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Abstract—This paper addresses the problem of consensus
tracking with fixed-time convergence, for leader-follower multi-
agent systems with double-integrator dynamics, where only a
subset of followers has access to the state of the leader. The
control scheme is divided into three steps. The first one is
dedicated to the estimation of the leader’s velocity by the subset
of agents with access to leader’s position. Then, the leader state
is estimated by each follower in a distributed way and in a
fixed-time. Finally, based on the estimate of the leader state,
each follower computes its control law to track the leader in a
fixed-time. The control strategy proposed in this paper ensures
a fixed-time convergence where the desired upper bound of the
settling-time of the tracking error is set a priory by the user with
one parameter. Thus, allowing the application for scenarios under
time constraints. Some numerical examples show the effectiveness
of the proposed consensus protocols.

Index Terms—Leader-follower consensus, Fixed-time conver-
gence, Multi-agent systems, Fixed-time observer.

I. INTRODUCTION

In the last years, the problems of coordination and control
of Multi-Agent System (MAS) have been widely studied (see
for instance [1]-[4]), due mainly to the ability of a MAS to
face complex tasks that a single agent is not able to handle.
Distributed control approaches applied to a MAS require a
communication network allowing to share information with a
subset of agents (neighbors). In this context, several interest-
ing problems and applications have been investigated in the
literature, for instance, synchronization of complex networks
[5], consensus [6] and formation control of multiple agents
[7]. Among all the mentioned problems, an interesting one is
the leader-follower consensus problem where a set of agents,
through local interaction, converges to the state of a leader,
even though the leader may not be accessible for all agents.

The consensus problem consists in reaching a common
agreement state by exchanging only local information [6], [8].
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Linear average consensus protocols with asymptotic conver-
gence were proposed in [6], [8]. It has been demonstrated
that the second smallest eigenvalue of the Laplacian graph
(i.e. the algebraic connectivity) determines the convergence
rate of the MAS. Furthermore, the problem of tracking a
reference by a MAS (i.e. leader-follower consensus problem)
has been investigated where the common agreement to reach
is the state of a reference imposed by a leader which evolves
independently of the MAS [9], [10]. However, in these works
the convergence is only asymptotic.

To improve the convergence rate of a MAS, finite-time
stability in consensus problems has been studied in [11].
However, the settling time is an unbounded function of the
initial conditions of the system. Therefore, the concept of
fixed-time stability has been introduced and applied to systems
with time constraints [12]. In this case, the settling time is
bounded by a constant which is independent of the initial
conditions of the system. In the literature, there are several
contributions on algorithms with fixed-time convergence, such
as state observers [13], multi-agent coordination [14], [15],
online differentiation algorithms [16], etc. In this paper, we
address the leader-follower consensus problem of a MAS
when the leader’s velocity is not available. Then, each agent
of the MAS tracks the trajectory of the leader using local
available information, and we provide the necessary conditions
to achieve the convergence in a fixed-time.

A Lyapunov differential inequality for an autonomous sys-
tem to exhibit fixed-time stability was presented in [12], [17].
Based on this methodology, the works [18], [19] address the
consensus tracking problem for high-order MAS, i.e., the MAS
follows a trajectory imposed by the leader. However, in all
these works, the UBST is not set as a design parameter and
cannot be easily tuned. Therefore, the design of fixed-time
leader-follower consensus algorithms where the UBST is set
explicitly as a parameter of the system, is of a great interest.

In the leader-follower consensus problem, the state of the



leader must be known by a subset of agents to track the
trajectory of the leader. However, if the state of the leader
is not available for the followers, the tracking cannot be done
correctly. In [20], [21], control schemes where only part of the
leader state is available (position) are presented, and the rest of
the state is estimated by a subset of followers. Then, the leader-
follower consensus is achieved with partial information of the
leader. Nevertheless, the convergence to the leader trajectory
is asymptotic.

In this paper, we present a methodology to achieve leader-
follower consensus with fixed-time convergence. It consists in
three steps. The first one estimates the leader’s velocity by
the subset of agents that has direct access to leader’s position
using a differentiator with fixed-time convergence. Then, the
second step estimates the leader states (position and velocity)
using a fixed-time observer that only requires the information
of the neighbors. Then, the third step computes the control
law to drive the followers to the estimated states in a fixed-
time. The convergence for the control strategy is in fixed-time,
where the UBST is established a priory by the user.

This work is structured as follows. Section II recalls some
definitions and results from graph theory, and preliminaries
on finite-time and fixed-time convergence are presented. In
Section III, the problem of consensus tracking with fixed-time
convergence is formulated. Section IV introduces the solution
proposed to solve the consensus tracking problem when the
leader’s velocity is not available. Numerical results using the
methodology proposed are presented in Section V. Finally, the
conclusions are presented in Section VI.

II. PRELIMINARIES

A. Graph theory

The following notation and preliminaries on graph theory
are taken mainly from [22].

A graph G consists of a vertex set V(G) and an edge set
£(G) where an edge is an unordered pair of distinct vertices
of G. Writing 7j denotes an edge, and j ~ ¢ denotes that
the vertex ¢ and vertex j are adjacent or neighbors, i.e., there
exists an edge 7j. The set of neighbors of vertex ¢ in the graph
G is represented by N;(G) = {j: ji € £(G)}.

A weighted graph includes a weight function W : £(G) —
R, on its edges. The adjacency matrix A = [a;;] € RV*N
of a graph with N vertices is a square matrix where a;;
corresponds to the weight of the edge ¢j, when ¢ is not
adjacent to j then a;; = 0. Through this work it is assumed
that a;; = aj;, i.e. only undirected and balanced graphs are
considered where 3 a;; = >_,aj;. The Laplacian matrix
of Gis L(G) = D — A where D = diag(dy,---,dy) with
di = Z;VZI Qjj.

A path from ¢ to j in a graph is a sequence of distinct
vertices starting with ¢ and ending with j such that consecutive
vertices are adjacent. If there is a path between any two
vertices of the graph G, then G is said to be connected,
otherwise it is said to be disconnected. If the graph G is
connected, then the eigenvalue A;(L(G)) = 0 has algebraic

multiplicity one with eigenvector 1 = [1 117, ie.
ker L(G) ={z:x1=... =z}

Let G be a weighted graph among all the agents (i.e. the
leader and the followers). Then, the communication matrix
between all the agents is represented by H(G) = L(G) + B,
where B = diag(b; ...by) € RV*N with b; > 0 when there
is an edge from the leader to the i-agent and L(G) is the
Laplacian matrix associated to the communication topology

of the followers.

Lemma 1. /23] Let G be the communication graph among
all the agents with the leader as the root. Then, matrix H (Q)
(or simple H when the graph is clear from the context) is
symmetric positive definite.

B. On finite-time and fixed-time stability

Consider the system
&= f(z;9), (D

where z € R" is the system state, the vector ¥ € R? stands for
parameters of system (1) which are assumed to be constant,
ie., 9 = 0. Furthermore, there is no limit for the number of
parameters, so b can take any value in the natural number set
N. The function f : R®™ — R™ is nonlinear and the origin
is assumed to be an equilibrium point of system (1), so that
f(0;9) =0.

Definition 1. [24] The origin of (1) is globally finite-time
stable if it is globally asymptotically stable and any solution
x(t; o) of (1) reaches the equilibrium point at some finite
time moment i.e. x(t;xg) = 0,Vt > T(x9) where T : R™ —
R4 U {0} is called the settling-time function.

z(0) = xo

Definition 2. [25] The origin of (1) is fixed-time stable if it is
globally finite-time stable and the settling function is bounded,
i.e., ITmax > 0: T(x0) < Thax, VTo € R™.

Theorem 1. [26] Consider the system

= —(alzl’ + Bla|’)sign(z), @(0)=z0 (@)

with x € R. The parameters of the system are the real numbers
«, B,p,q,k > 0 which satisfy the constraints kp < 1 and
kq > 1. Let ¥ = [a, B,p,q, k)T € R®. Then, the origin x =0
of system (2) is fixed-time stable and the settling time function
satisfies T'(xo) < Ty = (1), where

1-k k—1 1—kp
7(19) _ F (7q—pp) F (qq—p ) g q—p (3)
a'C(k)(g—p) \B ’
and T'(-) is the Gamma function defined as T'(z) =

Jo e tE .

Theorem 2. [26] Consider the system

x(0) =z 4)

where x € R™ is the system state, the vector p € R® stands
for the system parameters which are assumed to be constant.
The function f : R™ — R" is such that f(0;9) = 0. Assume

&= f(z;p),



that there exists a continuous radially unbounded function V :
R™ — R such that V(0) = 0 and V(z) > 0,Vz € R"\{0}
and the derivative of V' along the trajectories of (4) satisfies

V(z) <~ 2D (Vi@ + pv(z)0)*

(&

Vo € R™\ {0}

where a,3,p,q,k > 0, kp < 1, kq > 1, 7 is given in (3)
and V' is the upper right-hand time-derivative of V. Then, the
origin of (4) is predefined-time stable with predefined-time T..

Definition 3. For any real number r, the function z +— |x]"
is defined as |x|" = |x|"sign (z) for any x € R if r > 0, and
Sforany x € R\ 0 if r <0.

III. PROBLEM STATEMENT

Let us consider a group of N + 1 agents with one leader
and N followers labeled 0 and ¢ € {1,..., N}, respectively.
The dynamics of the leader is described by

i‘o(t) = Vo (t)
bo(t) = ’U,()(t)

where zg € R is the position of the leader, vy € R and up € R
are respectively the velocity and acceleration of the leader,
which is assumed to satisfy |ug(t)] < u{**,Vt > 0 with
ug'®* a known constant. The dynamics of the i—th follower
agent is given by:

i(t) = vi(t)
where z;(t) € R, v;(t) € R and u;(t) € R are the
position, velocity and control of the i—th follower agent, and
A; is an unknown external disturbance which is assumed
to satisfy |A;(¢)] < §,¥t > 0 with § a known constant.
Besides, each agent estimates the leader states, represented by
Z; (position) and v; (velocity). The communication topology
is represented by an undirected graph, which is assumed to
contain a spanning tree with the leader agent as the root. The
i—th agent shares its estimated states of the leader with its
neighbors, defined by the neighbor set N;.

The control objective is to design a distributed control u;
such that the consensus is achieved in a fixed-time 7, i.e.,

{ limy o, [Jzi(t) — 2o(t)[| = 0

xz(t) = Io(t), vt > T,.

To achieve this goal, the control scheme is the following.
Due that the leader velocity is not available, and only a subset
of agents has access to the leader position, a differentiator is
implemented in the subset of agents with access to the leader
position to estimate the velocity. Then, a distributed observer
is implemented in each agent to estimate the leader states.
Finally, after the observer converges, a controller drives the
agent’s states towards the leader’s trajectory.

IV. PROPOSED SOLUTION

To estimate the leader’s states in the i-th agent and when the
velocity is not available, we use the following predefined-time
exact differentiator.

Proposition 1. (predefined-time differentiator) [27] Let uqy be
the control input of the leader, which is assumed to satisfy
luo| < uf®™ and let

g1(w) = 4VL([w]? + k[w]?)

ga(w) = 2L(sign (w) + 4k>w + 3k* [ w]?)
where L = ui*" and k = 7% Then, choosing T, > 0 and
& > 0, and using the algorithm
4 = —o(t)(—aer + Bgr (B~ )) + 22 (6)
2 = —0(t)(A%e1 + Bga(B"er) — aBg1 (B 'er))
fort € [0, (1 — exp(—a))T.,) and
Z1=—gi(e1) + 22
2o = —go(e1)
for t > (1—exp(—a&))T.,; where e; = 21 — o, B = (&T,,)?
and 1
t) = ———
o(t) AT

Then, for all t > T, it holds that z1(t) = x¢ and z2(t) = vo.

Proof. This predefined-time differentiator can be obtained
with the redesign methodology proposed in [27] using [28]
as a base algorithm. O

Considering that the leader position is not available for all
followers, an observer is designed for each agent to estimate
the state of the leader in a fixed-time. The observer has the
following structure:

T =0; — Kig [(aler: " + Blex,i|) + ¢ sign (e1,;) (7)

b = — ki [(aleal? + Blez,i|)* + ¢u] sign (e2,)

with e1,; = szNi aij(icj — ii‘l) + bl(l‘o — i‘l) and e2; =
Zje/\&- a;;(0; — 0;) + bi(22 — &;), where &; (resp. 0;) is the
estimate of the leader position (resp. velocity) for the i-th
follower, and z is the estimated velocity of the leader from
(6). For each agent, let us denote the observer errors as

where v is estimated by (6) and v is unknown, which
is assumed to satisfy |0g| < w@*®, ¥t > 0 with u{’®® a
known constant and \dz2| < ui***. Thus, the observation error
dynamics can be expressed as:

Ty =10 — Ki [(aleril” + Bleri|D)* + (o] sign(er)  (®)
Uy = —Ki [(alez|P + Blea,i|)* + Co] sign (ea,;) — o
with €1, = ZJGN Qij (.Tj(t) .iy(t)) — bl.f]l(t)) and €2 =

> jen; @ij(05(t) — 0i(t)) — b;0;(t)). In a compact form, with



T=[F - iy)]T€eRY and ¥ = [0; - On]T € RV, the
system (8) can be written as:
I=10—®,(H%) )
v =—®, (H?) — 1
where 1 = [1,---,1]T € RN, H is defined as in Lemma 1,

and the function @, : RY — RY is defined as
K1e [(elyi]? + Blyr|DF + ¢ ] sign (1)
P, (y) = : :
kv [(alyn [P+ Blyn | + ¢ sign (yw)
and respectively for ®, : RN — RY,

Theorem 3. If the observer parameters are selected as
o, 8,p,q, k>0, kp <1, kq>1, ¢ >0,

Nv(9) Nv(9)

Ry Z y Ry 2 and Hq)CU 2 Ugmm
Amin(H)TOZ )‘min(H)TOI
where Ky = Minc(y. N} Kig and Ky, = Miljef1. N} Kiws

and () is defined in Equation (3), then under the distributed
observer (7), the observer error dynamics (8) is fixed-time
stable with a predefined-time T, = T,, + T,,.

Proof. Consider the radially unbounded Lyapunov function
candidate

Amin (H) 57 H7.

Its time-derivative along the trajectories of system (9), with
= H? = [e21 -+ e2.n]T, can be written as follows

Vuin (H) €3
N ViTHo
N
_ Vi (A) (‘Zmi,v le2.il [(afe2,il” + Blezi|*)*]

i=1

(=, (HD) — 1)

N
- Z Kiw|e2,i] G — 62T(1i)0)>
i=1 (10)

Now, for the last two terms of Equation (10), one can obtain

_Cvznzv|e2z

From [15], the first terms of (10) can be written as

e3 (100) < —llez]ls (koG — ug™™®) < 0.

N
1 k
——— ) ki leal [oleal” + Blea.l]
VoTHo =

2 Ky /\min (H) (avlp + ﬂvlq)k .

Therefore, the following inequality can be obtained
KJU)\min (H)
N

From Theorem 2, the observation error in velocity v con-
verges to the origin in a fixed-time before the predefined-time
T,, where v(1) is given by Equation (3).

Vi<-— (V" + 6V1q)k :

Once the observation error in velocity v converges to zero
(i.e. after time T, ), the observation error dynamics in position
can be reduced to

T = —Kig [(aler: P + Bleri|)* + ] sign (e1) .

Similarly to the previous analysis, one can easily show that

- 1 - -
Va(2) = N Amin (H) ZTHZE
satisfies
Yy~ a:)\min H
V(i) < —“T() (VP + BV Wt > T,

From Theorem 2, the observation error in position  con-
verges to the origin in a fixed-time before the predefined-time
T,,.

Therefore, the proposed distributed observer guarantees the
estimation of the leader position (x() and the estimated leader
velocity (z92) in a fixed-time before the predefined-time T, =
T,, + T,,. Moreover, when wy = 0, V¢t > T, and 2z =
% vt > T,, with T, < T,, the distributed observer with the
differentiator guarantee the estimation of the leader states. [

In a distributed way, each agent has an accurate estimation
of the leader state. Then, for each agent, the tracking errors
are defined as e;; = z; — xo and e,; = v; — Ug after the
convergence of the observation error. Then, its dynamics can
be expressed as:

€xi = Cui

év,i = U; + Ai-

Here, the objective is to design the control input u; such that
the origin (e i, €,,:) = (0,0) is fixed-time stable where the
UBST is set a priory by the user, in spite of the unknown but
bounded perturbation term A;. Then, the following controller
from [26] is implemented in each agent to achieve the leader
follower consensus.

Theorem 4. [26] If for each agent, the controller is selected
as

’ k'
Ui:_[;z (Oé2|02| +52\0¢\q) +

C2

72

T2

(a1 +3p1e2 ;) + Gi(t) (11)

sign (o)

with the following sliding variable

1/2
(041 Lexﬂl + 61 Lexﬂ?’)—‘ 5

(12)
where parameters are selected as o, s, (1, Ba, Tcl,TC2 > 0,
P, K >0 Kp <1, kK¢ > 1, § > ul + 0;, and the
functions 1,2 are taken from [26]. Then, the leader-follower
consensus is achieved in a predefined-time T = to —l—Tcl +T -

0; = €y q =+ \‘Lev_ﬂ 71
T2



Proof. Let us consider the candidate Lyapunov function
Vi(o;) = |o;| with its time derivative as Vi = sign (01) G4
Then from (12), the Lyapunov function derivative is rewritten,
using (11), as follows

Vi(o) < _;72 (a2V1(U)pl +52V1(0)q/)k

Cc2

From Theorem 2, one can deduce that o; converges to zero in
a fixed-time T,,. After time T2, one obtains

Y1 1z |
= €y,i = _T (Ozl |eac,i| + 61 |e;c,i|3> s1gn (ex,,») .

c1

[

From Theorem 1, it is clear that e, ; converges to zero in a
fixed-time before the settling time Tcl. Moreover, from (12),
since o; = 0 and e, ; = O, then ¢,; = 0. Hence, we can
conclude that system (5) with (11) as the control input, is
fixed-time stable with predefined-time Tcl + TC2. ]

V. SIMULATION RESULTS

In this section, we illustrate the application of the main
results of this paper, i.e., the differentiator and the proposed
observer with a control which provides fixed-time conver-
gence.

For the example, consider a multi-agent system composed
of N = 5 agents where the dynamics of each agent is given
by Equation (5). The communication topology is shown
in Fig. 1, which is an undirected graph and contains a
spanning tree with the leader as the root. For the leader, its
velocity (v,) is given by vy = —0.4cos(t) — 0.64sin(0.8¢)

with the initial conditions [x((0),v9(0)] = [0.8,—0.4]
and the perturbation for each follower is given by
A;(t) = sin(40¢+0.5¢). From Fig. 1, one gets

Amin(H) = 0.1392. The initial conditions of the follower
agents are as follows z(0) = [13.6,18.8,18.2,—0.50,12.0],

v(0) = [-14.3,-3.1,16.6,11.6,18.3], and the
initial conditions for the observer are set arbitrarily
as  #(0) = [27.2,37.6,36.4,—1,24], ©(0) =

[—28.6,—6.2,33.2,23.2,36.6]. In order to estimate the
leader velocity, the auxiliary system (6) from Proposition 1
is implemented in the set of agents with access to the leader
position, where & = 2.5 and 7., = 0.5. Fig. 2 shows the
states of the auxiliary system (6), where it is possible to see
that the auxiliary system (red line) reaches the leader states
(doted line) before the predefined-time 7¢,. Now, according
to Theorem 3, the distributed fixed-time observer (7) with
p=154¢g=30,k=05a=108=2,T, = 09s,
T,, = 0.1s, ky = 179.496, Kk, = 1794.9, ¢, = 0.1046 and
(y = 0.0161, guarantees that the observer error converges
to zero before the predefined-time 7, + 7,, = 1ls. In
order to follow the trajectory of the leader, the parameters
of the Theorem 4 are p = 15, ¢ = 3.0, ¥ = 0.5,
o =ap=1/8; =1/8y =1/4,T., = 1s and T, = 1s. Fig.
3 shows the leader states estimation of each agent (continuous
lines) and the leader states (doted line), where it can be seen
that the observer converges to the leader states before the
predefined-time T,. Finally, Fig. 4 shows the trajectories of

each agent, where each trajectory converges to the leader
trajectory in a fixed-time before the predefined time.

Fig. 1. Communication topology with 5 followers.

th

0.5 1 1.5 2 25 3
Time(s)

Fig. 2. Differentiation of the leader state
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Fig. 3. Leader states estimation for each agent

VI. CONCLUSIONS

In this paper, we present a novel protocol to solve the
problem of the leader-follower consensus, where only partial
information of the leader states is available. Then, from
available information, the rest of the states is estimated in
a predefined-time which is established a priory. Once the
leader state is available for a subset of followers, a distributed
observer estimates in a fixed-time the leader states. Finally, a
controller is proposed to drive the agents states to the estimated
states. The proposed protocol allows to establish a priory the
convergence time, which can be adjusted according to the
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Fig. 4. Trajectories for each agent

constraints of the system. Future work includes an observer
using only partial information of the neighbors when the
communication is limited.
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