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1 The tractrix

Consider an oriented curve I' with the following property: at each pt p € I'; the
distance to a fixed line along the positive direction of the tangent at p is a fixed
number ¢. Such a curve is called a tractriz.

Exercise 3.1.

(a) If the fixed line is the z-axis, then the tractrix is a graph of solution of

y' = —y/\/f2 — y2. Solve this eqn.

(b) Let the intersection with the z-axis of the tangent at p be (¢,0) and 6 the
angle it forms with the z-axis. Write an ODE for 6(t) and solve it. (Ans.
20" = cosb.)

(¢) Find the area under the tractrix. Can you find it without integrating one
of the formulas you found in previous items? (Ans. 7¢2/2).

(d) * The surface of revolution, obtained by rotating the tractrix about the fixed
line, has constant negative curvature —1/¢2.

(e) * Find the evolute of the tractrix. (Ans. The catenary: y = £cosh(x/().)

(f) ** Let ¢ be the pt on the tangent to I' at p, at a distance ¢ from p, in the
negative direction. The curve traced by ¢, as p moves along the tractrix I,
is called the Syntractrix, or Convict’s Curve. Find an explicit formula for
it and show that it is an elastic curve: the curvature at ¢ is proportional to
its y coordinate.

2 Bicycle tracks

A simple mathematical model for bicycle motion consists of a directed line seg-
ment in R? of length £ (the ‘bicycle frame’), with end pts b and f (the ‘back’
and ‘front’ wheels), moving so that

(1) its length is unchanged, |f(t) — b(¢)| = ¢ for all ¢, and

(2) the back end moves in the direction of the frame, ie b/(t) is parallel
f(t) — b(t) for all ¢ (possibly vanishes).




Condition (2) is called the no-skid condition. The pair of curves traced by
the front and back ends of the line segment are the bicycle front and back track
(resp.). The back track reduces to the tractrix when the front track is a straight
line.

Exercise 3.2. Here is an example of such a pair of curves. Can you tell which
is the front and which is the back track?

If the back track b(t) is given then clearly the front track is f(¢) = b(¢) +
b’ (t)/|b’(t)|, provided b’(¢) does not vanish. Suppose the front track f(¢) =
(x(t),y(t)) is given (and is smooth; f/(¢) is non-vanishing). Can we determine
the back track b(t)?

We will henceforth assume the front track is a regular curve, ie £’(¢) does not
vanish. From condition (1) we can write b(t) = f(¢) + ¢r(t), for some r(t) € S*,
ie r(t)] = 1 for all t. This takes care of condition (1). How about the no-skid
condition (condition (2))?

Proposition. Let b(t) = f(¢) + fr(t), where £(t) = (x(t),y(t)) and r(t) =
(cosO(t),sinb(t)). Then the no skid condition is equivalent to

00" = 2’ sin 0 — y' cos 0. (1)

The last equation is the bicycle equation.

Let us fix two points along the front track, say f(t),f(¢1). For each 6,
solving the bicycle eqn (1) with the initial condition (0) = 6y, defines a terminal
condition #; = 0(t1). This defines a map M : St — S1, e s i1,

Exercise 3.3. Show that M is a diffeomorphism (a smooth map with a smooth
inverse). Suggestion: use the basic existence and uniqueness theorem for solu-
tions of ODE.

Proposition. M is a Mébius transformation.

A reminder on Mobius transformations. This is a class of diffeomor-
phisms of S, forming a group (ie the composition of two such maps is also a
Mobius transformation, same for the inverse). They are also defined for S™,
n > 1, but here we are concerned only with S*.

Consider a 2 by 2 invertible real matrix g € GLy(R),

a b
g—(c d)’ ad —be # 0.

It maps each 1-dimensional subspace of R? (a line through the origin) to the
same kind of object, so g acts on RP!, the space of 1-dimensional subspaces of
R?, the projectivization of the linear action on R%. We assign to a line through
the origin in the xy plane, distinct from the z-axis, the z-coordinate of the
intersection pt with the line y = 1.




Exercise 3.4. Show that with this coordinate on RP!, the projectivization of

g acts by
ar+b

cx+d

We can also identify RP' with S' = {z € C | |z| = 1}, by assigning to a line
through the origin the point z = w? € S, where +w € S! are the intersection
pts of the line with S*.

Exercise 3.5. Let z = ¢'?. Express the z coordinate on RP' in terms of 6.
(Ans. = cot(6/2).)

Exercise 3.6. Write the projectivized action of GLa(R) in the coordinate z.

Note that the action of GLy(R) on RP' is not effective: the non-zero scalar
multiples of the identity matrix act trivially on RP!. The quotient group is the
projective, or Mébius group, PGL2(R) := GLg(R)/R*Id.

Exercise 3.7.

(a) The action of PGLy(R) on RP' is triply transitive: for every two triples of
distinct pts, p;, q; € RP', i = 1,2, 3, there is a g € GLy(R) mapping the 1st
triple to the 2nd.

(b) Furthermore, g is unique up to multiplication of a non-zero scalar; ie, [g] €
PGL2(R) is unique.

(c) The PGLy(R)-action on RP! preserves the cross ratio:

(z1 — 23) (T2 — 74)
(21 — 24) (22 — 23)

[xla 132,133,:64] =

(d)* A diffeomorphism of S' which preserves the cross ratio is a Mobius trans-
formation.

(e) Every Mobius transformation is a composition of a dilation, x — ax, a # 0,
a translation, x — x + b, and inversion, v — —1/x.

Proposition. A non-trivial Mobius transformation [g] € PGLa(R) may have
0,1, or 2 fized points in S'. If det(g) = 1 then there are 0,1, or 2 fized points
according to |tr(g)| < 2, =2 or > 2 (resp.).

Proof. The equation g-x = x is quadratic in x. Its discriminant is tr(g)? —4. O

Definition. A Mobius tranformation is called elliptic, parabolic or hyperbolic
according to having 0, 1 or 2 fixed points (resp.). The identity transformation
is considered parabolic.

Exercise 3.8. A Mobius transformation is elliptic iff it is conjugate to a ro-
tation, 8 — 0 + 0y, 0 & 277Z; it is parabolic iff it is conjugate to a translation,

-



T — x + xg; it is hyperbolic if it is conjugate to a dilation, x — Az, A # 0, 1.
The corresponding matrices are

costly —sinby 1 x A0
sin 6y cosby |’ o 1) 0o 1/x )’
Now given 4 functions a(t), b(t), ¢(t), d(t), consider the linear system of ODE,

x = A(t)x, (2)

where
x1(¢) a(t) b(t)
x(t) = At =
5(t) c(t) d(t)
Let g(t) € GL2(R) be the fundamental system of solutions of (2), that is,
the 1st and 2nd columns are the solutions satisfying x(0) = (1,0)* (1st column),
x(0) = (0,1)" (2nd column). In other words, g(0) = Id and g = A(t)g.

Exercise 3.9. If tr(A(t)) = a(t) + d(¢) = 0, then det(g(t)) = 1.
Proposition. Let x(t) = (z1(t),z2(t))" be a solution of (2). Then p(t) =

x2(t)/x1(t) is a solution of

p=c+(d—a)p—1bp® (3)

The last type of eqn is called a Ricatti equation. It is the vector field induced
on RP' by the linear system (2).

Exercise 3.10. Write down the ODE on RP' satisfied by 6(t), corresponding
to the linear system (2). (Suggestion. Make the change of variable p = tan(6/2)
in eqn (3).)

Now given a front track f(t) = (z(¢),y(t)), let
R0

A(t) == —=—
20\ ey —2(0).

Exercise 3.11. Show that the Ricatti eqn on RP! corresponding to this last
A(t), in the coordinate 6, is the bicycle eqn. This proves that the bicycle mon-
odromy is a Mobius transformation.

2.1 The Menzin conjecture

We consider a closed front track, bicycle length ¢ and the resulting bicycle Mon-
odromy M = M(¢) (a Mébius transformation). We are looking for a condition
on the front track that implies hyperbolic monodromy. This is the subject of the
Menzin conjecture (1906), proved in 2009 by Mark Levy and Sergei Tabachnikov.



Theorem. If the front track is a smooth closed convexr curve enclosing area
A > ml? then the associated bicycle monodromy M is hyperbolic.

The proof of this theorem can be found here.

There is a sort of converse to the Menzin conjecture. A necessary geometric
condition for the monodromy to be hyperbolic.

Theorem. If the front track is a smooth closed conver curve and the bicycle
monodromy is hyperbolic then the length of the front track is at most 2wl.

The proof of this theorem can be found here.


https://projecteuclid.org/journalArticle/Download?urlId=em%2F1259158427
https://arxiv.org/pdf/2412.18676
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