to a direct sum of #W copies of L?(G/K).

We noted earlier that the Radon transform is an itnertwining operator. It can
also be shown that it is injective. Unfortunately, it does not extend to a unitary
intertwining operator from L*(G/K) into L*(G/MN). However, it is possible to
“twist” the Radon transform into a unitary intertwining operator, as shown in
Section 11.3.3 of [23], a variant of the Radon transform may be used to define
an intertwining operator from L?(G/K) to the space L¥,(G/MN) of W-invariant
functions on G/MN. A good exposition of the results may be found in Sections
4.2 and 4.3 of [38].

We briefly state the results here for completeness. Using the Laplace operators
on K/M and A, it is possible to define a Schwartz space S(G/MN) of rapidly-
decreasing functions on G/MN = K/M x A. Then define a twisted Schwartz
space

S,={f € C=(G/MN): ¢’f € S(G/MN)},

where e” is the function on G/MN defined by e?(kM, a) = e’(°¢(2) We also use the
notation a? = e?1°5(@) for each a € A. Now define an operator A : S,(G/MN) —
Sp(G/MN) by
Af = e P Fyl (e Fale’f)),
where Fu : S(K/M x A) — S(K/M x a*) is the classical Fourier transform in the
A variable—that is,

Fuaf(kM,\) = / f(kM, a)e=Ae@)qq,
A

for each A € a*. Then it can be shown that the composition AR extends to an
intertwining operator that is a partial isometry from L*(G/K) into L*(G/MN).
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Chapter 4

Direct Limits of Groups and Symmetric
Spaces

Motivated in part by applications to physics, there has been an increasing amount
of work done on infinite-dimensional Lie groups since the 1970s. These are topolog-
ical groups which are locally modeled on locally convex topological vector spaces
over R (in the same way that finite-dimensional Lie groups are modeled on finite-
dimensional vector spaces over R). The simplest infinite-dimensional Lie groups
which may be considered are those which are formed by taking direct limits of
finite-dimensional Lie groups. They occupy a sort of “middle ground” between
finite-dimensional groups and other infinite-dimensional groups with finer topolo-
gies, in that they inherit many of the properties of the former but already exhibit
some of the pathologies of the latter.

We refer the reader to [11] and [35] for a good overview of the basic properties
of direct-limit groups. See [36] and [33] for some details about the construction
of smooth manifold structures on direct-limit groups. See also [52] for an in-depth
study of direct limits of abelian and nilpotent groups and for applications of direct-
limit groups to physics.

4.1 Review of Direct Limits and Projective
Limits

We begin in this section by very briefly reviewing several basic definitions and

results about direct limits and projective limits. See, for instance, the appendices

in [35] for more details.

Suppose that for each n € N one has a topological space X,, and continuous
embeddings p" ™! : X,, — X,,,1, which we refer to as inclusion maps.E] By repeated
composition of these inclusion maps, we construct continuous maps pﬁ c X, — X
for any n < k. Note that p¥ o p = pk for all m < n < k. We say that {X,, },en
together with the inclusion maps forms a direct system.

Next, we define an equivalence relation ~ on the disjoint union L,cnX,, as
follows: for x € X,, and y € X,,,, where n < m, we write z ~ y if p'(z) = y.

We then define
X Eli_ngX = <|_|Xn> ] ~

neN

and say that X is the direct limit of { X, },cn. Note the the inclusion map from
X, to U,enX, factors through the quotient to give an injective map p, : X,, — Xo.
We then give X, the weakest topology such that p,, is continuous for each n € N.
The direct limit possesses two important properties:

1We warn the reader that it is not always assumed in the literature that the inclusion maps are injective.
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Lemma 4.1. Let Y be a topological space. Suppose that {X,,,p" ™'} is a direct sys-
tem of topological spaces and suppose that for eachn € N we are given a continuous
map [, : X, =Y so that the diagram

X,y

X

commutes for each n < k. Then there is a unique continuous map foo : Xoo — Y
such that

Xoofé"’-y

P

Xn
commutes for each n € N.

Lemma 4.2. Suppose that {X,,p" '} and {Y,, "} are direct systems of topo-
logical spaces and suppose that for each n € N we are given a continuous map
fn: X, = Y, so that the diagram

X, Ly,

p’ﬁT T%’i
XnTYn

commutes for each n < k. Then there is a unique continuous map foo : Xoo — Yoo
such that

X o Y.,

pnT ]qn

XnTYn

commutes for each n € N.

In fact, these can be taken to be a sort of universal property for direct limits.
Following the construction of direct limits of topological spaces, it is possible to
define direct limits for the categories of topological groups, vector spaces, and Lie
algebras which satisfy the previous two lemmas.

The prototypical example of a direct system is that of a collection { Xy }ren of
topological spaces such that X is a closed subset of X, whenever k& < m. Then
we can identify hﬂXn with the set Xo = [J,,cn given by the topology where a
set A C X is open if and only if A N X, is an open subset of X,, for each n € N.

If {Gy }ren is a collection of topological groups such that Gy is a closed subgroup
of G,, whenever k < m, then we form the direct limit G, = U,enG,, in the
topological category. The group product is obvious: if a, b € G,,, then their product
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in GG, is equal to the group product under GG,,. One uses Lemma to show that
the group product and inverse on G, are continuous.

For example, consider the groups SU(n) for each n € N. We see that SU(n) <
SU(n + 1) under the identification

SU(n) — SU(n + 1)

A0
A+—><0 1).

We can form the direct-limit group SU(o0) = liﬂSU(n) = U,,en SU(n). One can
think of SU(oc0) as consisting of all unitary operators on ¢5(C) which fix all but
finitely many of the standard basis elements. Alternately, SU(oco) may be thought
of as consisting of infinite complex matrices which are equal to the identity matrix
outside of a finite block in the upper-left corner.

If {H}r € Nis a collection of Hilbert spaces such that such that H, is a closed
subgroup of H,, whenever k < m, then we form the direct limit Hoo = UpenHn
in the topological category. One uses Lemma to show that the addition and
constant multiplication on H, are continuous. Furthermore, H,, = U,enH,, carries
a continuous inner product. However, H., is not necessarily a Hilbert space and
we must take the completion H, to obtain a Hilbert space.

Now suppose that for each n € N one has a topological space X,, and continuous
surjections p"*! : X, .1 — X,,, which we refer to as projection maps. By repeated
composition of these inclusion maps, we construct continuous maps pr Xy — X,
for any n < k. Note that p” o pt = p¥ for all m < n < k. We say that {X,},
together with the inclusion maps forms a projective system.

Next, we consider the Cartesian product [, X, under the product topology.
We denote by @Xn the set of all sequences (z,)nen such that p? (x,) = z,,,. We
give @Xn the topology it inherits as a subspace of the Cartesian product. Note
that there are projection maps p, : Xoo — X, defined by p,((zp)men) = Zp. In
fact, the topology on 1&1 X, is the weakest topology such that the p,, is continuous
for each n € N. In other words, we can form a basis for the topology on @Xn
consisting of sets of the form p,'(A) where A is an open subset of X, for some
n € N. These sets are called cylinder sets.

Projective limits satisfy universal properties obtained by reversing the arrows
for the corresponding properties of direct limits:

Lemma 4.3. Let Y be a topological space. Suppose that {X,,p "'} is a projec-
tive system of topological spaces and suppose that for each n € N we are given a
continuous map f, : Y — X, so that the diagram

y L x,

k lpz

X
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commutes for each n < k. Then there is a unique continuous map fo 1 Y — X

such that

Y&XOO

Xn
commutes for each n € N.

Lemma 4.4. Suppose that {X,,p" ™'} and {Y,,q" '} are projective systems of
topological spaces and suppose that for each n € N we are given a continuous map
fn: X, — Y, so that the diagram

X, Ly,

Lpii q’él
Xn T Y,

commutes for each n < k. Then there is a unique continuous map foo : Xoo — Yoo
such that

commutes for each n € N,

One may define projective limits in the category of topological groups by starting
with the topological projective limit and defining the group product to be the
restriction of the componentwise product of sequences in the Cartesian product.
Projective limits of vector spaces and Lie algebras may be defined in similar ways.

Suppose that (V,,, p"™),en is a direct system of topological vector spaces. Then
we can define continuous projections ¢+ : V¥, — V¥ by ¢ (X)v = A(pv) for

each v € V,,. This allows us to form the projective limit Jim (V). In fact, one can
show that

(lim V)" 2 lim (V7).

4.2 Lie Algebras and Complexifications of
Direct-Limit Groups

Suppose that {G,, }nen is a direct system of Lie groups with inclusion maps p"*! :
G — Gpy1. Then the differentiated map dp™™ : g, — g,.1 is an injective Lie
algebra homomorphism for each n € N because each p"™! is a smooth embedding.
Thus {g, }nen is a direct system of Lie algebras with inclusion maps dp?*! : g, —

gn+1. Thus we have the direct-limit group G, = @Gn and the direct-limit Lie
algebra g, = liﬂgn.
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It is natural to ask whether g, is the Lie algebra for GG, in some sense. To
that end, consider the exponential maps exp,, : g, — G, for each n € N. One
notices that p!'*! o exp, = exp,,,, o dp*™* by the definition of the differentiated

homomorphism dp”™!. In other words, the diagram

expn+l
On+1 > Gn+1

o e
exp,,

gn ——> G
commutes for each n € N. Thus we may consider the continuous map
€XPoo : Foo — Goo

defined by exp..(pn(X)) = pn(exp, (X)) for all X € g,. Under certain technical
conditions which include all of the classical direct-limit groups, it has been shown
that exp,, is a local homeomorphism (see Proposition 7.1 in [33]) ] However, we
will not need to use this result for our purposes.

Now suppose that {U, },en is a direct system of connected compact Lie groups
with inclusion maps p"*! : U, — U,,41. Following the process described in Propo-
sition 3.6 of [35], we construct complexifications of u,, = li%un and Uy, = hﬂ U,.
As before, we consider the direct-limit group U, = limU, and its Lie algebra
Uy = limu,. For each n € N, we consider the complexified Lie algebra (u,)c =
u, ®g C. Then the inclusion maps dp?™* : u,, — u,;; may be complexified to yield

complex-linear injective Lie algebra homomorphisms (dp?*)c : (u,)ec — (Ur1)c
We may thus consider the complex Lie algebra

(Uso)c = hﬂ (un)c.

Furthermore, because (dp?*!)c is the complexification of the linear map dp™™!, we

see that the inclusions 4, : 1, — (u,)c satisfy the following commutative diagram:

in+1
Uyt — (un+1>C

de“[ T(dpﬁ“)c
U, L (un)(c

We thus obtain an injective homomorphism i, : iy — (U )c. One can show that

(U )c 18 the complexification of the Lie algebra .

For each n € N, we consider the complexification (U,)c of the compact Lie
group U,. We recall that (U,)c has Lie algebra (u,)c and that U, is the closed
analytic subgroup of (U, )¢ corresponding to the Lie algebra u,,. By [27, Proposition
7.5], each homomorphism p?*! induces a holomorphic homomorphism (p?*!)c :

n

2In fact, once the proper definitions for infinite-dimensional manifolds have been made, it can be shown under
these technical conditions that exp. is a local diffeomorphism (see Theorem 8.2).
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(Un)c = (Upy1)c whose differential is (dp”*™)c. We may thus consider the direct-
limit group

(Use)e = lim (Un)c-
Furthermore, by [27, Proposition 7.5] it follows that the inclusion maps i, : U,, —
(Uy)c satisfy the following commutative diagram:

Un+1 K (UnJrl)(C
pﬁ“] T(zﬁ“)c
Un Zn (Un)(C

We thus obtain a continuous injective homomorphism i, : Uy, = (Us)c. Because
the image of U, under i, is closed in (U, )¢ for each n € N, we see that the image of
Uy under i, is a closed subgroup of (Uy)c. For these reasons, we say that (Us)c
is the complexification of U.

4.3 Direct Systems of Riemannian Symmetric

Spaces
Suppose that {G}, }nen is a direct system of semisimple Lie groups and that for each
n € N we have an involution 6, : G, — G, such that G, /(G,)? is a Riemannian
symmetric space and the diagram

Grar 28 G (4.1)
pﬁ“T Tp’ﬁ“
On
Gy Gn

commutes. We thus have a continuous involution 0., : G, — G4. Write K,, =
(G,)? for each n € N. We see that {K,,},en forms a direct system with inclusion
maps given by p"™!|k, . Furthermore, implies that p"*(K,,) = p"™(G,) N
K, 1 for each n € N, so there are well-defined inclusion maps from the quotient
space G,/ K, to Gy, 11/ K, 1. We thus obtain a direct system of homogeneous spaces
{G/ K, }nen. Now construct the direct limits G, = @Gn, Ko = ligle and
Go/Ks = @Gn/Kn. Finally, one can show that K., = (G4)%=.

We say that G /K is a lim-Riemannian symmetric space. If G,,/K,, is a
compact-type symmetric space for each n € N, then G, /K, is said to be a lim-
compact Riemmanian symmetric space. Similarly, if G,/ K, is a noncompact-
type Riemannian symmetric space for all n € N, then G /K is said to be a
lim-noncompact Riemannian symmetric space.

For each m € N, denote the Killing form on g, by By. Note that for each £ < m,
the Killing form B,, : g, X gn — C restricts to an ad(gg)-invariant bilinear form
on gi. If gx is a simple Lie algebra for all £ € N, then all such ad(g)-invariant
bilinear forms are constant multiples of each other, and hence By, |4, xq, = ¢Bj for
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some constant ¢ € C. In the interest of consistency, we replace each Killing form
By in this case with a constant multiple in such a way that By, |4, «xq, = B for all
k < m. In other words, we will shall normalize the Killing forms of the g;’s so that
they are consistent with each other.

Similarly, if {g. }xen is a direct system of simple Lie algebras, then one constructs
a direct system {gr X gk }ren of semisimple Lie groups. The same construction as
before allows us to consistently normalize Killing forms on g, X g for each k € N.

We now see how the notion of c-duals may be extended to lim-Riemannian
symmetric spaces. Suppose that {U,/K,}nen is a direct system of Riemannian
symmetric spaces with involutions 6, : U, — U,, and inclusion maps p"*! : U, —
U,+1. We follow the constructions in Section to produce a complexification
(Us)c = @(Un)@ for the lim-compact group U, = @Un. To simplify notation
we assume that (U,)c C (U,s1)c and therefore U,, C U, for each n € N.

We recall that the involutions 6,, : U, — U,, extend to holomorphic involutions
0, : (Up)c — (Uy)c. The fact that the diagram

9n+1
Upir =2 Uiy

L]

On

U, U,
commutes implies that
en 1
(Uns1)c —> (Uns1)c (4.2)
R
(Un)(c (Un)(C
commutes by [27, Proposition 7.5].
As before, we write
U, = En S En

for each n € N, where &, and p,, are the +1- and —1-eigenspaces of 6,,. From (4.1)
it follows that
En = En—f—l Au, and ETL = En-i—l nu,

and hence that £, C £, and p, C p,41. For each n, we construct the c-dual Lie
algebra

On = En D Zgn C (un)(c

and note that g,, C g,+1. Finally, we construct the analytic subgroup G, of (U,)c
which corresponds to the Lie algebra g, and recall that G, is closed in (U,)c.
Thus G, is a closed subgroup of G, for each n. It follows that the direct-limit
group G, = @Gn is a closed subgroup of (U,)c and possesses the direct-limit
Lie algebra g, = hﬂgn.

Reviewing the construction of finite-dimensional c-dual spaces, we see that the
complexified involution 6,, : (u,)c — (u,)c restricts to an involution 6, : g, — gx
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and that €, and ip, are the +1- and —1-eigenspaces of 6, in g,. Furthermore,
because g, is 6,-stable, the holomorphic involution 6,, : (U,)c — (Up)c restricts
to an involution 6, : G,, — G,, such that (G,)" = K,. Finally, the restriction of
implies that the diagram

On+1
Gn+1 - Gn+1

L]

G, —2 =G,

commutes. Thus {G,,/ K, }nen is a direct system of noncompact-type Riemannian
symmetric spaces. We say that G /Ky = liﬂGn/Kn is the c-dual of Uy, /K.

In order to align our notation with that of Chapter 3, we set p,, = ip,, for each
n, so that

u, =%, Bip,.
Finally, we notice that
Uso = Eoo > Zpom

where £, = liglf?n and po, = ligpn are the +1-and —1-eigenspaces of 0, in g..

4.4 Propagated Direct Limits

As before, we assume that G /K is a lim-noncompact Riemannian symmetric
spaces which is the c-dual of a direct limit U,, /K of simply-connected compact
Riemannian symmetric space. We need to put some further technical conditions
on G4 /K in order to prove our results about conical representations. The first
condition is that of propagation, which was introduced by Olafsson and Wolf. See
[42], [54], and [56] for more details on this construction.

We begin this section by examining the restricted root data of G /K, using
the notation of Section[4.3] We recursively choose maximal commutative subspaces
ar C pg such that a, C a; for n < k and define a,, = ligan. We then obtain the
restricted root system %, = X(g,, a,) for each n € N. Note that

2n g Ek‘an\{o}

whenever n < k.
Next, we recursively choose positive subsystems X7 C ¥, in such a way that

Sy € B e, \{0}-
The projective limit ©F = Jim Y plays the role of the positive root subsystem for
(Bo0, oo)-
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For each n € N, we let (X,,)o denote the set of nonmultipliable roots in ¥,, and set
(X,)d = (Z,)oNXF. Denote the set of simple roots in (X,,)d by ¥,, = {a, ..., ap, },
where r, = dim a,,. Since we will be dealing with direct limits we may assume that
Y., and hence X, is one of the classical root systems. We number the simple roots
in the following way:

U=4, | & o o & r>1
\I/:BT %T \ \ %2 %1 7"22

(4.3)
V=C | & —eo o .. —&—3& |r=3

%’f’ oy O) OKZ(X2
V=D, o r=>4

We are now ready to introduce the definition of propagated direct-limits of
symmetric spaces.

Definition 4.5. We say that a lim-noncompact symmetric space G /K« is prop-
agated if

1. For each simple root o € Wy, there is a unique simple root a € V,, such that
ala, = o, whenever k < n.

2. There is a choice of ordering on the roots in Yy for each k € N such that
either a, = a; or else ¥y, extends V,, for n < k only by adding simple roots
at the left end. (In particular, each Uy, has the same Dynkin diagram type.)

We also introduce an analogous notion of propagation for lim-compact groups.
Let Uy, = lim U, be a direct limit of compact Lie groups. Choose a Cartan sub-
algebra b, C g, for each n in such a way that h,, C b, whenever n < k. One
then obtains a root system A, = A(g,, h,) for each n. After recursively choosing
positive subsystems A} C A,, such that

A, € AL\ {0},

for nleqk, we arrive at a set Z,, of simple roots in A}t. We order these simple roots

the same way as in Table [4.3]
Definition 4.6. We say that the lim-compact group Uy, is propagated if

1. For each simple root a € =y, there is a unique simple root o € =,, such that
aly, = o, whenever k < n.

2. There is a choice of ordering on the roots in =) for each k € N such that
either b, = by or else =, extends =, for n < k only by adding simple roots
at the left end.
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Suppose that U, is a propagated direct limit of compact, simply-connected
semisimple Lie groups. Then each Uy may be decomposed into a product of compact
simple Lie groups, say Uy, = U} x U2 x - - - x U*. We can recursively choose Cartan
subalgebras b, = bt @ h? @ --- ® h{* where each by is a Cartan subalgebra of ul.
The definition of propagation then implies that d, = d,, = d for each n,m € N
and that the indices may be ordered in such a way that {U}},cn is a propagated
direct system of compact simple Lie groups for each 1 < i <d.

Following the exposition in [7], we make note of the details of each root system
for later use. We identify a with R” so that, as usual, a = {(,41,...,21) | z1 +
vt a1 = 0} if U = A, and otherwise a = R". Set e; = (0,...,0,1), e5 =
0,...,0,1,0), ..., e, =(1,0,...,0) where n = r + 1 for A, and otherwise n = r.
We view the vectors e; also as elements in a* via the standard inner product in
R+ in the case U = A, and otherwise R". Note that in the case ¥ = A, this gives
a map R™™! — a* which is not injective.

For ¥ = A,, we have 5 = {¢; —¢; | 1 £ i < j < n} and a; = €1 — ¢,
j=1,...,r. The Weyl group W consists of linear maps given by

for permutations in the symmetric group S,;1. One can show that the fundamental
weights are

If U is of type B, then we have ¥ = {e; | j=1,...,r}U{e; 2 fi |1 Si<j <r}
and ¥ ={a; = fi}U{a; =e; —e;_1 | i =2,...,r}. The Weyl group consists of
linear maps generated by the involutions

w;(e;) = —e; and w;(e;) = e; for j # i
for + < r and the maps

wa<€i) - ea(i)

for permutations in the symmetric group S,. Furthermore, one shows that the
fundamental weights are

T

§I:Zej andfj:2iei, j>]_

i=1 i=j

If U is of type C, then we have X = {2¢; | j=1,...,r}U{ejxe; |1 Si<j <
r}and ¥ ={oy =2e1}U{a; =¢€;—¢;_1|j=2,...,7}. The Weyl group consists
of linear maps generated by the involutions

w;(e;) = —e; and w;(e;) = e; for j # i

for © < r and the maps



for permutations in the symmetric group S,. Furthermore, one shows that the
fundamental weights are
T
&§=2) fi
i=j

If ¥ is of type D, then oy = e; + ey and o = e; — ej_; for j = 2. The Weyl
group consists of linear maps generated by the involutions

w;(e;) = —e; and w;(e;) = e; for j #i

for 2 < i < r and the maps
We(€:) = €s(i)

for permutations in the symmetric group S,. One shows that the fundamental
weights are

r

flzzei, 52:_61+i:6j, andfj:2zr:ei for j > 3.

=1 j=2 =7

Thus if we take a propagated symmetric space G, /K or a propagated direct-
limit group U, then one uses the above formulations to construct countable bases
{e1,eq,...} for as and b, respectively.

4.5 Admissible Direct Limits

We continue to examine the root data for lim-noncompact symmetric spaces Goo / Koo
by analogy with Section [3.2] For each k& € N and each restricted root o € Xy, we
define as before the root space

0o ={Y €gr | [H,Y]| =a(H)Y for all H € a;}.

Next we define the subalgebras

ng = 6}9 Ik«

+
aeX)

and
mg = Zek (Clk)

of gi. Similarly, we define the subgroups Ny = exp(ng) and M, = Zg, (ai) of Gy.

For each k € K, the conical representations of (G5 are the representations which
possess a nonzero vector (or, more generally, distribution vector) which is invariant
under the action of the group M N,. Hence, in order to define conical represen-
tations of G, one would like to define a subgroup M, N, = ligMnNn. In order
for such a group to be well-defined, we need to make a technical assumption that
was first introduced in [24].
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Definition 4.7. A lim-noncompact symmetric space Go /K is said to be ad-
massible if M. N, < M,,N,,, whenever k < m.

As a consequence of the following lemmas, it is sufficient to assume that m; C m,,
for k < m:

Lemma 4.8. If G/ K is a lim-noncompact symmetric space, then Ny < Ny, for
k<m.

Proof. We will show that ng C n,,. The result will then follow from the fact that
N, =expng and N, = expn,,.

In fact, it suffices to show that gj . C n,, for all @ € ;. Suppose that X € g; 4.
Consider the decomposition of X into a,,-root vectors:

X=> X
B

€EXm

where X3 € gy, for each (g, a,,)-root 5. Because this decomposition is unique
and X is a root vector for a; C a,,, it follows that 3|, = « for all 8 € %,, such
that Xz # 0.

Now recall that we have made a consistent choice of positive root subsystems
35 of 3g and X, of ¥,,,. In other words, 8 € %, is positive if 3|, is positive. Since
a € X | it follows that X is a sum of X} -root vectors. Hence, X € N,,. O

Due to the fact that M is typically a disconnected subgroup of GG,,, it is not clear
a priori that requiring my C m,, for £ < m is sufficient to imply that M, < M,,.
However, the following lemma shows that this Lie algebra condition is, in fact,
sufficient:

Lemma 4.9. Suppose that G /K is a propagated lim-noncompact symmetric
space such that my C m,, for all k < m. Then My < M,, for k < m.

Proof. By Theorem 7.53 in [27] we see that for each k € N there is a finite discrete
subgroup Fj, C exp(iag) N K}, such that My = Fj,(My)o, where (M) = expmy is
the connected component of the identity in My. Because m; C m,, for all £k < m,
we see that (My)o < (M,,)o. It is thus sufficient to show that Fy, < M, for k < m.
In fact, since F), C exp(iag) C exp(ia,,), it is clear that F} centralizes ay. Since
F, C K, C K,,, we see that F}, < M,,, and the result follows. O

At this point we do not know whether every propagated direct limit of non-
compact-type Riemannian symmetric spaces is admissible, but in any case this
assumption is not a restrictive one, as it is satisfied by each of the classical direct
limits, as we demonstrate in the next section.

4.6 Admissiblility of Classical Direct Limits

The classical propagated direct systems of Riemannian symmetric spaces may be
found in Table [4.4] where each row gives a noncompact-type symmetric space
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G,/ K, and its simply-connected compact dual space U,/K,, and where the re-
stricted roots exhibit the Dynkin diagram W,,. For each row, the limit G /K. =
@Gn /K, is propagated and also that it is possible to choose Cartan subalgebras
of U, for each n € N so that U,, = liﬂUn is a propagated direct-limit group (see,
for instance, [39, Section 2] or [54], Section 3]).

Note that in each row of Table , the symmetric space U, /K, is simply-
connected. However, in certain rows the group U, is not simply-connected. We
may remove this obstruction simply by passing to the universal cover U, of U,.
In fact, that the involution 6, on u, integrates to an involution ¢,, on U,,. Denote
the fixed-point subgroup for 6,, in U,, by K. By simply-connectedness all of the
inclusions on the Lie algebra level integrate to inclusions on the group level, so
that U, /K, forms a propagated direct system of compact-type symmetric spaces.

Furthermore, one sees that if p : f]vn — U, is the covering map, then p (E) C K,.

Hence p factors to a covering map from U, /K, to U, /K, (see 21 p. 213]). Since

U,/ K, is already simply-connected, we see that U,, /K, is diffeomorphic to U,/ K.

While we do not know whether it is possible to show that all propagated direct
systems of Riemannian symmetric spaces are admissible in the sense of [£.7] the
aim of this section is to show that each classical example is admissible. For the
explicit matrix realizations of the compact-type Riemannian symmetric spaces, see
[21], p. 446, 451-455].

Classical direct systems of irreducible Riemannian symmetric spaces
C T & T & T &  Tu)
1 SL(n,C) SU(n) x SU(n) | diagSU(n) Ap—1
. Spin(2n + 1) X . .
2 Spin(2n + 1,C) Spin(2n + 1) diag Spin(2n + 1) By
. Spin(2n) x . .
3 Spin(2n,C) Spin(2n) diag Spin(2n) D,
4 Sp(n,C) Sp(n) x Sp(n) diag Sp(n) Cn
51| SU(p,n—p) SU(n) SU(p) xU(n—p)) | Cp (4.4)
52 | SU(n,n) SU(2n) S(U(n) x U(n)) Cn
61 | SOo(p,n—p) | SO(n) SO(p) xSO(n—p) | By
62 | SOg(n,n) SO(2n) SO(n) x SO(n) By
71 Sp(p,n — p) Sp(n) Sp(p) x Sp(n —p) Cp
72 | Sp(n,n) Sp(2n) Sp(n) x Sp(n) Cn
8 SL(n,R) SU(n) SO(n) An—1
9 SL(n, H) SU(2n) Sp(n) An—1
10; | SO*(4n) SO(4n) U(2n) Cn
10; | SO*(22n+ 1) | SO@@n+1)) | U@2n+1) Cn
11 | Sp(n,R) Sp(n) U(n) Cn

4.6.1 A General Strategy for Proving Admissibility
The embedding G,, — G, takes the form

I
A A (4.5)
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for the systems in rows 5s, 69, and 7,. In all other cases in Table the embedding

G, — G,y takes the form
Avs ( 4 ) | (4.6)

where [ isa 1 x 1, 2 X 2, or 4 x 4 identity matrix.
Suppose we can choose a,, for each n in such a way that

* 0 =
1|1 0 a, O (4.7)
* 0 x*

or

*

(i1 C ( %” 0 ) (4.8)

(depending on the type of embedding G,, < G,1). In this case, since a, com-
mutes with M,, = Zg, (a,) by definition, it follows from (4.7) and (4.8) that a,;
commutes with

0
M,
0

(M, 0
e (5 7)

respectively, depending on the type of embedding G,, — G,.1. In other words,
M, < Zk, ,(ang1) = Mpya

Hence, in order to prove that a propagated direct limit is admissible, it is suffi-
cient to show that either or holds. In most cases, our proof of admissi-
bility will take this form.

M, =

O O M~
~ O O

or

4.6.2 U,=1L, x L, and K, = diag L,
This case corresponds to the first four rows in Table In this case, one sees that

u, =10, xI,
b, ={(X,X) ew|X €}
i, = {(X,—X) eu,|X €1,}.

Furthermore, if we fix a Cartan subalgebra b,, C [, for each n, then we can choose

10, = {(X7 _X) € un’X S hn}

Now suppose that g € L, and that (g,¢9) € M, = Zg, (a,). Then g € Z;, (h,);
that is, g centralizes the Cartan subalgebra b, of [,. Since K, is connected, it
follows that g € H, = exp(h,). Thus M, = diag H, for each n. It follows that
M, < M, for k <n.
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4.6.3 Rank(G./Ky)=dima, < oo

This case corresponds to rows 51, 61, and 7; in Table [4.4] If dim a,, < oo, then for
k large enough, one has a5 = a,,. Suppose k£ < n and g € M. That is, g € K} and
g centralizes a;. But ap = a,, = a,, and K}, < K,,. Thus g € M,,.

4.6.4 Rank(G,/K,)= Rank(G,) for all n € N
This case corresponds to rows 8 and 11 in Table One has that a, is a Cartan
subalgebra for g,. In particular, Z; (a,) = a,. Since a, N ¢, = {0}, one has that
m, = Z,(a,) = {0} for all n € N.

For example, if we let G,, = SL(n,R) and K, = SO(n) and make the standard
choice of a,, = {diag(ay,...,a,)|a; € R}, then one has M, = {diag(£1,...,+1)}.
Thus M, < M, for k <n.

4.6.5 U,/K, = SU(2n)/S(SU(n) x SU(n))
This case corresponds to row 5o in Table [£.4] One has g,, = su(n, n), u,, = su(2n),
and &, = s(su(n) @ su(n)). The involution is given by 6, : A+ J,AJ ! where

I,
()

More explicitly, one has
A*=—-A D*=-D, }

Uy = { ( _12;* f) ) EMEn,C) 1 Tr(A) + Te(D) = 0

A0 A*=—A, D" =D,
b = {( 0 D ) €M@, C) 1 Tr(A4) + Te(D) = 0 }

wo{( % B) o).

We choose

. a1
1, = a; € R

( \ ~an
Thus condition is satisfied and so G /K is admissible.
4.6.6 U, K, = SO(2n)/(SO(n) x SO(n))

This case corresponds to row 6, in Table [£.4] One has g, = so(n,n), u, = s0(2n),
and €, = s0(n) @ so(n). The involution is given by 6, : A — J,AJ !, where

I,
n=(" )
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More explicitly, one has

un:{( A DB ) GM(Qn,R)‘AT:—A and DT:—D}

—-BT D
A 0 T T
£, = e M(2n,R)| A" =—-Aand D" =—-D
0 D
. 0 B
zpn:{(_BT 0 )6M(2n,R)}.
We choose
4 an 3\
1, = il a; € R
—a,
\ —Qn y,

Thus condition (4.8) is satisfied and so G/ K is admissible.

4.6.7 U, /Ky = Sp(2n)/(Sp(n) x Sp(n))
This case corresponds to row 75 in Table [£.4] One has g,, = sp(n, n), u,, = sp(2n),
and €, = sp(n) @ sp(n). The involution is given by 6, : A+ J,AJ ', where

I
()

U, = {( _é* lB) ) GM(Zn,H)‘A* =—Aand D* = —D}

More explicitly, one has

En:{<gl g) EM(?n,H)‘A*:—A and D*:—D}

po{( % ) erenm).

We choose

Qn

. a1
i, = a; € R

_an )

\

Thus condition (4.7)) is satisfied and so G,/ K is admissible.
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4.6.8 U,/K,=SU(2n)/Sp(n)
This case corresponds to row 9 in Table [£.4] One has g, = sl(n,H), u, = su(2n)
and &, = sp(n). The involution is given by 0, : A — J,AJ ! where J, is given by

J, = . (4.9)

_One can also obtain the same symmetric space by using the involution 5n A
JAJ ) where
—1

J, = . (4.10)

1

The calculations will be easier if we use gn instead of #,,. However, we must use 6,
in order for the inclusions U,, — U, to take the form of . We can move freely
between these pictures, however, because J, = E,, J,E !, where E, € M(2n,C)
is the permutation matrix corresponding to the permutation

c=(1n)2(n+1))---((n—1) 2n) € So,.

In other words, the rows and columns are interwoven, so that the first n basis
elements of C?" are mapped to odd-numbered basis elements and the final n basis
elements of C*" are sent to even-numbered basis elements.

We proceed by using 6,,. We have

aion) == { (4 B) emon| &A= Do)

-B* D Tr (A) + Tr
5P(n)’%€n={(_A§ §>EM(2n,C)’ }
ipn = { ( g BA ) € M(2n, C)’ A;d_Tr_(ﬁ)BTOZ . }

There is a @;L—stable Cartan subalgebra
ial 2n

bn = a; € R and Z%‘:O

’iagn i=1
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for g, = s0*(4n), and we can choose
( z'al )

. n
~ ia
i, = LS S a; € R and Zai:O

a
1 i=1

. (107 J

We now proceed to the 6, picture. Conjugation of En by E,, (followed by renum-
bering the indices) yields the 6,,-stable Cartan subalgebra

z'al 2n
hn:hn: aiERand Z&ZZO

?:CLQn i=1

Finally, conjugation of a, by E,, yields
( [ ia, \
z'al

7;0/2 n
10, = i a; € R and Zai:O

i=1

1a,

\ 1ay,

While condition (4.8]) is not quite satisfied, we do have that

. +CId 0
1 C ( ¢ 0, ) . (4.11)

Since m,, centralizes a,,, it follows that m,, commutes with a,,+CId. Thus by (4.11]),
it follows that m,, commutes with a,,.;. Thus m,, C m, for m < n, and it follows
that G, /Ko is admissible.

4.6.9 U,/K, = SO(4n)/U(2n)

This case corresponds to row 10y in Table [£.4] One has g,, = s0*(4n), u, = so(4n)
and €, = u(2n). The involution is given by 6, : A — J,AJ !, where J, is given
by . As in the previous example, one can also obtain the same symmetric
space by using the involution O, : A JLAT —1 where J,, is given by .

n

74



We work first on the gn—side. We have

s0(4dn) =u, = { ( _gT IB; ) € M(4n,R)‘AT =—Aand DT = —D}

N A B AT — —A
u(2n):En—{(_B A)EM(ML,R)‘ andBT:B}

. A B AT = —A
Zp”:{(B —A)GM(4”’R)‘ and BT = —B }

There is a @;stable Cartan subalgebra

4 0 ay )
—a 0
0 a9
hn = —az 0 a; € R
0 Q2n,
\ —a2n 0 y,
and we can choose
( 0 aq )
—a 0
0 a,
~ —a 0
ia, = L 5 , a; €R
—ay
aq 0
0 —a,
\ Qp, 0 )

Moving to the 6,-picture, we conjugate everything by FE, and renumber the
indices to arrive at the 6#,,-stable Cartan algebra

0 0 a 0
0 0 0 a
—a; 0 0 0
0 —a2 0 O
0 0 a3 O
0 0 0 ay
b, = —az 0 0 0 4 € R
0 a 0 O
0 0 a9pn—1 0
0 0 0 Qan,
—Qon—1 0 0 0
0 —as, 0 0
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and finally

0 0 ap O
0 0 0 —a
—a; 0 0 0

0 a1 O 0
0 0 ay O
0 0 0 —as

ia, = ~a; 00 0 GERY,

0 a O 0

0 0 a, O

0 0 0 -—a,
-a, 0 0 0

0 a, 0 O

Hence a, is block-diagonal, and moving from a, to a,.; is simply a matter of
adding another 4 x 4 block. Thus we see that condition (4.8) is satisfied and hence
G/ Ko is admissible.

4.6.10 U,/K,=8S0(2(2n+1))/U2n+1)

This case corresponds to row 10, in Table 1.4l One has g, = s0*(2(2n + 1)),
u, = so(4n) and €, = u(2n). As in the previous example, one can also obtain the
same symmetric space by using the involution O, : A jnAj;j ! where J, is given

by (10)

We first work on the 5n side. We then have

A B AT = —A
s0(22n+1)) =u, = { ( _pt p ) 6M(2(2n+1),R)‘ dDT D }
~p A B
u(2n+1)_kn—{<_B A)EM(2(2n+1),R) andBT }
‘ A B A
zpn—{<B _A)EM(2(2n+1),R) andBT——B}'
There is a 5n—stable Cartan subalgebra
0 a1
0 a9
—Qas 0
0 Ap41
" —ay, 0
hn = “a; = 0 a; € R .
0 QA2
—Ony2 0
0 A2n+1
—Aa2n+41 0
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and we can choose
(/0

—aq 0

i, =

0 —Qaq
aq 0

\

0

Qn

_an

0

a; € R

Ve

Moving to the 6,-picture, we conjugate everything by FE, and renumber the

indices to arrive at the 6,-stable Cartan algebra

0 ay
—a 0
0 0 ay O
0 0 0 as
—a, 0 0 O
b, = 0 —a3 0 O a; €R
0 A2n—1 0
0 O A2n
—Q2n—-1 0 0
0 —Q9y, 0 0
and finally
r 00 3\
0 0
0 0 ag O
0 0 0 —a
—a; 0 0 O
ia, = 0 a; 0 0 a; € R
0 0 a, O
0 0 0 —ap
—a, 0 O 0
\ 0 a, 0 0 )

Hence a,, is block-diagonal, and moving from a, to a,.; is simply a matter of

adding another 4 x 4 block. Thus we see that condition (4.8)) is satisfied and hence
G /Ky is admissible.
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Chapter 5

Representations of Direct-Limit Groups

In this chapter we review some important results about representations for direct-
limit groups and lim-Riemannian symmetric spaces. See [45] for a quite compre-
hensive overview of representation theory for classical direct limits of symmetric
spaces. See also [11] and [35] for many basic results on representations of direct-
limit groups.

We begin this chapter by reviewing how one can construct representations of a
direct-limit group by forming a direct limit of representations of finite-dimensional
Lie groups. This construction provides the simplest way to construct unitary or
even irreducible unitary representations for direct-limit groups.

Next we begin to tackle the issue of smoothness for representations of direct-
limit groups. We review several useful results from the literature (especially from
[33] and [I1]) which provide equivalent conditions for smoothness.

Next we discuss a generalization of Weyl’s unitary trick which identifies smooth
representations of a lim-compact symmetric space U, /K, with smooth repre-
sentations of its c-dual G /K. This brings up the question of unitarizability of
representations of the lim-compact group U, which is unfortunately rather subtle.

Making things more concrete, we follow earlier constructions in [39],[54], and [50]
to define highest-weight representations for U,,. We end the chapter by recalling
the main result of [7] on spherical representations.

5.1 Direct Limits of Representations

Suppose that G, = lim G,, is a direct-limit group with inclusion maps p"*! : G,, —
Gpy1 and that for eﬁq n € N we are given a continuous Hilbert representation
(7n, Hp) and partial isometries j* : H,, — H, 1 such that the diagram

Tn+1

Gn+1 X Hn—l—l _>Hn+1
p:z“szz“T ]j:;“

Gn X Hn i Hn

commutes (see Section 2 in [33]). A continuous map 7w : Geo X Heo — Heo
is induced, where H,, = limH,. It may be readily shown that 7 is in fact a
continuous representation of G, on Ho.

Suppose further that for all g € G, m(g) is a bounded operator on H., under
the natural pre-Hilbert space structure on ‘H.,. Then 7, extends by continuity to
a continuous representation on the Hilbert space completion Ho, (see, for instance,
Proposition B.10 in [35]). One can also show that if 7, is unitary for each n € N,
then 7. is a unitary representation of G on Hae.
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For a more intuitive perspective on this situation, suppose that {G,, },ey is an in-
creasing sequence of Lie groups (i.e., G, is a closed subgroup of G,, for n < m) and
that for each n we are provided with a continuous Hilbert representation (m,, )
such that (m,, ) is equivalent (by a unitary intertwining operator) to a subrepre-
sentation of (m,11]a,, Hn+1). Then one has a direct system of representations and
may form a direct-limit representation (7, Hoo) Of Goo.

One of the key tools in representation theory is the study of intertwining oper-
ators for representations. It is clear that an operator 7' € B(H) is an intertwining
operator for a Hibert representation (7, H) of a direct-limit group G, = lim G,, if
and only if it is an intertwining operator for 7|g, for each n. If 7 is a direct-limit

representation, then we can say more:

Lemma 5.1. ([28]) If (7, H) = (lim m,, im Hy,) is a direct limit of Hilbert repre-
sentations, then a bounded operator T' € B(H) is an intertwining operator for 7 if
and only if Ty, is an intertwining operator for w|g, for each n € N.

Proof. One direction is obvious. To prove the other direction, we suppose that
T3, is an intertwining operator for |g, for each n € N. It is thus clear that
Tr(g)v = w(g)Tv for any g € G and any v in the algebraic direct limit space
Hoo = hﬂ?'ln The lemma follows since H., is a dense subspace of H and since
7(g) is continuous for each g € G . O

Direct-limit representations are the easiest representations to construct for G,.
The following theorem shows that they may be in fact be used to construct a large
class of irreducible unitary representations:

Theorem 5.2. ([28]) Suppose that {G,}nen is a direct system of locally compact
groups and that {(m,, Hn) tnen i a compatible direct system of irreducible unitary
representations of G, for each n € N. Then (m,H) = (hﬂ Wn,hg’;‘-ln) 1S an irre-
ducible unitary representation of G .

Proof. Suppose that T" € B(H) is an intertwining operator for 7. Then T'|4, is
a G,-intertwining operator for m,. Since 7, is irreducible, it follows from Schur’s
Lemma that T'|3, = cId for some constant ¢ € C. Because H,, C Hy, for n < k, we
see that the constant is independent of n. Thus, T3 = clId, where H, = 1‘1137-[”
is the algebraic direct limit space. By continuity we then have that 7" = cId since
H is a dense subspace of H. Because the intertwining operator T € B(H) was
arbitrary, it follows immediately that H is an irreducible representation. O]

We caution the reader that there are many examples of irreducible represen-
tations of direct-limit groups which are not given by direct limits of irreducible
representations (see [I1, p. 971]).

5.2 Smoothness and Local Finiteness
Just as for finite-dimensional Lie groups, it is natural to try to gather information
about a representation of a direct-limit group by differentiating it to obtain a
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representation of its Lie algebra. We begin by defining a notion of smoothness for
representations of direct-limit groupsﬂ

Definition 5.3. Suppose that (7, H) is a continuous Hilbert representation of a
direct-limit group Go = h_n;Gn and that v € H. We say that v is a smooth
vector for w if it is a smooth vector for the restricted representation (w|g,,H) of
G, for each n € N. We denote by H™ the space of all smooth vectors for .

Similarly, we say that v is a locally finite vector for w if it is a G,-finite
vector for the restricted representation (7|g,,H) of Gy, for each n € N. We denote
by H™ the space of locally finite vectors for w. Note that H™ C H>.

Given a Hilbert representation (7, H) of G, we may construct a representation
of goo on H* as follows. For each n € N, we have the differentiated representation
d(mlg,) of g, on H,, with

o) = lim 7|a, (exptX)v — v
t—0 t

d(m

for each X € g,, and v € H*>. We see that

o Tl (exp(tX))v — v
A(xlG,)(X)o = im t
7|, (exptX)v —v

= lim
t—0 t

= d(7le, ) (X)v,

and thus there is a well-defined map dm(X) : H>* — H> for each X € g, = lim g,
given by dn(X)v = d(r]g, )v for each X € g,. It is a straightforward argument to
show that

dr(X +Y)v =7n(X)v +7(Y)v

and
dr([X,Y])v = n(X)m(Y)v — n(X)m(Y)v

for all v € H*® and X, Y € g...

It is not at all clear from the definitions that a representation of G, is guaran-
teed to possess any smooth vectors or locally-finite vectors. In fact, the existence
of smooth vectors is far more subtle for representations of infinite-dimensional Lie
groups than for finite-dimensional Lie groups, where every continuous represen-
tation on a Frechet space admits a dense subspace of smooth vectors. There are
examples of unitary representations of Banach-Lie groups which do not possess any
C' vectors, much less any smooth vectors (see [3]). For direct-limit groups, how-
ever, a beautiful theorem of Danilenko shows that unitary representations always
admit smooth vectors.

1 The question of how to put a smooth structure on direct limit groups such as G has been explored extensively
in [I5] and [33], where it is shown that under certain technical growth conditions on the Gy’s, it is possible to put
a smooth structure on G that is consistent with Definition @
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Theorem 5.4. ([6]; see also [36, Theorem 11.3]) Suppose that (w,H) is a unitary
representation of a countable direct limit of locally compact topological groups. Then
H™> is a dense subspace of H.

We may thus consider the space H™ = (H>)" of distribution vectors for a
unitary representation (m, H) of G, and obtain dense embeddings

H® = H = H™
as we saw for representations of finite-dimensional Lie groups.
Some representations may consist entirely of smooth vectors:

Definition 5.5. Suppose that G, is a direct-limit Lie group. We say that a con-
tinuous Hilbert representation (m,H) of G is smooth if H>* = H.

If Gy is a direct limit of complex Lie groups, then a continuous Hilbert repre-
sentation (m,H) of G is holmorphic if 7|q, is holomorphic for each n € N.

In fact, we will be primarily concerned with smooth representations in this thesis.
They play a role for direct-limit groups that is similar to the role played by finite-
dimensional representations for finite-dimensional Lie groups. There are several
conditions which are equivalent to smoothness:

Theorem 5.6. Let (m,H) be a continuous Hilbert representation of a Lie group
G. Then the following are equivalent:

1. m is smooth

2. There is a Lie algebra representation dmw : g — B(H) (for which g acts by
bounded operators) such that

m(exp X) = exp(dn (X)) (5.1)
for each X € g (i.e., 7 is analytic).

8. 7 18 norm-continuous.

Proof. First we prove (1) — (2). Suppose that 7 is smooth. Then H* = H and it
follows that for each X € g, we have a strongly-continuous one-parameter group
{Q(t) }+er of bounded operators on H given by

Q(t) = m(exptX).
Since H> = H, we see that the limit

X)) —
dﬂ(X)v:limW(eXpt v

t—0

exists in H for all v € H. Following the terminology of [51], p. 375], we have that
the domain of dn(X) is all of H (i.e., D(dn (X)) = H). By [51, Theorem 13.36],
this implies that dw(X) € B(H) and that

m(exptX) = exp(tdm(X))
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for all X € g and ¢t € R. This establishes (5.1)).
Next we demonstrate that (2) — (3). Suppose that (5.1)) holds. Then

|| (exp(X)) — Id|| = [| exp(dm(X)) — Id[|

o

dr(X)"
y

n=1

for all X € g.
Let X1,..., X4 be a basis for g, where d = dim g, and set
M = max ||d7(X;)]].

1<i<d

whenever ¢; € R for 1 < ¢ < d. Hence, it follows that if X = Zle c¢; X; with
S ¢ < € then ||m(exp(X)) — Id]| < exp(eM) — 1. Thus, we see that X
m(exp X) is norm-continuous. The result then follows that 7 is norm-continuous
from the fact that exp : g — G is a local diffeomorphism.

Finally, (3) — (1) is a straightforward application of [51, Theorem-13.36], which
says that if lim;_o||7(exp(tX)) — Id|| = 0 for all X € g, then the infinitesimal
generator is a bounded operator (that is, the differential exists everywhere). [

It follows that

It is certainly possible to construct continuous unitary representations of direct-
limit groups which possess no locally finite vectors. This behavior is already present
for finite-dimensional Lie groups, however: an irreducible infinite-dimensional rep-
resentation of a noncompact Lie group G does not possess any G-finite vectors.
More surprisingly, it is possible to construct an irreducible unitary representation
of a lim-compact group which has no locally finite vectors ([37]). However, Corol-
lary 7?7 will show that smooth representations of connected lim-compact groups
always consist entirely of locally finite vectors.

It is well known that every continuous, finite-dimensional representation of a
Lie group is smooth. However, it is also possible to construct infinite-dimensional
Hilbert representations which are smooth. Suppose that U is a compact Lie group
and that (7, V) is a finite-dimensional representation of U. Without loss of gener-
ality, we may assume that 7 is unitary. Now consider the representation

(oo.w,oo-V)z<@w,@v>

neN neN
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constructed by taking a Hilbert space direct sum of countably many copies of
(m, V). For each v € oo - V', we consider the closed invariant subspace

W = ((c0 - m)(U)v)

generated by v. Then W gives a cyclic primary representation of U and decomposes
into a direct sum of representations equivalent to (m, V). From [17] we see that every
cyclic primary representation of the compact group U is finite-dimensional. Thus
dim W < oo and so v is a U-finite vector.

In fact, the next theorem shows that in a certain sense, primary representations
(or more precisely, finite direct sums of them) provide the only way to obtain
infinite-dimensional smooth representations of U:

Theorem 5.7. Let (w,H) be a unitary representation of a compact Lie group U.
Then the following are equivalent.

1. m is smooth.
2. w decomposes into a finite direct sum of primary representations of U.
3. m 1s locally finite.

Before we prove this theorem, we need to introduce the following useful lemma,
which we will also make use of several times in the next chapter:

Lemma 5.8. Let G be a topological group and let (7w, H) be a unitary representation
of G. Let A be a finite or countably infinite index set, and suppose that

v = E Vi,
icA

where v; € H for each i € A and where (7(G)v;) and (w(G)v;) give mutually
distinct irreducible representations of G for i # j. Then

(m(G)) = P(r(G)vi).

ieA

Proof (of Lemmal5.8). Write V = (r(G)v). The fact that V; = (7(G)v;) and V; =
(1(G)v;) give disjoint representations of G for i # j implies that V; L Vj. It is

obvious that
*(@)) € Pr(Gm).

so we prove the opposite containment. It suffices to show that v; € V for all i € A.
Suppose that v; ¢ V' for some i € A. Define

w = Zvj and W = (n(G)w) C @V}

J#i JFi
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Then V; L. W and v = v; +w. Furthermore, V; and W give disjoint representations
of G.
Now let ¢1,...¢c, € C and ¢q,...gx € G. Then

k k
chﬂ(gj)v = (Z cjﬂ(gj)vz) + (Z cjw(gj)w> )

j=1 7j=1 j=1

Because v; ¢ V and V; is irreducible, we see that V N V; = (). It follows that

k
chﬂ(gj)vi = 0 if and only if chﬂ(gj)w = 0.

Hence there is a well-defined, nonzero intertwining operator L : V; — W such that

L(v;) = w, which contradicts the fact that V; and W give disjoint representations

Proof (of Theorem[5.7). Let (w,H) be a unitary representation of U. Then we can

write
H gG @H57

5eG

where Hs is the space of d-isotypic vectors for each § € G (that is, vectors in Hs
generate primary representations that are direct sums of copies of §). Then 7 is
a finite direct sum of primary representations if and only if Hs; = {0} for all but
finitely many ¢ € G.

We begin by showing that (2) = (3). Suppose that

H 2=y €D H,.
i=1

where §; € U for each i. We will show that 7 is smooth. For each v € ‘H, we can
write v = vy + -+ + v, where v; € H;,. Then

However, because each space (w(U)v;) gives a cyclic primary representation of U,
we see that it is finite-dimensional (see [I7]). Thus v is U-finite. Because v € H
was arbitrary, it follows that 7 is locally finite.

Next we prove (3) <= (1); that is, 7 is smooth if and only if it is locally finite.
If Hi" = # then it is obvious that H> = H. For the other direction, recall from
the highest-weight theorem that irreducible representations of compact connected
Lie groups are parametrized by a discrete semilattice A (g, h) C ih* of dominant
integral weights, where h denotes a Cartan subalgebra of g. Let S denote the
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set of all weights A € AT(g,h) such that \ appears as the highest weight of a
subrepresentation of .

If A € S, then A(X) is an eigenvalue of dn(X) for each X € h. But Theorem 5.6
implies that ||d7(X)|| < oo for each X € h. Thus, since A (g, h) is a semilattice, it
follows that {A\(X) : A € S} is finite for each X. Hence S is finite because b is finite-
dimensional. Because 7 is a direct sum of finitely many primary representations,
we see that 7 is locally finite by the above argument.

Finally, we show that (1) = (2); that is, if 7 is smooth, then it decomposes
into a finite direct sum of primary representations. Suppose

H 2=y €D H,.
i=1

where &; € U and Hs, # {0} for each i. We will show that 7 is not smooth.

For each i € N, choose a nonzero unit vector v; € Hs, such that (7(U)v;) is
irreducible. Note that v; L wv; for ¢ # j. Furthermore, (7(U)v;) give primary
representations of type 0; and J;, respectively, and are therefore disjoint. Consider

the vector
oo 1 [o@)
v = —; € Hs. .
2y P

For each i € N, we define

It is clear that the representation of U on (m(U)v;) is disjoint from the represen-
tation on (m(U)w;). Since v = v; + w;, Lemma implies that v; € (7(U)v).
Because this is true for each i € N and v; L v; for i # j, it follows that (7(U)v) is
infinite-dimensional. Therefore, 7 is not smooth, since we have already shown that
a representation is smooth if and only if it is locally finite. O]

Corollary 5.9. Suppose that (m,H) is a continuous Hilbert representation of a
connected lim-compact group Us,. Then H™ = H if and only if H" = H.

The following corollaries restate the conclusion of the previous theorem in terms
of weights. A slightly different proof may be found in Lemma 3.5 and Proposition
3.6 of [35].

Corollary 5.10. Fiz a Cartan subalgebra b in u, and suppose that (w,H) is a
unitary representation of U. Then 7 is smooth if and only if #A(w) < oo (that is,
7 has only finitely many weights).

Proof. Let H < U be the maximal torus corresponding to . If 7 is smooth, then
in particular 7|y is smooth and thus there are only finitely many equivalence
classes of irreducible (i.e., one-dimensional) representations of H,, which appear in

85



(7|, H). Thus H decomposes under dr|, into finitely many weight spaces and we
are done.

Now suppose that 7 is not smooth. By Theorem [5.7] there are infinitely many
inequivalent equivalence classes of irreducible representations of GG, which appear
in (7, ). Because they are mutually inequivalent, these irreducible representations
have mutually distinct highest weights and hence A(7) is an infinite set. ]

Corollary 5.11. Suppose that Uy, is a lim-compact group. As before, we fix a
subalgebra oo = hgl b, in Us, where each b, is a Cartan subalgebra of u,. Suppose
that (m,H) is a unitary representation of U. Then 7w is smooth if and only if

#A(7|y,) < oo (that is, ™ has only finitely many weights) for each n € N.
Proof. This result follows immediately from Corollary and the definition of
smoothness for direct-limit groups. O

Suppose now that Uy is a propagated lim-compact group. We recursively choose
a countable orthonormal basis {e; };en for o as in Section . Consider the supre-
mum norm of a weight A\ € ih, given by

[Alleo = max |A(e)]

We then obtain the following useful theorem, which is a modification of Proposition
3.14 in [35].

Theorem 5.12. A unitary representation (w,H) of a propagated direct limit Uy,
of simply-connected compact semisimple Lie groups is smooth if and only if there
is M > 0 such that for all n one has ||A||c < M for each weight X € b}, that

appears as the highest weight for an irreducible subrepresentation of |y, .

Proof. First we prove the theorem in the case that U, is a direct limit of compact
simple Lie groups.

Let (m,H) be a unitary representation of U,,. Suppose there is M € N such that
for all n one has ||\|| < M for each weight A\ € ih} that appears as the highest
weight for an irreducible subrepresentation of 7|y, . If A € ib* is a highest weight
which appears in 7|y, , then it has the form

)\:Zaiei, where a; € Z and — M < a; < M.

i=1

Thus, there are only (2M)™ possible values for A. In other words, 7|y, may be
written as a direct sum of finitely many primary representations and is thus smooth
by Theorem Because n € N was arbitrary, we have that 7 is smooth.

To prove the other direction, suppose that for each M > 0 there is n € N and
a highest weight A\ € b’ of an irreducible subrepresentation of |y, such that
[|Al]oc > M. Fix M > 0 and pick n € N and A € ib} satisfying those conditions.
Then A = >'", ¢;e;, where ¢; € Z for each i. Because [|[A||oc > M, we see that
there is some index j such that |¢;| > M.
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From the details in Section there is a Weyl group element w € W(g,, a,)
such that w(e;) = e; and w(e;) = eg. Then |wA(ey)| = |¢j| > M. By the Highest-
Weight Theorem, we see that wA € A(w|y,); that is, wA is a b,-weight for 7|y, . It
is then clear that (w)]y, is an hr-weight for 7|y, whenever k < n (since every w-
weight vector in H is automatically a (w)g,-weight vector). Furthermore, since
[(wAle, )(e1)| = |¢;| > M, we see that ||wAe, || > M.

Thus, if £ € N is fixed, then for each M € N there is a weight A € A(7|y, ) such
that ||[A|| > M. Hence A(7|y,) is not a finite set and thus by Corollary it
follows that 7 is not smooth.

Suppose more generally that U, is a propagated direct limit of semisimple Lie
groups. Then we can write Uy, = Ul x U? x - - - x U for all k € N in such a way that
{U!},en is a propagated direct system of compact simple Lie groups for each 1 <
i < d. We can then recursively choose Cartan subalgebras b, = b, b2 @ --- @ he,
where b, is a Cartan subalgebra of u!, for each i and n. A weight in A\ € ib¥ is
dominant integral if and only if Aly: is dominant integral for each 1 < < d. Since
Ul is a propagated direct limit of compact simple Lie groups, it follows that there
is M; > 0 such that for all n € N one has that ||\||« < M; for each highest weight
A € by, appearing in 7|y . Since max;<;<q M; < 0o, we are done. n

We end the section with the following remarkable result, which implies that the
smoothness of a representation of a direct limit of simple groups is controlled by the
smoothness of the restriction to any nontrivial one-dimensional analytic subgroup.

Theorem 5.13. Let U be a compact simple Lie group. Then a unitary represen-
tation (m,H) of U is smooth if and only if there is X € u\{0} such that dw(X) is
a bounded operator on H.

Proof. One direction is obvious. To show the other direction, suppose that (7, H)
is a non-smooth unitary representation of U. We will show that dx(X) has an
unbounded spectrum. Let h be any Cartan subalgebra for U.

Because 7 is not smooth, it follows that there is for each M > 0 weight A € A(7)
with ||A||sc > M. As in the proof of Theorem [5.12] we see that for each Weyl-group
element w € W(u,bh), the weight wA is in A(r). If we write A = >, a;e;, then
there is some j such that |a;| > M. We can use the Weyl group to permute the
basis elements so that a; appears as the i coefficient of a weight in A(7|y;). Thus
we have that the set

[(\enlh e A(n)}
of 1™ coefficients of weights of 7 is unbounded for all i < .

In other words, one has for each n € N that the set of weights in A(r) is un-

bounded in every direction on . It follows that d7(X) has an unbounded spectrum

for all X € b. Because every element of u is contained in some Cartan subalgebra,
the result follows. O

Corollary 5.14. Let Uy, be a direct limit of compact simple Lie groups. Then a
unitary representation (m,H) of Us is smooth if and only if there is X € u\{0}
such that dw(X) is a bounded operator on H.
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Proof. This corollary follows immediately by applying Lemma to U, for each
n in N. n

Note that this result is false for non-simple compact groups: suppose that J and
T are compact Lie groups, that (m,#) is a smooth unitary representation of .J,
and that (o, K) is a non-smooth unitary representation of 7. Then the outer tensor
product representation (71X o, H®K) of J x T has the property that «|; is smooth
but 7|7 is non-smooth.

5.3 Generalizing Weyl’s Unitary Trick

Weyl’s Unitary Trick plays a crucial role in understanding finite-dimensional repre-
sentations of finite-dimensional Lie groups. There is a natural extension of Weyl’s
Unitary Trick to smooth representations of direct-limit groups. The first step is to
extend Weyl’s unitary trick to smooth representations of finite-dimensional groups.
We begin with a well-known lemma on intertwining operators of smooth represen-
tations.

Lemma 5.15. Suppose that (w,H) is a smooth Hilbert representation of a Lie
group G. Then the derived representation dm : g — B(H) possesses the same
algebra of intertwining operators as m.

Proof. Suppose that T is an intertwining operator for dz. That is, dn(X)T =
Tdrn(X) for all X € g. It immediately follows that 7(exp(X))T = Tm(exp(X))
for all X € g and thus T is an intertwining operator for m by Theorem Next
suppose that T is an intertwining operator for 7. Then T'w(exptX) = w(exp(tX))T
for all X € g and ¢t € R. It follows by differentiation at ¢ = 0 that Tdn(X) =
dr(X)T for all X € g. O

Now we are ready to extend Weyl’s Trick to smooth representations of finite-
dimensional groups.

Theorem 5.16. Suppose that U is a compact Lie group and that G is a (not nec-
essarily compact) closed subgroup of Uc such that Uc is a complexification of G.
There are one-to-one correspondences between the following categories of represen-
tations on H which preserve the algebras of intertwining operators:

1. Locally-finite representations of G on H
2. Holomorphic representations of Uc on H

3. Smooth representations of U on 'H

Proof. We will construct the correspondences (1) — (2) and (2) — (1). The proofs
for (2) — (3) and (3) — (2) are identical.

One passes from (2) to (1) quite easily: if (7, H) is a holomorphic representation
of Ug, then it is clear that 7|g is a smooth representation of G.

To construct (1) — (2), we suppose that (7, H) is a smooth representation of G.
We wish to construct a holomorphic representation 7¢ of Ug on H such that 7¢|q =
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7. First we notice that each vector v € H is contained in a finite-dimensional G-
invariant subspace W. Write 7" for the subrepresentation of m corresponding to
W. By the finite-dimensional Weyl Trick, we see that 7"V uniquely extends to a
holomorphic representation 7" of Uc on W. We define mc(g)v = ¥ (g)v for each
v e W and g € Uc. If V and W are finite-dimensional invariant subspaces of H
and v € V N W, then the uniqueness of the holomorphic extension shows that
& (g)v = 7&(g)v and thus m¢ is well-defined.

It is clear that 7¢ is a vector space representation of Uz on H, but we must still
show that m¢ acts by bounded operators and that it acts holomorphically. Since
7 is smooth, Theorem implies the existence of a Lie algebra representation

dr : g — B(H) such that
m(exp X) = exp(dn(X))

for all X € B(H). Notice that dm uniquely extends to a complex-linear Lie algebra
representation dnc : uc — B(H) by setting

dme(X 4+ 1Y) = dn(X) + idm(Y)

for all X,Y € g.
By restricting to finite-dimensional invariant subspaces of H and applying the
finite-dimensional Unitary Trick, we verify that

me(exp X)v = exp(dme(X))v (5.2)

for all X € uc and v € H. In particular, we see that mc(g) € B(H) for all g € Ug
and also that m¢ is smooth.

Next, we note that 7 gives a holomorphic representation on W for every finite-
dimensional U-invariant subspace of H. Since every vector in H is contained in
such a finite-dimensional invariant subspace, we see that the map

U(c — H
g~ me(g)v

is holomorphic for each v € V. Thus 7¢ is holomorphic.

It is clear that the real Lie algebra representation dm and the complex Lie algebra
representation dze possess the same algebra of intertwining operators. Thus m and
7 possess the same algebra of intertwining operators by Lemmal5.15| Furthermore,
the uniqueness of the complexification 7¢ follows from its uniqueness on every
finite-dimensional invariant subspace of H.

O

Our infinite-dimensional version of Weyl’s Trick is then an immediate corollary
(see [35, Proposition 3.6] for a partial version of this result and a different proof):
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Corollary 5.17. Suppose that G /Ko is a lim-noncompact Riemannian sym-
metric spaces which is the c-dual of a lim-compact symmetric space Uy, | Ko where
U,/ K, and U, are simply-connected for each n. Finally, let H be a Hilbert space.
There are one-to-one correspondences between the following categories of represen-
tations on H which preserve the algebras of intertwining operators:

1. Locally-finite representations of Go, on H
2. Holomorphic representations of (Ux)c on H
3. Smooth representations of Uy, on H

Proof. This corollary follows immediately by applying Theorem to represen-
tations of G, (U,)c, and U, on H for each n € N. O

There is one crucial aspect of the finite-dimensional version of Weyl’s Unitary
Trick which we have as yet failed to mention: every smooth (i.e., norm-continuous)
Hilbert representation of a compact Lie group is unitarizable. This key property
is what gives Weyl’s Trick much of its power, since it allows us to treat finite-
dimensional representations of noncompact semisimple Lie groups as if they were
unitary. We take a moment, therefore, to explore what can be said about unitariz-
ability of representations of U..

The first thing we note is that the representation (|y,,H) may be unitarized
for each n € N, because U, is a compact group. Furthermore, a unitarization of
7|y, automatically unitarizes the restrictions |y, for j < n. However, it is not
clear a priori whether or not it is possible to simultaneously unitarize 7|y, for all
n € N, which is what would be required in order to unitarize .

Recall that the trick we used to show that representations of compact groups are
unitarizable was to integrate an inner product over the group using Haar measure.
While Uy, is not locally compact, and thus does not possess a Haar measure, one
can show that it possesses the next-best thing:

Theorem 5.18. ([/9, Proposition 13.6]). Let UCB(Uy,) denote the Banach space
of uniformly-continuous, bounded functions on G, then there is a continuous func-
tional p € UCB(Uy)* such that

1. (1) = 1, where 1 is the constant-one function

2. u(f) >0 whenever f >0

3. (NI < [1fllo for all f € UCB(Us)

4. W(Ryf) = p(Lyf) = pu(f) for all g € Uy and f € UCB(Ux)

We say that i is an invariant mean for U,,.
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Proof. For each € N, we define a functional u,, € UCB(Uy)* by

pn(f) = ’ flu.(9)dg

for each f € UCB(Uy). It is clear that each p, satisfies the first three conditions
of an invariant mean. Furthermore, we see that ju, (R, f) = pn(Lyf) = f whenever
g € U, < Uy. Thus, any weak-* cluster point of the set {p,}tnen € UCB(Uy)*
will possess property (4). But by the Banach Alaoglu theorem, the unit ball in
UCB(Uy)* is weak-* compact and thus our sequence must possess a cluster point
(property (3) shows that the sequence is contained in the unit ball). O

Because UCB(Uy,) is not separable, the unit ball in UCB(Uy,)* is not guaran-
teed to be weak-x sequentially compact. Thus there is no reason to expect that
{ttn}nen € UCB(Uy)* will possess a convergent sequence. In fact, an application
of the Axiom of Choice is required to construct an invariant mean on U,,. There
are also an uncountable number of distinct invariant means on U,,, so we are far
from the uniqueness properties of Haar measures.

Invariant means in some ways behave as finitely-additive invariant integrals on
U.. For that reason, we often us the notation

u(f) = g f(g)du(g),
although we must be careful to note that x4 is not in any sense a countably-additive
measure on U.
Nevertheless, once a group G possesses an invariant mean, it is possible to use
the “integration” trick to show that all uniformly bounded representations of G
are unitarizable:

Theorem 5.19. ([49, Proposition 17.5]). Suppose that G is an amenable group
and that m is a uniformly bounded continuous representation of G on a separable
Hilbert space H (that is, sup,cyr ||7(g)|| < o0). Then 7 is equivalent to a unitary
representation.

Proof. Let M = sup,y;_ ||m(g)||. Clearly, M = sup,cy__ ||m(g)~"|]; it follows that
M Hul| < lm(g)ull < MlJull

for all g € Uy.
Now let i be a bi-invariant mean on G. We denote the inner product on ‘H by
(,)n and define a new inner product (, ), on H by

(1, 0} = /G (n(g)uu, 7(g)0)wdp(g)

for all u,v € H. We use the fact that g — (7(g)u, 7(g)v)4 is a uniformly continu-
ous, bounded function on G (since 7 is continuous and uniformly bounded). It is
clear that (,), provides a positive semi-definite Hermitian form on .
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Note that for v € H one has that
0 < M72||ulfz, < [Jull = /G |7 (g)ullF,dp(g) < M>|ull3,.

Thus (, ), is strictly positive-definite and continuous with respect to (, ). ]

Taking stock again of our situation, we see that all uniformly-bounded Hilbert
representations of U, are unitarizable. Furthermore, if a continuous Hilbert rep-
resentation (m,H) is unitarizable, then 7 is uniformly bounded. In fact, if an in-
vertible bounded intertwining operator 7' € GL(H) unitarizes 7, then we see that
Tr(g)T~" is unitary and thus ||w(g)|| < ||T||||T7!|| for all g € U,..

Unfortunately, it is not possible to say much more, because it is possible to
construct a smooth Hilbert representation of U,, which is not unitarizable, as we
now show.

Consider the group U, = SU(oc0) = lim SU(2n). For each n € N, consider the
standard representation 7, of SU(2n) oﬁn = C?" (that is, m,(g)v = g - v for all
g € SU(2n)). By taking the direct limit, we may form a unitary representation m =
limy 7, of SU(o00) on the Hilbert space H = £*(C) = lim C** of square-summable
sequences of complex numbers. Note that SU(2n) acts trivially on the orthogonal
complement of H,. It follows that 7T|SU(2n) decomposes into a direct sum of the
standard representation 7, and infinitely many copies of the trivial irreducible
representation. That is,

Tlsu(en) = T © 00 - Idsy(an),

where Idgy(2,) denotes the trivial irreducible representation of SU(2n) on C. Thus,
by Theorem it follows that m|su(2n) is smooth for each n € N and hence that
7 is smooth.

Now let V} = H; and define V,, = H,,&H,,_1 for each n > 1. Note that dim V,, = 2
for each n € N. We now completely discard unitarity and choose some new inner
product (, )y, on V,, under which ||7(g)|v, || > n for some g € SU(2n). For instance,
if 7(g)v = w, where v,w € V,, are linearly independent, then we can choose any
inner product (, )y, on V,, such that ||[v||y, =1 and ||w]||y, = n.

Next we define for each n € N the finite-dimensional Hilbert space

K:n:@v;v

where each V; is given the new inner product we just defined. As vector spaces,
K, = H,, but they possess different inner products. Now {(m,, ;) }nen forms a
direct system of continuous Hilbert representations. We consider the representa-
tion (Moo, Koo) = (hﬂ Tns hglCn) Note that 7|sy(en) and 7T|sy(en) possess the same
irreducible subrepresentations for each n € N. In particular, 7 is smooth. Finally,
it is clear that 7 is not uniformly bounded (since sup cgyn |/7(g)|| = n for each
n € N), and is therefore not unitarizable.
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Heuristically, it seems that the smooth Hilbert representations of U,, which
are not unitarizable have in some sense been given an unnatural or “incorrect”
topology. For that reason, we will for the rest of the thesis work only with unitary
representations of U, and with smooth representations of G, which correspond
to smooth unitary representations of U, under Weyl’s Trick.

5.4 Highest-Weight Representations

Now suppose that G../K, is an admissible lim-noncompact symmetric space
which is the c-dual of a lim-compact symmetric space Uy, /K. We wish to con-
struct irreducible spherical and conical representations for G, /Ky and Uy /K o.
The most natural way to do this would be to construct a direct limit of spheri-
cal/conical representations. The following lemma provides the foundation for this
construction and is a generalization of a result proved by Olafsson and Wolf in
Lemma 5.8 of [42].

Theorem 5.20. Let Uy, /Ky be a propagated lim-compact symmetric space such

that U, /K, is simply connected for each n € N. Fiz indices n < m and dominant

weights A € AT (g, a,,) and p € AT (g, a) such that ul,, = \. Consider the irre-

ducible spherical representations (m,, H,) and (7, Hy) of Uy, and G,,, respectively,

with respective highest weights pv and X. Let w be a highest-weight vector for .
Then the representation of U, on W = (m,(U,)w) is equivalent to my.

Proof. For each dominant weight v in A*(g,, a,), let w, be the orthogonal projec-
tion of w onto the space of m,-isotypic vectors in W. Then w =) w, (note that
w, = 0 for all but finitely many choices of v).

Write W, = (m,(U,)w,) for each v. Because W, consists of U,-isotypic vectors
of type v, we see that the action of U,, on W, is U,-isomorphic to a direct sum of
copies of the irreducible representation (m,,H,) with highest-weight v.

Since w is a U,,-highest-weight vector for =, m(M,,N,,)w = w. In particular,
m(M,N,)w = w. Since the space of isotypic vectors in W of type m, is invariant
under G, it follows that w, is fixed under M, N, for each v € A*(g,,a,). Thus
Lemma [3.35| shows that if w, # 0, then W, is a U,-irreducible subspace of W that
is U,-isomorphic to H, and that w, is a highest-weight vector for W,,. In particular,
w, is a weight vector of weight v.

On the other hand, since w is a U,,-weight vector of weight p, it follows that it
is a U,-weight vector of weight A\ = p|,,. But we also have that w = )" w,, where
each w,, is a weight vector of weight v. Hence w = w) and W = W), and so we are
done. O]

We follow the construction in [54], p. 464-466], and more details may be found at
that source. For each n, we denote the set of fundamental weights by &,.1,...&n s
where 7,, = dim a,, and where we have numbered the fundamental weights accord-
ing to the roots as in Section [4.4] Suppose k < n. One can show that

én,i‘ak = gk,i (53>
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for alln € Nand ¢ < ry. Furthermore, one can check that &, ;|,, = 0 for ry, < i <.
Thus

A+(gna an) = I\Ign,l + -+ Ngn,rn = {Z C]'Sn,j
j=1

Tn
(Z Cﬁnu‘)
j=1
whenever k < n.

We can thus form a projective limit

& € N} (54)

j=1

= (Zk Cj&k,j) < A+(gk,ak) (55)

A+ = A+(gooy aoo) = rﬁlA+<gna an)‘

We say that A" (g, 0s) is the set of dominant integral weights for the re-
stricted root system X(goo, o). That is, AT consists of the elements A\ of a, =
lim a;, such that Al,, is dominant and integral for every n. Notice that implies
that for each i € N there is a weight &; € a’_ such that &|,, = &, for each n € N.

If dim a,, = oo, then and imply that AT (ge, 0so) is equal to the set
of formal sums . ;& where (¢;) € N is any sequence in N. On the other hand,
if a., is finite-dimensional, say with dimension r, then A" (g, 0 ) is equal to the
set of sums » . ;& where ¢p,...,¢, € N.

Just as in the finite-dimensional case, weights in A* can be used to create highest-
weight representations of Us,. To see this, fix 4 € A*. For n in N, let (7, H,,)
be the irreducible representation of U, with highest weight u, = pul,,, and let
v, € H,, be a nonzero highest-weight vector. By Theorem [5.20, we see that ,,
may be embedded unitarily into 7, , by identifying the respective highest-weight
vectors v,, with v, 1. The corresponding unitary representation of U,, constructed
by the direct limit of 7,,, n € N is denoted by

(7, Hy) = (limy ., T A, )

where H,, = hg H,.,, is the Hilbert completion of the algebraic direct limit hg H,,
of Hilbert spaces. We refer to m, as the highest-weight representation with
highest weight . Note that a direct limit of irreducible representations of U, is
an irreducible representation of Uy, by [5.2]

If dim a,, = oo, then we can write elements of a* as sequences (a;) € Z of integers,
so that a sequence (a;) € Z corresponds to the formal sum ), a;e; € al,. We
now use this notation to write down the fundamental weights for ¥(g.., as) for
some infinite Dynkin-diagram types.

If ¥(goo, 0so) has type Ay, then

§&=1(0,...,0,2,2,2,...)

where the first ¢ entries in &; are zeros.
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If ¥(goo, 0so) has type Bo, then
&=(1,1,1,..)and & =(0,...,0,2,2,2,...) for i > 1,

where the first ¢ — 1 entries in &; are zero for ¢ > 1.
If 3(go0, 0oo) has type C, then

&=1(0,...,0,2,2,2,...),

where the first ¢ — 1 entries in &; are zero.
If ¥(goo, 0s) has type Dy, then

G=(1,1,1,...),6=(-1,1,1,..) and & = (0,...,0,2,2,2,...) for i > 3,

where the first ¢ — 1 entries in &; are zero for ¢ > 3.

By examining the fundamental weights in each case and extending them to
weights on b, it follows from the boundedness condition in Theorem that a
highest-weight representation (m,, H,) for A € AT(geo, as) will be smooth if and
only if we can write A\ as a finite linear combination

n

A= Z Ciéia
=1

where ¢; € N for each n. In particular, if dima,, < co, then every highest-weight
representation (m,, H,,) for A € AT(ge, as) is smooth.

5.5 Spherical Representations for Lim-Compact

Symmetric Spaces
In preparation for our study of conical representations, we end this chapter by
reviewing the main result of our earlier paper [7], which concerned spherical rep-
resentations for propagated lim-compact symmetric spaces.

Suppose that U, /K., is a lim-compact symmetric space (as usual, we assume
that U, /K, is simply-connected for each n € N for the sake of clarity). The defi-
nitions of spherical representations and spherical functions are entirely analogous
to the definitions for finite-dimensional symmetric spaces.

Definition 5.21. A continuous unitary representation (7w, H) of Uy is said to be
(K «-)spherical if there is a nonzero cyclic vector v € ‘H such that w(K,)v = v
for each n € N.

Definition 5.22. (See [13]) A continuous, bi-K-invariant function ¢ : Us, — C
1s said to be a spherical function if

o(x)p(y) = lim [ @(wky)dk

n—oo Kn

forall x,y € Uy.
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It is natural to ask whether one may form an irreducible K.-spherical repre-
sentation of U, merely by taking a direct limit of irreducible unitary spherical
representations of the K,’s. The most appealing candidates would be the unitary
highest-weight representations constructed in the previous section. In [7] we showed
that this scheme only works for certain symmetric spaces:

Theorem 5.23. ([7, Theorem 4.5]) Let i € A" (uw, ts) and consider the corre-
sponding unitary highest-weight representation (m,, H,) of Usx. (Recall that 7, was
constructed as a direct limit of spherical representations.) Then m, is a spherical
representation if and only if

Rank U, /K. = dima,, < 00,

that is, if Uy /K« is a symmetric space with a finite rank.
In the case that Usx,/ Ko has finite rank, the function ¢, : Us, — C defined by

¢u(g) = (e, m(9)e),

where e € "Hff 18 a unit vector, is a positive-definite spherical function.

As a side note, the only classical finite-rank lim-compact symmetric spaces
are the finite-rank Grassmannian spaces SO(p + 00)/SO(p) x SO(c0), SU(p +
00)/S(SU(p) x SU(00)), and Sp(p + o0)/Sp(p) x Sp(oo), which correspond to the
space of p-dimensional subspaces of R*, C>* and H>, respectively. The other
classical lim-compact symmetric spaces in Table [4.4] all have infinite rank.

Theorem demonstrates that there is a striking difference in behavior be-
tween finite-rank lim-Riemannian symmetric spaces and infinite-rank lim-Riem-
annian symmetric spaces, and we shall note this divergence of behavior again in
the next chapter.

Finally, we note that for the case of a finite-rank lim-compact symmetric space
Uso/ K, the classification of spherical functions in [50] implies that the highest-
weight representations (m,, H,) with highest-weight 1 € A*(goo, £5) exhaust all
irreducible spherical representations of U,,.

96



Chapter 0

Conical Representations for Admissible
Direct Limits

This chapter contains the main results of the thesis. In the first section, we give
a natural definition for conical representations of admissible lim-noncompact sym-
metric spaces Go /K. As before, we assume that G /K, is the c-dual of a
propagated lim-compact symmetric space Uy /K. By using the generalization of
Weyl’s Unitary Trick from the previous chapter, each smooth cyclic representa-
tion of U, gives rise to a smooth cyclic representation of G, and it is natural
to say that a smooth cyclic representation of U, is conical if the corresponding
representation of G, is conical.

In fact, we will see that in some cases it is possible to define nonsmooth uni-
tary representations of U,, which are conical but do not correspond to continuous
Hilbert representations of G .. This is a strange situation which does not occur in
the finite-dimensional case.

With these definitions, we classify all of the irreducible cyclic unitary representa-
tions of U,, which are conical. Next we see that smooth conical unitary representa-
tions of Uy, decompose into a discrete direct sum of highest-weight representations.

Combining our results with Theorem [5.23] we will show that, if Rank Uy, /K« =
00, then there are no smooth unitary representations of U,, which are both spher-
ical and conical. On the other hand, if Rank U,/ K < oo, then we will see that a
smooth irreducible unitary representation of U, is spherical if and only if it is con-
ical. This situation is also in stark contrast to the situation for finite-dimensional
symmetric spaces, for which finite-dimensional representations are spherical if and
only if they are conical.

In the final section, we show how to disintegrate (possibly nonsmooth) conical
representations into direct integrals of irreducible representations by integrating
over a set of paths in a tree of highest weights. We also show that cyclic conical
representations are always multiplicity-free representations (and hence are Type I
representations).

6.1 Definition of Conical Representations

We begin by presenting our definition of conical representations for lim-Riemannian
symmetric spaces. Let Go,/K be the c-dual of a propagated lim-compact sym-
metric space Uy /Ky such that U, /K, and U, are simply-connected for each n
and assume that G /K, is admissible.

For finite-dimensional symmetric spaces, it is possible to consider a finite-dimen-
sional conical representation to be a representation of either G or U (where G/ K
is the c-dual of the compact symmetric space U/K). On the one hand, many
harmonic analysis applications of conical representations appear on the horocycle
space G/M N, so in a certain sense it is most natural to speak of conical represen-
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tations of GG. On the other hand, these representations are only unitary if we move
to the compact group U.

Similarly, because unitarity is crucially important in the arguments which fol-
low, we will mainly consider unitary conical representations of U,,. However, it
is important to remember that holomorphic representations of U,, correspond to
holomorphic representations of G, under Theorem [5.16], and vice versa.

We are now ready to present the definition:

Definition 6.1. A wunitary representation (w,H) of Uy is conical if there is a
nonzero cyclic vector v € H™ such that w(M,N,)v = v for alln € N. In that case,
we say that v is a conical vector for .

Notice that we do not require that conical representations of U,, be smooth.
This opens the door to the possibility of constructing conical representations of
U, which do not correspond to representations of G, under the generalized uni-
tary trick, and indeed we will construct many examples of such representations in

Section [6.5]

6.2 Classification of Conical Representations

In this section we begin to classify the unitary conical representations of U,,. We
determine which representations are irreducible and show how conical representa-
tions decompose into subrepresentations.

Theorem 6.2. Suppose that Uy, / K+ is a propagated lim-compact symmetric space
with U, and U, /K, simply-connected for each n and such that the c-dual G/ K«
is admissible. Suppose further that (w,H) is a conical representation with a conical
vector v. For each n, write T',,(7,v) for the set of highest weights p in AT (u,, a,)
such that the projection v, = pry, v of v onto the space of Uy-isotypic vectors of
type p is nonzero. Then

1. For each n € N and p € T',(m,v), the action of Usx, on (1(Us)v,) gives a
conical representation of Us, with conical vector v,,.

2. m decomposes into an orthogonal direct sum of disjoint conical representations
as follows:

H={mlU)= D @Uc)va)

pEL, (m,v)

3. If m s irreducible, then m is equivalent to a highest-weight representation 7,
for some p € AT (goo, Ooo)-

4. If 7 is irreducible, then dim HMeNe = 1.

Proof. For each n € N, the set I';,(7,v) is finite because v is U,-finite for all n.
Then the decomposition of v into U,-isotypic vectors may be written

v = E Uy,

pET R (m,v)
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FIGURE 6.1. Example of a highest-weight tree

F1(7Hr,v) F2(7Hr,v) F3(7HT,U)

/L%/ —

u%/ué

\ Mi{"
\ -

T T 13

where v, = pry,, v. Since each isotypic subspace is U,-invariant, it follows that v, €
HMnNe for each p € T, (m,v). Note that (m(U,)v,) gives a primary representation
of U, of type u. Hence, by Lemma [3.35, it is an irreducible representation with
highest-weight vector v,,.

We repeat the same process for U,,, 1, writing the decomposition of v into U, -

isotypic vectors as
v = Z Uy (6.1)
Ael—"’l+1(7'rvv)

By Theorem it follows for each A € T, i(m, v) that (7(U,)v,) is a U,-
irreducible subspace for which vy is a highest-weight vector of weight Aly,. In
other words, v, is also a U,-isotypic vector, so Ay, € I', (7, v). Furthermore, since
(6.1) is a decomposition of v into U,- and U, -isotypic vectors, we see that for
each p € ', (m,v) there is A € ', 11 (m, v) such that A|y, = p.

In other words, if we consider all the highest weights of irreducible subrepresen-
tations w(U,,) and allow n € N to vary, then the highest weights may be naturally
arranged into a tree, as in Figure [6.1]

Next we prove (1). First note that V) = (7(Ux)vy) is a Us-invariant subspace
of H for each A € T',(m,v). Suppose m > n, and write

Uy = E Vy

vEDm (m,0) s.t. V]a, =X

for each A € T',(m,v). Then wuy is a U,-isotypic vector of type A. Because v =
Zuerm(mv) v, we see that v = > AET, (r,0) WA SINCE every U,,-highest-weight vector
v, appears as a summand in exactly one wuy. Since v = Z)\EFn(ﬂ,v) vy is also a
decomposition of v into U,-isotypic vectors, it follows that vy = u, for each A\ €
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[, (7, v). In particular, vy is M, Ny,-invariant for all m > n. It follows that V) =
(m(Uso)vy) gives a conical representation of Uy, proving (1).

To prove (2), we need to show that V,,, L V,, for all y; # pe in I'y (7, v). It is
sufficient to show that V" = (7 (U, )v,,) and V7 = (7(Up)v,,) are orthogonal for
all m. We apply Lemma [5.8 to see that

(m(Unm)va) = D (m(Um)vy)-

VvED, (7,0) s.t v|ap=X\

It follows that (w(Uy,)v,,) and (7(Un)v,,) are orthogonal for all m and hence
that V. = U,,(7(Un)v,,) and W = U, (7(Un)v,,) are orthogonal G-invariant
subspaces of ‘H, proving (2). Figure demonstrates how the decomposition of
U,.-representations matches the tree structure of the highest weights that was
exhibited in Figure [6.1]

To prove (3), we assume that 7 is irreducible. Suppose that there is n such that
#I',,(m,v) > 1 (that is, there is more than one U,,-highest weight in 7|y, ). Then
(2) produces orthogonal, nonzero invariant subspaces of H, which contradicts the
assumption that 7 is irreducible. Hence #I', (7, v) = 1 for all m.

For each n, let p, refer to the single element of I',, (7, v). From this it follows that
v is a U,,-highest-weight vector of weight pu,, for each m with the property that
tmla, = tn for m > n. Furthermore, V,, = (7(U,)v) is a U,-irreducible subspace
of H for each n, and we can write 7 = lim m,,, where 7, is the representation of U,
on V,, induced by 7. Thus 7 is a highest-weight representation and (3) is proved.

To prove that dim HM="= = 1 suppose that v and w are nonzero conical vectors
for 7 such that v L w. Write V,, = (7 (U, )v) and W,, = (n(U,)w) for each n. We
see that V;, and W, are both equivalent to m,, and have v and w as respective
highest-weight vectors. By Lemma [3.35] it follows that V,, L W,, for each n. Hence
v and w generate nonzero, orthogonal invariant subspaces of H, contradicting the

irreducibility of .
O

Notice that the maps p?™! : T, 11 (7, v) — [, (7, v) defined by p,(\) = A|,, define
a projective system. We refer to the set I'(m,v) = @Fn(w,v) C At (U, O) as
the highest-weight support of 7. If we arrange the highest weights in a tree as
in Figure then we see that elements of I'(r, v) correspond to infinite paths.
We now examine the connection between conical and spherical representations
of GG. Recall that for a finite-dimensional Riemannian symmetric space the irre-
ducible finite-dimensional conical and spherical representations are identical. The
situation is much different for infinite-dimensional symmetric spaces, as the follow-

ing corollary shows.

Corollary 6.3. If Rank(Us/K) < 00, then a unitary irreducible representation
is spherical if and only if it is conical. If Rank(Uy/Ks) = oo, then no unitary
wrreducible representation is both spherical and conical.

Proof. By part (3) of Theorem , we see that the irreducible conical represen-
tations are precisely the highest-weight representations of U,, with highest weight
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FIGURE 6.2. Example of a decomposition of (m (U, )v) into U,-isotypic subspaces (direct
sums are taken vertically)

<ﬂ(fﬂ1)v> (W(lﬁz)w <W(lﬂ3)v>
(m(Us)v3) —= ...
@
(m(U)v}) — (w(Us)v3) — . ..
@& @

(m(Un)vg) —= (m(U2)v3) — (w(Us)v5) — ...

&b
® (m(Us)vi) —
@
® (m(Us)v3) — (m(Us)v3) —=
\ ®
52 (m(Us)vg) —=
5>

(m(U)vy) — (7(U2)v]) — (m(Us)vf) — ...

p € AT (Uso, K). By Theorem [5.23] it follows that these highest-weight represen-
tations of Uy, are spherical if and only if Rank(Us/K) < oo. Furthermore, if
Rank(Us/K~) < 00, then the spherical representations of Uy, are exhausted by
the irreducible highest-weight representations. O

6.3 Highest-Weight Supports of Conical

Representations
In this section we explore some of the properties of the highest-weight trees as-
sociated with conical representations. These trees form an invariant for conical
representations, but as we shall see it is possible for two distinct conical represen-
tations to possess the same highest-weight tree.
First we show that the tree set of a conical representation is independent of the
choice of conical vector:

Theorem 6.4. Let (m,H) be a unitary conical representation of Us.
Then Ty (m,v) = I'y(m,w) for any conical vectors v,w in H.

Proof. Suppose that both v and w are conical vectors in H and that p € T',, (7, w)
but p ¢ I'y(m,v). Write w, for the projection of w onto the p-isotypic vectors
in H. Since p € I';(m,w), it follows that w, # 0. Define W = (71(Us)w,) and
V = (n(Ux)v). We claim that W L V, which will be a contradiction since V' is
dense in H.

Note that W = |, »

(T (Unm)wy) and Vo= U, (m(Un)v). Tt is sufficient to
show that (7(Up,)w,) L (m(

Up)v) for m > n. As before, we see from Lemma [3.35]
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and Theorem [5.20 that

(w(Un)o) = B @ (Un)on) =0, B Ha

A€l (m,0) A€l (m,0)

and

(T(Unw) = @ (@Unw) =, @ M,

velh, (m,w) Vel m (m,w)

where 'Y (m,w) = {v € Ty (m,w) s.t. v, = u}.

Fix m > n. Since p ¢ I',,(m,v), it follows that A|,, # w for all A € I'(7,v). Thus
[y, (m,v) and T# (7, w) are disjoint. This means that (7 (U,,)vy) L (7(Uy,)w,) for
each A € I'y,,(m,v) and v € T (7, w). Hence (n(Uy,)v) L (7(Un)w,) for all m, as
we wanted to show. ]

From now on, we write I',,(7) = [',(7,v) and T'(7) = l'glfn(w,v), where v is
any conical vector of a conical representation 7 of U,.

Corollary 6.5. Let (7, H) and (p, K) be unitary conical representations of (Usy, Koo )-
If there is n € N such that T',,(7) # T'(p), then ™ % p.

In particular, we have shown that having the same highest-weight tree is a
necessary condition for two conical representations to be equivalent. Later we will
provide examples of inequivalent conical representations with the same highest-
weight trees. However, two conical representations with the same highest-weight
trees are nonetheless almost equivalent in a certain sense, as the following theorem
shows.

Theorem 6.6. Let (m,H) and (p,K) be conical representations of (Uso, Koo) with
respective conical vectors v and w such that T'y(w) = T (p) for each n. Consider
V = (n(Ux)v) and W = (p(Uso)w). Write my and pw for the representations of
Us given by restricting m and p to the dense invariant subspaces V- and W of ‘H
and K, respectively. Then

1. my = pw
2. 7|y, = plu, for each n.

Proof. We begin by proving (1). We claim that the map L : V' — W induced by
m(g)v — p(g)w is a well-defined invertible Uy-intertwining operator.

As before, write V,,, = (7(Uy,)v) and W,,, = (7(Uy,)w), so that V =, -, Vin
and W =, -, Wy,. Then -

Voo = @ (x(Un)n) =0, D Ha

el Aelm

m>n

and

Wi = @ (p(Un)wy) =u,, @ Ha,

PYSI ™ Aelm
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where I'y, =1, (1) = I'(p). Thus V,, and W, are Up,-isomorphic. We must show
that there is an invertible U,,-intertwining operator L™ : V,, — W,, that maps v
to w.

In fact, we note that for each A € T, there is a (not necessarily unitary) U,,-
intertwining operator Ly : (7(Uy,)vy) — (p(Uny)wy) given by m(g)uy — p(g)wy.
We can then define

L™= Ly: V= P (r(Un)vs) = €D (p(Un)ws) = W,

Aeln, el Aelm,

Hence L™v = L™ () ycp, V) = D oser,, Wr = W.

Since v and w are cyclic vectors in V,, and W,,, respectively, L™ is in fact
uniquely determined as an intertwining operator by the fact that it maps v to w. In
particular, L™|V,, = L™ for all n < m. Thus the family {L"},,cn is a direct system
of intertwining operators that induces a continuous U,.-intertwining operator

L:V:ligrlvm%h_ngwmzw

such that Lv = w. B B

Next we prove (2). Fix n € N. Define V,, = V,, and V,,, = V,, © V,,,_; for
m > n, where the orthogonal complement is taken with respect to_the Hilbert
space structure inherited by V,, as a closed subspace of H. Notice that V,, is a finite-
dimensional U,-invariant subspace of H for each m > n. We define U,-invariant
spaces W,,, C IC for each m > n in exactly the same way.

Recall that V;,, and W, give equivalent representations of U, for each m > n
under the intertwining operator L™. It follows that V,, = V,, & V,,_1 and W,,, =
W © W,,_1 are U,-isomorphic for all m > n. Note that

H:@Vm andK:@Wm,

m>n m>n

where the direct sums are orthogonal. Since there is a unitary U, intertwining
operator between V,, and W,, for all m > n, it follows that there is a unitary
U,-intertwining operator between H and K. m

6.4 Smooth Conical Representations

Next we consider smooth conical representations of U,,. These are of interest be-
cause they are precisely the conical representations which extend to smooth conical
representations of the c-dual G,. Our next theorem classifies the smooth repre-
sentations.

Theorem 6.7. Suppose that (w,H) is a smooth conical representation of Us.
Then 7 decomposes into a direct sum of irreducible smooth highest-weight repre-
sentations.
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Proof. Let v be a conical vector for 7. For each U, write

v = E (N

XDy ()

as before. As in Section , we recursively construct a countable basis {e; },en for
0 such that {ej,..., e, } is a basis for a, for each n. For each A\ € a, write

[IAlloo = max [A(e:)].

In fact, if A € AT(g,,a,) and A = > "1™, a;e;, then we see from the data in Sec-
tion [£.4) that a; < a; when i < j; thus ||A]|s = ay, .

For each p € Ty (), let Th_ (7) = {\ € i1 (7) : Ao, = p}. Hence we have
N lse > |}1l|oo for each A € T,

Now suppose that p € I',,(7) and that there are distinct weights Ay, Ay € I'h_; (7).
In this case we say that u splits with respect to 7. Because A\; and Ay in At (g, a,,)
are by assumption distinct and agree on the first r, coordinates, we see that they
must differ on a coordinate ¢ with r, < ¢ < r,41. Since the coefficients of dominant
weights form an increasing sequence, we see that either ||A1|| > [|A2]|oo = |14]]00
or [[Azlse > [[A1lloc = [l

In other words, if a highest weight u € I';,(7) splits, then there is a U,,11-highest
weight in I () with a coefficient which is strictly greater than all the coefficients
in p. It follows that unless there is a weight u, € I',(7) for some n which does
not split and such that each A € T'# (7) for any m > n does not split, then we
can repeat this process to obtain arbitrarily large coefficients of highest weights of
representations appearing in 7, contradicting Lemma [5.12| Hence, there is some
highest weight 1 € I',,(7) such that, for each m > n, the vector v, is a U,,-highest-
weight vector. Thus (7(Ux)v,) gives a highest-weight representation of Us.

Furthermore, we see that

v—v, = Z U

AL, (m)\p

generates a conical representation by Theorem and that
H = (1(Usc) ) ® (m(Us) (v — 1))

We have shown that every smooth unitary conical representation possesses an
irreducible subrepresentation and that the orthogonal complement is also a smooth
unitary conical representation. A standard Zorn’s Lemma argument then shows
that H decomposes into an orthogonal direct sum of irreducible smooth conical
representations. ]

It follows from Theorems and that every smooth unitary conical rep-
resentation (7, H) of U, is an orthogonal direct sum of smooth highest-weight

representations:
Y
= @ This

ieA
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where p; € AT for each i € A. Write each highest weight y; in terms of fundamental
weights as in Section [5.4}
ki
My = Z CL;&,
n=1

where a, € N for each ¢ and n (each y; is a finite sum over the fundamental weights
is finite because 7, is a smooth highest-weight representation). By Theorem m,
the smoothness of 7 is equivalent to the existence of a bound M > 0 such that
S i < M for all i € A

n=1"n

6.5 Disintegration of Conical Representations

If we remove the assumption in Theorem that the conical representation (7, H)
is smooth, then we can no longer be assured that 7 has an irreducible subrepre-
sentation. However, we would still like to describe general conical representations
in terms of the irreducible ones. This sort of description is possible with a direct-
integral decomposition.

Recall that
AT = AT (1, 0oc) = WM AT (1, 0,) € 0l

denotes the set of dominant integral weights for the root system X (i, as). We
start by putting a topology on A™. Each lattice AT (u,,a,) carries the discrete
topology. We then consider the projective limit topology on A™, which we shall
refer to as the tree topology. This topology is defined by a basis consisting of the
cylinder sets By = {y € A" |pjq, = A}, where ) is a dominant integral weight on a,,.
We refer to these cylinder sets as node sets for reasons that will become apparent
later. Note that any two node sets are disjoint or else one contains the other, so
that our basis is closed under intersections. Furthermore, A™ is second-countable
under this topology, since there are only countably many dominant integral weights
on 1a,, for each fixed n € N, so that our basis is a countable union of countable
sets.

Because it is second-countable, this topology is described entirely by sequences.
Note that a sequence {p, }nen in AT converges to u exactly when for each m € N
there is N such that pi,|a,, = ft]a,, for all n > N.

This topology is also Hausdorff; if 4 and A\ are distinct elements of AT, then
there is m such that pla,, # Al|a,,. Hence By, and By, are disjoint open sets
containing p and A, respectively.

In fact, A" is highly disconnected; every node set is both open and closed. To
see this, if we consider By for some A € A}, then we note that

ANBy={n €M |pa, #2} = |J B
e}

and hence AT\ B, is open.
Next consider closed subsets I' of AT with the property that, for each n € N,
we have I'() By = 0 for all but finitely many A in A;f. We will refer to such sets
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as tree sets because, as we shall soon see, they are in one-to-one correspondence
with trees of a certain type. We give each tree set I' the subspace topology, so
that it inherits the second-countability and Hausdorff properties from A*. Write
' = By(O\T = {p € T, = A} for each n and each A € A}. We refer to
these sets as node sets for I'. If A € A and '™ # 0 (that is, there is y € T
such that ul,, = A), then we say that A is a node of the tree set I'. We write
Iy = {{a, v € T'} for the set of all nodes of I" that lie in A;}.

Now we spend a few moments explaining our tree-centric choice of terminology.
For each tree set I', we can construct a tree as follows. Each element of I',, for each
n € N forms a node of the tree. Draw an edge from a node A in I',, to a node pu
in ', 11 if ple, = A. There is a correspondence between infinite paths in this tree
and elements of I'. Each infinite path {\, € I', },en of nodes of the tree defines a
dominant weight A € At since A\,|,, = A\, for m > n. Because T is closed in the
projective limit topology on AT, it follows that A € I'. Similarly, each dominant
weight A in I" defines a path {\|,, € I'n}nen in the tree. Hence, if A is a node of T,
then the node set I'* corresponds to the set of all infinite paths in the tree which
pass through the node A.

It may also be readily seen that if 7 is a conical representation of U, then the
highest-weight tree I'(m) C AT is a tree set.

Every tree set I" is sequentially compact (and hence compact, since A is second-
countable). In fact, suppose that {/i, }nen is a sequence in T'. Now ', = {pl,, |10 €
I'} is finite for each n. In particular, there is a subsequence ;1 such that p [o, =
pi o, for each m and n. Repeating the process on this subsequence, we form a
nested family of subsequences { s }nen such that pigs o, = figs |a, for each m and n.
Then {jtxn }nen is a subsequence that converges in the tree topology on I'. Similarly,
every node set in I' is compact.

The complement of a node set in I' is a finite union of node sets since I';, is
finite for each n. The collection § of finite unions of node sets for I' thus forms an
algebra of sets which generates the Borel o-algebra B for the tree topology on T'.

We can use I' to define a measurable family of Hilbert spaces A +— H, over A € T'.
For each A € T, consider the representation (my, H,) of U, with highest-weight \.
For each such representation, pick out a unit highest-weight vector v, € H,.

To tie these Hilbert spaces together in a measurable way, we consider the family
{s4lg € U} of maps s, : I' = (J,.pHa given by s4(A) = ma(g)va. Now choose
a countable dense subset E C U, (recall that U, = @Un is separable) and
consider the countable family

{s¢4lg € E}

of sections. We shall use this family as a measurable frame for our family of Hilbert
spaces. Hence, we need to show that

A= (s(A), sn(A)) = (ma(g)ox, ma(h)va) (6.2)

is B-measurable for each g,h € E. Suppose that g, h € U,, for some n € N. Then
the representation of U, on (m\(U,)vy) is equivalent to my|, for each A. Thus the
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map in is constant on each node set I'Mlon where A € T' and is hence B-
measurable. Finally, note that ({s,(\) = m\(g)valg € E'}) is dense in H, since 7y
is irreducible and F is dense in U,,. Thus, A — H, is a measurable field of Hilbert
spaces.

Next, we note that s, is a measurable section for all g € Uy. In fact, every
g € Uy is a limit of a sequence {g;},eny C E. Hence, we have that

A (5, (0), 51(0) = Jim (s, (1), 51()

is a measurable function for all h € F, so that s, is a measurable section.

In order to construct a direct integral of representations (my, H,) over A € T,
we still need a suitable choice of measure on (I',8). In particular, we need to
choose a finite measure whose support is all of I" (we will refer to such measures as
having full support). The compactness of the node sets makes this easy because
any finitely additive measure on (I',§) extends uniquely to a countably additive
measure on (I, B).

This last claim follows from the E. Hopf Extension Theorem from measure the-
ory, which states that a finitely additive measure i on an algebra § of subsets of X
extends to a countably additive measure on the o-algebra B generated by § if the
measure is countably additive on §. That is, we must show that if A = J, .yAn,
where A € § and A,, € § for each n, then

p(A) =" pu(Ay).

neN

However, in our case, the algebra § consists of finite disjoint unions of node sets,
and since every set in § is compact, it follows that there is no decomposition of a
set in § into an infinite disjoint union of node sets.

Hence, all that we need to do is specify a (finitely additive) measure on the
algebra of finite disjoint unions of node sets. We can do this rather easily. Start
with the “top-level” node sets; that is, the node sets 'V for v € I';. We can assign
a measure p(I') to each set in any way such that p(I") > 0 for each v € I'; and
> ver, H(I') = 1. Next, for each A € Ty, consider

I3 = {v € Talv|e, = A}.

We can then assign u(I') for each v € Ty in any way such that pu(I'"”) > 0 and
> e 1(IT) = p(I*). We can repeat this process, defining

F2+1 ={ve Fn+1|V|an = A}

for each A € T',,. Then we can assign u(I'") for all v € T’} in such a way that
(') > 0 for each v and Zyer,ﬁ“ (") = (). Doing this for all A\ € T',, defines
the measures of all node sets for wrights in I';,; 1. This procedure always produces
a Borel measure on I', and every finite Borel measure of full support on I' can be
constructed this way.
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For instance, we can assign u(lv) = #1 for each v in T';. Then, for v € T, 1,
#rA w(T*) if X € T, and v € I'. We have now defined

the measures of all node sets from weights in I's. This same method can be repeated
recursively to define the measures of every node set in I'. We will refer to this
example method of assignment as giving the recursively uniform measure.
Given a finite Borel measure p on I' of full support, we may consider the direct
integral H = fr@ H,dp(X). Elements of this direct integral consist of measurable
sections x : A > x()\) of the field A — H, such that the norm given by ||z|]* =

Sz 2 di(N) s finite.
Our next task is to show that A — 7, is a y-measurable family of representations.

Let x € H, and fix ¢ in U,,. We need to show that A Y ma(g)z(A) is in ‘H. Now

A= (ma(g)z(A), su(N) = (ma(g)z(A), ma(h)va)
= (z(N), (g~ h)vn)
= (2(A), sg-1(N))

is measurable for all A in U, since x is a measurable section of A\ — H,. Thus

recursively define u(T') =

A\ ma(g)z(A) is a measurable section of A — H,. Furthermore, since each )
is unitary, it follows that ||7(g)z|lx = ||z|l% < oo . Hence m = fpea Tadp(N) is
a unitary representation of U,,. Our next task is to show that 7 is conical and
classify all of its conical vectors.

The essential support of a function f : I' — C is defined to be the complement

in ' of the union of all open sets on which f vanishes p-almost everywhere. That
is, ess supp f = '\ |U{A C I'|A is open and f|A =0 a.e.}.

Theorem 6.8. Let I be a tree set and let u be a finite Borel measure of full support
on I'. Consider the representation

D D
(. H) = / madp(N), / Hadu(\)

and suppose that w is any nonzero vector in H. Then w generates a unitary con-
tcal representation of Us if and only if there is f € L*(T',u) such that w =
fr ANopdp(X). Furthermore, in that case w generates a conical representation
with hzghest weight support ess supp f and

D
O] = [ Haduly)
\f=1(0)
In particular, 7™ is a conical representation with conical vector v = fFG9 uadp(A).

Proof. (=) Suppose that w is a conical vector for a subrepresentation of m and
fix n in N. Then V,, = (7(U,)w) is finite-dimensional, say with dimension d. We
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must show that w(\) is a conical vector in H, for almost all A € I". Our first task
is to show that V,(\) = (7(U,)w) is finite-dimensional for almost all A € I'. Tt
is intuitively obvious that dimV,,(A) < dimV,, for almost all A\. The next three
paragraphs contain the technical details necessary to prove this statement..

Write d = dim V,,. Fix an orthonormal basis wy, ... wy for V,, and write W(\) =
(w1 (N), ... wg(N)). We will show that W(A) = V,,(A) (and hence dim V,,(\) < d) for
almost all A\. Apply a Gram-Schmidt orthonormalization process to the collection
wy(N), ..., wg(A) for each A\. We then obtain a collection w; (), ..., wy(\) with the
property that (w;(\),w;(A)) = 0 for ¢ # j and (w;(\), w;(N\)) € {0,1}. One can
show that A +— w;(\) is measurable and thus that w; € H for each i.

Now W(A) = V,,()) if and only if 7(g)w(N\) € W(A) for all g in U. Choose a
countable dense subset {g, }nen in Us (one notes that U, is separable because it
is a countable direct union of separable spaces). By the strong continuity of 7, we
see that W(A\) = V,(A) if and only if 7(gm)w(A\) € W(A) for all m in N (recall
that W () is closed because it is finite-dimensional). In turn, this happens exactly
when 7(g,,)w(\) is equal to its orthogonal projection onto W (). In other words,
W(A) = V,(A) if and only if F,(\) = 0 for all m € N, where F,, is the non-negative
measurable function on I' defined by

t A= {7 (g )w (V) — Z! Wi (A)[*.

for all m € N.
Write A = {X € T|W(A) # V,(A)} and Ay, = {\ € T|m(gm)w(N) ¢ ()\)} Then
A =U,,en Am- Furthermore, A4,, is measurable for each m since A,, = F,*(0) and

F,, is a measurable function.

Suppose that it is not true that W(\) = V,(\) for almost all A in I'. Then
pu(A) > 0. Since A = J,,cy Am, it follows that p(A,,) > 0 for some m. Since
T(gm)w(A) & W(A) for all A € A,,, we see that 7(g,)w ¢ (wi,...,wy), which
contradicts the assumption that wy, ..., w, is a basis for V,, = (7(¢,,)w). Therefore,
W(A) = V,(A\) (and, in particular, dim V,,(A) < d) for almost all A. In particular,
w(A) is U,-finite for almost all A € T.

Fix n € N. Since 7(M,,)w = w, it follows that = (M, )w()\) = w()\) for almost all
A. Next, m(n,)w = w because 7(N,)w = w. In fact, 7(X)w = fr A)dp(N)
for X € ut by [1]. Thus 7(n,)w(A) = w()\) for almost all A, from Wthh 1t follows
that 7(N,)w(A) = w(A) for almost all .

Since (M, N,)w(A) = w(A) for all n and almost all A € T, it follows from part
(4) of Theorem [6.2] that for almost all A there is f(\) € C such that w(X) = f(A)vy.
Since A — f(A) = (w(A),vy) is measurable and

1] = / FOPdu() = / (M) Pdu(y) = [[w],

we see that f € L*(T, ), as was to be shown.
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(<) Now suppose that w = fp@ S N)uadp(N), where f € L*(T, ). We show that
w generates a conical representation of U,, with highest-weight support ess supp f.
Consider V,, = (7(U,)w). We will show that V,, is finite-dimensional. As before,

D
T GB /md,u()\)
HEL'R n

Write w = Z wy,, where w, = 1y, w € qu? Hadp(N) C Hy for each p.
pelyn
Of course, if f|p» = 0, then w, = 0. On the other hand, we claim that if f|p. # 0,

then (7(U,)w,) =y, 7. In fact,

Zcm(gi)w# — /F ) > am(gi) F (N vadp(N).

=1

where ¢; € C and g; € U,,. Fix A € I'* such that f(\) # 0. Since A|,, = i, we see
that (7(U,)f(A)va) is U,-isomorphic to m,.

Now Y% em(gi)w, = 0 in H if and only if S-F  ¢;m(gi) f(A)vxy = 0 in H,y, for
p~almost all A in I'*. For any A in I'* such that f(A) = 0, it follows automatically
that Zle ¢im(gi) f(N)vy = 0. But for any fixed A in I'* such that f(\) # 0, we see
that 3% em(gi) f(A)ux = 0 in H, if and only if Y5 | cim(g;)v, = 0 in H,,.

Since f is not almost-everywhere zero on I'*, we see that Zle em(gi)w, = 0
in H if and only if Zle cm(gi)v, = 0 in H,. Hence there is an injective U,,-
intertwining operator L : (m(U,)w,) — H, with the property that Lw, = v,.
Since 7, is irreducible, it follows that (7(U,)w,) =y, 7., as we wanted to show.

It follows from Lemma [5.8 that

(n(Unw) =0, @ (r(Un)w,).

pely s.t. wu#0

Furthermore, since w = ) ety W and each w, is M, N,-invariant, we see that w
is M, N,-invariant. Since this holds for all n, it follows that w generates a conical
subrepresentation of 7. The fact that this subrepresentation has highest-weight
support ess supp f follows from the fact that w, = 0 if and only if f|rx = 0 (recall
that w, is the projection of w onto the p-isotypic vectors in H).

Our final task is to prove the statement about the subrepresentations generated
by conical vectors. Next suppose that f € L?(T', u) such that w = fu: A — f(A)vy
is a conical vector in Hr. We need to show that

S
(m(Uso)w) = / Hadp(N).



It suffices to show that

D
L
(m(Us)w) = / Hadu(N).
=10
One direction of containment is clear: for any x € (7(Ux)w), we see that z(\) =0

for almost all A such that f(\) =0 (since w()\) =0if and only if f(A) =0). Hence,
if y € H such that y|r\;-10) = 0, then ( = [ (x( A))dp(A) = 0. In other
words, [®, ) Hadu(\) C <7T(Uoo)w>J_.

To prove the other containment, we first show that hw € (7(Uy)w) for all h €
L>(T, ). We begin by showing that 1ruw € (m(Us )w) for every node set I'*. As be-
fore, we choose ¢i,...,cq € C and g1, ..., gq € Uy such that Zle cimu(gi)v, = v,
and Zle ¢;imy(gi)v, = 0 for all v # pin T',,. We claim that 1p.w = Zle cimu(gi)w
If f(A) =0, then w(A) = 0 and hence equality holds automatically. On the other
hand, if f(X) # 0, then recall that (7(U,)w) is equivalent to 7y, by identify-
ing w(\) = f(A)vy with vy, . Hence S emu(g)on = v if Mo, = p (ie., if
A € I') and Zle ¢;imu(gi)vy = 0 otherwise. Thus 1ppw = Zle c;mu(gi)w and so
Irnw € (m(Uy)w).

Next we see that 1w € (m(Us)w) for all open sets A in I'. Every open set A can
be written as a disjoint union A = Uf; N; of node sets. Write A4,, = U?:l N; for
each n and note that 1,4, = S_F_ 1y, is in (7(Us)v) by the previous paragraph.
One then sees that

[E 14, N FNordp(N) = 1a,w — Law = [£ 14N F(\)vadp(N)

in H since 14, f — 1af in L*(T, p). Thus 140 € (m(Uy)v).
Next we show that 1gv € (7 v) for every Borel set B in I'. This follows since
B C U F, and F; € S}

(Us)
w(B) 1nf{ (UF) '
(4)

= inf{u(A)|B C A and A open}.

Thus 1gf can be approximated in L*(T', 1) by a sequence 14, f given by open sets
A, so that 14, w — 1pw in H. Hence 1pw € (1(Uy)w).

Finally, note that if h,, — h in L>(T, u), then h,f — hf in L*(T, 1) and hence
hpw — hw in Hp. Because the measurable simple functions are dense in L™ (T, )
(recall that p is a finite measure), we see that hw € (7(Uy)w) for all h € L>(T, p).

Now suppose that L (7(Us)w). Define h € L>(T', ) by

Then
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0 = (&, m(g)hw) = / (N mr () F ol dp).

for all g. Hence, for almost all A, (z(\), mA(g)f(A)vy) = 0 for all g € U Tt follows
that, for almost all A, either x(A) = 0 or f(\) = 0. Hence, x(\) = 0 for almost all
A such that f(\) # 0. In other words, = € ffe?l(o) Hadp(N), and we are therefore

done.
O]

Corollary 6.9. Every unitary conical representation of Uy, ts multiplicity-free and
hence of Type L.

Proof. Let (m,H) = <fp@ madp(N), fpea ’HAdu()\)> be a conical representation and
suppose that L : H — H is a U-intertwining operator. Consider the conical vector

v = f? vadp(A). Then Lv is a conical vector for a subrepresentation of 7 and can
thus be written Lv = fov for some f € L*(T', ). It follows that

2

Lix(g)v) = n(g)(fv) = / m(9)f (Nordu(N) = (g

r

for all ¢ € U, and hence Ly = fy for all y € H. In other words, intertwining
operators for m may be identified with multiplier operators, and thus the ring of
intertwining operators for 7 is commutative. Hence 7 is multiplicity-free. O

We now show that every unitary conical representation of U, disintegrates into
highest-weight representations as in the last theorem.

Theorem 6.10. Suppose that (m,H) is a unitary conical representation of Us
and w € H\{0} is a conical vector. Then there is a unique Borel measure p on its
highest-weight support I'(m) such that there is a unitary intertwining operator

@

U:H— | Hadu(N)
I'(m)

such that Uw = flfir) ordp(N).

Proof. Without loss of generality, suppose that ||w|| = 1. We begin by constructing
a suitable measure p. For each X in ', (), define u(I') = [|wy||?. Observe that
wx =Y ,crx W, and hence

pT) =llwlF= Y llwlf= Y wul).
vel) (7) vel) (m)

Similarly,

Yoour) =Y lw P =l =1

vely, () vely (m)
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Thus p extends uniquely to a Borel measure on I'(7).
Consider the representation (7, %) (f/\er - Tadp(A f/\er Hadp )\)) and
let w = fr(w) vxdp(A). Then 7 is conical with conical vector w and highest-weight

support I'(7). We construct a unitary intertwining operator U : H — H such that
Uw = w.

By Theorem (i), there is a Uy-intertwining operator L : (1m(Ux)w) —
(T(Uso)w) given by Lw = w. For each n and each v € T',(7), L restricts to an
intertwining operator between (7(U,)w,) and (7(U,)w,) such that L(w,) = w,.
Furthermore,

180 = [ HaPdu) = [ 1dnn) = nr) = fw.]

Hence, L restricts to a unitary operator on (w(U,)w,) for every n and every v €
I, (7). Because (m(Uso)w,) and (m(Us)w,) are dense in H and H, respectively, L
extends to a unitary intertwining operator from H to H.

Now suppose that ' is any Borel measure on I'(7) such that the representation

(', H') = (fAGF madp (A f)\er ) Hadp'( /\)) is equivalent to (m, H) via a unitary
intertwining operator U : H — H' such that Uw = w’, where w' = fp(ﬂ) uxdp' (N).

Then Uw, = w), for all v € [',(7) and all n € N by Theorem [6.6] In particular,
l|w,|| = ||w) || and so we have that

p (1) = A ol P’ (A) = [Jw)|[* = [Jw,||* = u(I).

Since p and u' agree on all node sets, it follows that pu = p/'. ]

As promised before, we now show that there are typically a very large number
of inequivalent conical representations of U,, with a given highest-weight support
I". By Theorem [6.8] this problem is equivalent to finding a large number of Borel
measures with full support on I' that are absolutely discontinuous with respect to
each other.

We have already discussed the recursively-uniform measure . on I'. One can
see quite easily that the atoms of u... are precisely the isolated points of the
topological space I'. All other singleton sets have measure zero under ;... We now
show that for any point x in I' we can construct a Borel measure p, of full support
on I' whose atoms are precisely the isolated points of I' and x. Thus, if z # y are
non-isolated points in I', then p, 1y, and py lie in distinct measure classes since
their null sets do not agree:

qu({m}) > 07 Mx({y}) =0
ty({z}) =0, py,({y}) >0
frec({2}) = 0, prec({y}) =0

There are many ways to construct pu, given x € I'; but we shall use the following
method, which involves a simple modification to the recursively uniform measure.
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For A € I'y, define p1,(T*) = 2 if z,, = X and p,(T*) = (ﬁ) + otherwise. Next
suppose that p,(I'V) has been defined for all v € T',,. For A € T',,,1, we define

3+ o if 2 € T
ILLI(FA) = (% B 2nl+l) (#Ffi‘];ln)_l if x ¢ F)\ and z € FA'G”
#Fi‘an (T Alen) otherwise,

where, as before, I'V = {y € I')| 7|s, = v}. We have thus recursively defined a
countably additive Borel measure u, on I'. Note that u, has full support on I’
because p,(I'*) > 0 for every open basis set I'* C T'. Furthermore, one can easily
check that y,({z}) = 1 and that p,({y}) = 0 if y # = and y is not an isolated
point of T'.
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Chapter 7
Closing Remarks and Further Research

We have managed to prove several results for the unitary conical representations of
Us, including the classification of unitary smooth conical representations, which
generalize the finite-dimensional conical representations of finite-dimensional sym-
metric spaces. However, the question remains of whether it is possible to construct
unitary conical representations of GG, in the sense of the following definition:

Definition 7.1. A unitary representation (m,H) of G is conical if there is a
cyclic distribution vector v € H™° such that 71(mn)v = v for all m € My, and
n € Ny.

The most likely approach would be to construct a sort of unitary spherical prin-
cipal series representation, perhaps by a direct limit of unitary principal series
representations. See also [57] for one approach to constructing an analogue of the
principal series for direct-limit groups.

Several questions about harmonic analysis on the symmetric space G,/ K+ and
G oo/ My Ny remain. While neither of these infinite-dimensional spaces possess G -
invariant measures, there is a possibility of constructing G.-invariant measures on
larger spaces. We briefly overview this construction now.

Consider a direct system {G,},en of Lie groups and suppose that there are
measurable (not necessarily continuous) projections p,, : G,+1 — G, such that p,
is G-equivariant and p,(g) = g for ¢ € G,,. In other words, one has a projective
system of g-algebras dual to the direct system of groups. The resulting projective-
limit space Go = 1&11 G, is acted on by the direct-limit group G, = hﬂ G,,. Each
group G, possesses a G,,-quasi-invariant probability measure p,,.

It is then possible to define a projective-limit probability measure jio, = gn Lhn,
on G using Kolmogorov’s theorem. If this measure is quasi-invariant under the
action of G on G then it is possible to define a unitary “regular representation”
of G, on LQ(G_OO, loo)- This “regular representation” can then be decomposed into
irreducible representations.

In fact, precisely this scheme was used by Doug Pickrell in [46] to study analysis
on an infinite-dimensional Grassmannian space and later by Olshanski and Borodin
in [4] to develop a theory of harmonic analysis on the infinite-dimensional unitary
group U(o0). The role played by probability theory in the latter context was crucial.
In fact, the problem was shown to be related to the study of infinite point processes.
Most intriguingly, probabilistic models from statistical mechanics appeared.

It would be interesting to consider a similar analysis on the infinite-dimensional
symmetric space G /Ky and the horocycle space G, /M., Ny . That is, one would
construct projective-limit spaces Goo/ Ky and Goo/Mo Ny which possess G-
quasi-invariant measures. The problem, then, would be to decompose the corre-
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sponding unitary representations of Go, on L*(G /Ko ) and L*(G /My Ny into
irreducible subrepresentations. One interesting question is whether those represen-
tations decompose into direct integrals of unitary spherical and conical represen-
tations of G, respectively.

Also of interest is whether a sort of Radon transform may be constructed be-
tween functions on G, /K. and functions on G, /My Ns. In fact, for spaces of
regular functions this has been done in the recent paper [24]. However, it would
be interesting if it were possible to develop a Hilbert space analogue of the Radon

transform, perhaps mapping between functions in L?(Gs/Ks) and functions in
L*(Go /My Nyo).

116



References

1]

2]

[11]

[12]
[13]

[14]
[15]

[16]

D. Arnal, Symmetric nonself-adjoint operators in an enveloping algebra. J.
Functional Analysis 21, 432-447 (1975).

D. Beltita, Functional analytic background for a theory of infinite—dimensional
Lie groups, in “Developments and Trends in Infinite Dimensional Lie Theory.”
Progress in Math. 288, Birkhéauser 2011, 367-392.

D. Beltita, K-H. Neeb. A nonsmooth continuous unitary representation of a
Banach-Lie group. J. Lie Theory 18 (2008), No. 4, 933-936.

A. Borodin and G. Olshanski, Harmonic analysis on the infinite-dimensional
unitary group and determinantal point processes. Ann. of Math. 161 (2005),
No. 3, 1319-1422.

T. Brocker and T. tom Dieck, Representations of Compact Lie Groups,
Springer 1985.

A. Danilenko. Grding domains for unitary representations of countable induc-
tiwe limits of locally compact groups, Mat. Fiz. Anal. Geom. 3 (1996) 231-260.

M. Dawson, G. Olafsson, and J. A. Wolf, Direct systems of spherical functions
and representations. Journal of Lie Theory 23 (2013), No. 3, 711-729.

G. van Dijk, Introduction to Harmonic Analysis and Generalized Gelfand
Pairs. Walter de Gruyter, 2009.

J. Dixmier, C*-Algebras. North-Holland, 1977.

J. Dixmier, P. Malliavin. Factorisations de fonctions et de vecteurs indfiniment
différentiables. Bull. Sci. Math. (2) 102 (1978), No. 4, 307-330.

I. Dmitrov, I. Penkov, and J. A. Wolf, A Bott-Borel-Weil theory for direct
limits of algebraic groups, Amer. J. Math. 124 (2002), No. 5, 955-998.

J. Faraut, Analysis on Lie Groups: an Introduction, Cambridge 2008.

—, Infinite dimensional spherical analysis. COE Lecture Note Vol. 10 (2008),
Kyushu University.

G. Folland, A Course in Abstract Harmonic Analysis. CRC, 1995.

H. Glockner, Direct limit Lie groups and manifolds. J. math. Kyoto Univ. 3
(2003), 1-26.

R. Goodman and N. Wallach, Symmetry, Representations, and Invariants.
Springer 2009.

117



[17]

[18]

[19]

[20]

[21]

[22]
23]
[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]
[32]

[33]

[34]

F. Greenleaf and M. Moskowitz, Cyclic vectors for representations of locally
compact groups, Mathematische Annalen 190 (1971), 265-268.

H. Grundling, A group algebra for inductive limit groups. Continuity problems
of the canonical commutation relations, Acta Applicandae Math. 46 (1997),
107-145.

Harish-Chandra, Representations of a semisimple Lie group on a Banach
space. I, Trans. Amer. Math. Soc. 75 (1953), 185-243.

S. Helgason, A duality for symmetric spaces with applications to group repre-
sentations. Adv. Math. 5 (1970), 1-154.

—, Differential Geometry, Lie Groups, and Symmetric Spaces. Academic
Press, 1978.

—, Groups and Geometric Analysis. Academic Press, 1984.
—, Geometric Analysis on Symmetric Spaces, Second Edition. AMS 2008.

J. Hilgert, G. Olafsson, The Radon transform and its dual for limits of sym-
metric spaces, {arXiv:1310.3668}.

M-C. Hu, Conical distributions for rank one symmetric spaces. Bull. Amer.
Math. Soc. 81 (1975), 98-100.

S. Kerov, G. Olshanski, and A. Vershik, Harmonic analysis on the infinite
symmetric group. Invent. Math. 158 (2004), No. 3, 551-642

AW. Knapp, Lie Groups: Beyond an Introduction, Second Edition.
Birkh&auser 2002.

V. I. Kolomytsev, Yu. S. Samoilenko, Irreducible representations of inductive
limits of groups. Ukrainian Mathematical Journal 29 (1977), No. 4, 402-405.

R. Lipsman, The Plancherel formula for the horocycle space and generaliza-
tions, J. Australian Math. Soc. Series A 61 (1996), No. 1, 42-56.

G. Mackey, Harmonic analysis as the exploitation of symmetry, Bull. Amer.
Math. Soc. (N.S.) 3 (1980), No. 1, 543-698.

—, The Theory of Unitary Group Representations, U. Chicago 1976.

F. I. Mautner, Geodesic flows on Riemannian symmetric spaces, Ann. Math.
65 (1957), No. 3, 416-431.

L. Natarajan, E. Rodriguez-Carrington, and J. A. Wolf, Differentiable struc-
ture for direct limit groups, Lett. Mat. Physics 23 (1991), 99-109.

—, Locally convex Lie groups. Nova J. Algebra and Geometry, 2 (1993), 59-87.

118



[35] —, The Bott-Borel-Weil theorem for direct limit groups. Trans. Amer. Math.

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

Soc. 353 (2001), 4583-4622.

K-H. Neeb. On differentiable vectors for representations of innite dimensional
Lie groups. J. Funct. Anal. 259 (2010), No. 11, 2814-2855.

—, personal correspondence.

G. Olafsson and H. Schlichtkrull, Representation theory, Radon transform and
the heat equation on a Riemannian symmetric space, in “Group Representa-
tions, Ergodic Theory, and Mathematical Physics: A Tribute to George W.
Mackey.” Contemporary Mathematics 449, AMS 2008, 315-344.

G. Olafsson and J. A. Wolf, Weyl group invariants and application to spherical
harmonic analysis on symmetric spaces. {arXiv:0901.4765}.

—, FEaxtension of symmetric spaces and restriction of Weyl groups and in-
variant polynomials. New Developments in Lie Theory and Its Applications,
Contemporary Mathematics 544 (2011), pp. 85-100.

—, Separating vector bundle sections by invariant means. arXiv:1210.5494

—, The Paley-Wiener theorem and limits of symmetric spaces. J. Geom. Anal.
2013 (online-first).

G. Olshanski, Unitary representations of the infinite-dimensional classical
groups U(p, o), SOy(p,00), Sp(p,00) and the corresponding motion groups.
Funct. Anal. Appl. 12 (1978), No. 3, 185-195.

—, Infinite-dimensional classical groups of finite R-rank: description of rep-
resentations and asymptotic theory. Functional Anal. Appl. 18 (1984), No. 1,
22-34.

—, Unitary representations of infinite dimensional pairs (G, K) and the for-
malism of R. Howe. In Representations of Lie Groups and Related Topics,
Adv. Stud. Contemp. Math. 7, Gordon and Breach 1990.

D. Pickrell, Measures on infinite-dimensional Grassmann manifolds. J. Funct.

Anal. 70 (1987), No. 2, 323-356.

—, Decomposition of reqular representations for U(H ). Pacific J. Math. 128
(1987), No. 2, 319-332.

—, The separable representations of U(H). Proc. Amer. Math. Soc. 102
(1988), No. 2, 416-420.

J-P. Pier, Amenable Locally Compact Groups. Wiley 1984.

119



[50]

[51]
[52]

[53]

[55]

[56]

M. Rosler, T. Koornwinder and M. Voit, Limit transition between hypergeo-
metric functions of type BC' and type A. Comp. Math. 149 (2013), No. 8,
1381-1400.

W. Rudin, Functional Analysis, Second Edition. McGraw-Hill 1991.

Y. S. Samoilenko, Spectral Theory of Families of Self-Adjoint Operators.
Springer 1991.

S. Stratila and D. Voiculescu, A survey of the representations of the unitary
group U(o0), in “Spectral Theory”, Banach Center Publ., 8, Warsaw, 1982.

J. A. Wolf, Infinite dimensional multiplicity free spaces I: Limits of compact
commutative spaces. In “Developments and Trends in Infinite Dimensional Lie
Theory”, ed. K.-H. Neeb and A. Pianzola, Progress in Math. 288, Birkhauser
2011, pp. 459-481.

—, Infinite dimensional multiplicity free spaces II: Limits of commutative nil-
manifolds, Contemp. Math. 491 (2009), pp. 179-208.

—, Infinite dimensional multiplicity free spaces III: Matrixz coefficients and
reqular function, Mathematische Anallen 349 (2011), pp. 263-299.

[57] —, Principal series representations of infinite dimensional Lie groups, I1: Con-

struction of induced representations. In “Geometric Analysis and Integral Ge-
ometry,” Contemp. Math. 598, AMS 2013.

120



Vita

Matthew G. Dawson was born in 1990 in Denton, Texas. He finished his undergrad-
uate studies at Union University May 2008. In August 2008 he came to Louisiana
State University to pursue graduate studies in mathematics. He earned a Master
of Science degree in mathematics from Louisiana State University in May 2010.
He is currently a candidate for the degree of Doctor of Philosophy in mathematics,
which will be awarded in August 2014.

121



	Acknowledgments
	Abstract
	Introduction
	Notational Preliminaries

	A Brief Review of Harmonic Analysis and Representation Theory
	Unitary Representations
	Invariant Measures
	Homogeneous Spaces
	Gelfand-Naimark-Segal
	Smooth Vectors and Distribution Vectors
	Invariance and Harmonic Analysis on Homogeneous Spaces

	Finite-Dimensional Riemannian Symmetric Spaces
	Basic Definitions
	The Structure of Noncompact-Type Riemannian Symmetric Spaces
	More on the Killing Form

	The Horocycle Space
	Motivation from Euclidean Space
	Horocycles for Noncompact-Type Riemannian Symmetric Spaces
	Tangent Spaces of Horocycles and Geometry on the Symmetric Space
	Geometry on the Horocycle Space

	The Radon Transform for Riemannian Symmetric Spaces
	Spherical Representations and Gelfand Pairs
	Conical Representations
	Finite-Dimensional Representations and Weyl's Unitary Trick
	Finite-Dimensional Conical and Spherical Representations
	Applications to Harmonic Analysis

	Unitary Spherical and Conical Representations
	Applications to Harmonic Analysis


	Direct Limits of Groups and Symmetric Spaces
	Review of Direct Limits and Projective Limits
	Lie Algebras and Complexifications of Direct-Limit Groups
	Direct Systems of Riemannian Symmetric Spaces
	Propagated Direct Limits
	Admissible Direct Limits
	Admissiblility of Classical Direct Limits
	A General Strategy for Proving Admissibility
	Un = Ln Ln and Kn = diag Ln
	Rank(G/K) dima< 
	Rank(Gn / Kn) = Rank(Gn) for all nN
	Un / Kn = SU(2n)/S(SU(n) SU(n))
	Un / Kn = SO(2n)/(SO(n) SO(n))
	Un / Kn = Sp(2n)/(Sp(n) Sp(n))
	Un / Kn = SU(2n)/Sp(n)
	Un / Kn = SO(4n)/U(2n)
	Un / Kn = SO(2(2n+1))/U(2n+1)


	Representations of Direct-Limit Groups
	Direct Limits of Representations
	Smoothness and Local Finiteness
	Generalizing Weyl's Unitary Trick
	Highest-Weight Representations
	Spherical Representations for Lim-Compact Symmetric Spaces

	Conical Representations for Admissible Direct Limits
	Definition of Conical Representations
	Classification of Conical Representations
	Highest-Weight Supports of Conical Representations
	Smooth Conical Representations
	Disintegration of Conical Representations

	Closing Remarks and Further Research
	References to.44em.
	Vita

