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Number of faces of simple polytopes

P polytope of dimension d ,
fi number of faces of dimension i ,
F (x) =

∑
i fi x i ,

H(x) =
∑

i hi x i := F (x − 1).

P F (x) H(x)

4 + 6x + 4x2 + x3 1 + x + x2 + x3

8 + 12x + 6x2 + x3 1 + 3x + 3x2 + x3

10 + 15x + 7x2 + x3 1 + 4x + 4x2 + x3
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Theorem (Stanley 80)
If P is a simple polytope of dimension d then

hi > 0,
hi = hd−i ,
h0 6 h1 6 · · · 6 hbd/2c.

Idea of the proof: The h-vector corresponds to the Betti numbers of some
smooth projective complex variety ΣP associated to P. Classical Hodge
theory then implies the above properties.

Theorem (Stanley 87, Karu 04)
Extension to non-simple polytopes.
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Other similar results

h-vector of rational non-simple polytopes (Stanley 87)
h-vector of any polytope (Karu 02)
g-theorem for simplicial d-spheres (Adiprasito 18)
coefficients of characteristic (chromatic) polynomials for matroids
over C (Huh 12) + number of independent sets (Lenz 12)
idem over any field (Huh, Katz 12)
idem for any matroid (Adiprasito, Huh, Katz 18)
Kazhdan-Lusztig polynomial of a matroid (Elias, Proudfoot,
Wakefield 16)
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HR

H0,0

H1,0 H0,1

H2,0 H1,1 H0,2

Hn,0 H0,n

Hn,n−1 Hn−1,n

Hn,n

conj

`•
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Hints for the existence of a combinatorial Hodge theory
Theorem (Itenberg, Katzarkov, Mikhalkin, Zharkov 19 (08))
Let X ⊂ TPn be the tropical limit of a family of projective complex
varieties X. If X is smooth then

htrop
p,q (X ) = hp,q(Xt)

where Xt is any generic fiber of the family.

Theorem (Jell, Shaw, Smacka 15)
If X is a smooth compact tropical variety of dimension d, then

Hp,q
trop(X ) ' Hd−p,d−q

trop (X ).

Theorem (Adiprasito, Huh, Katz 18)
Let Σ be the Bergman fan associated to a matroid. Then the Chow ring of
Σ verifies HR.
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The main theorem

Theorem (Amini, P. 20)
Let X be a smooth projective tropical variety. Then H•,•trop(X ) verifies HR.

Moreover, the monodromy operator N induces an isomorphism
Hp,q

trop(X ) ' Hq,p
trop(X ).

H0,0

H1,0 H0,1

H2,0 H1,1 H0,2

Hn,0 H0,n

Hn,n−1Hn−1,n

Hn,n

conj

`•
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Degenerescence of a family of varieties
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The Hodge conjecture

Conjecture
Let X be a smooth projective complex variety. Then, for any p, any
element of Hdgp(X ) = Hp,p(X ) ∩ H2p(X ,Q) is given by some complex
subvarieties with rational coefficients.

Theorem (Lefschetz)
This is true for p = 1.
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Tropicalization of the Hodge conjecture
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The tropical Hodge conjecture
Conjecture
Let X be a smooth projective tropical variety. Then, for any p, any
element of Hp,p

trop(X ,Q) in the kernel of the monodromy are given by some
tropical subvarieties with rational coefficients.

Theorem (Jell, Rau, Shaw (17))
This is true for p = 1.

Theorem (Adiprasito, Huh, Katz (19), Amini, P. (21?))
This is true for Bergman fans (i.e., locally).

Theorem (Amini, P. (20?))
This is true for any p if the tropical variety is rationally triangulable.

Matthieu PIQUEREZ (Ecole polytechnique) Tropical Hodge Theory and the tropical Hodge conjectureDecember 14, 2020 15 / 42



The tropical Hodge conjecture
Conjecture
Let X be a smooth projective tropical variety. Then, for any p, any
element of Hp,p

trop(X ,Q) in the kernel of the monodromy are given by some
tropical subvarieties with rational coefficients.

Theorem (Jell, Rau, Shaw (17))
This is true for p = 1.

Theorem (Adiprasito, Huh, Katz (19), Amini, P. (21?))
This is true for Bergman fans (i.e., locally).

Theorem (Amini, P. (20?))
This is true for any p if the tropical variety is rationally triangulable.

Matthieu PIQUEREZ (Ecole polytechnique) Tropical Hodge Theory and the tropical Hodge conjectureDecember 14, 2020 15 / 42



The tropical Hodge conjecture
Conjecture
Let X be a smooth projective tropical variety. Then, for any p, any
element of Hp,p

trop(X ,Q) in the kernel of the monodromy are given by some
tropical subvarieties with rational coefficients.

Theorem (Jell, Rau, Shaw (17))
This is true for p = 1.

Theorem (Adiprasito, Huh, Katz (19), Amini, P. (21?))
This is true for Bergman fans (i.e., locally).

Theorem (Amini, P. (20?))
This is true for any p if the tropical variety is rationally triangulable.

Matthieu PIQUEREZ (Ecole polytechnique) Tropical Hodge Theory and the tropical Hodge conjectureDecember 14, 2020 15 / 42



The tropical Hodge conjecture
Conjecture
Let X be a smooth projective tropical variety. Then, for any p, any
element of Hp,p

trop(X ,Q) in the kernel of the monodromy are given by some
tropical subvarieties with rational coefficients.

Theorem (Jell, Rau, Shaw (17))
This is true for p = 1.

Theorem (Adiprasito, Huh, Katz (19), Amini, P. (21?))
This is true for Bergman fans (i.e., locally).

Theorem (Amini, P. (20?))
This is true for any p if the tropical variety is rationally triangulable.

Matthieu PIQUEREZ (Ecole polytechnique) Tropical Hodge Theory and the tropical Hodge conjectureDecember 14, 2020 15 / 42



Classical Hodge theory
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Dolbeault cohomology
Let X be a projective (compact) smooth complex variety of complex
dimension d .

H0 H1 H2 · · · H2d−1 H2d .

Betti numbers: hk = dim(Hk).

z1, . . . , zd , z1, . . . , zd local holomorphic and anti-holomorphic
coordinates.
dz1, . . . ,dzd corresponding forms.
Let Ωp,q be the set of (p, q)-forms, i.e., locally

f (z)dzi1 ∧ · · · ∧ dzip ∧ dz j1 ∧ · · · ∧ dz jq .

d = ∂ + ∂ ∂2 = ∂
2 = 0

Hp,q(X ) =
ker
(
∂ : Ωp,q → Ωp,q+1)

Im
(
∂ : Ωp,q−1 → Ωp,q) .
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Dolbeault cohomology

∧ : Hp,q × Hp′,q′ → Hp+p′,q+q′ .

Hp,q(X ) = Hq,p(X ).

Hk(X ) =
⊕

p+q=k
Hp,q(X ).

If α ∈ Ωp,q(X ) and β ∈ Ωd−q,d−p(X ) then

〈α, β〉 = κ

∫
X
α ∧ β.

It induces a perfect pairing Hp,q(X )× Hd−q,d−p(X )→ C. Hence,
Hp,q(X ) ' (Hd−q,d−p(X ))?.

Hk(X ) ' H2d−k(X )?.

In particular (h2k)k is symmetric.
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Kälher form and the hard Lefschetz theorem

There exists a Lefschetz operator ` ∈ H1,1(X ), i.e., an element such that
Hp,q(X ) ∼−→

`d−q−p
Hd−q,d−p(X ).

H0 H2 H4

· · ·

H2dH2d−2

In particular, (h2k)k is unimodal.

Matthieu PIQUEREZ (Ecole polytechnique) Tropical Hodge Theory and the tropical Hodge conjectureDecember 14, 2020 19 / 42



Hodge-Riemann bilinear relations

We get a quadratic form
α ∈ Hp,q 7→ 〈α, `d−p−qα〉.

The signature of this form is entirely described by the (hp,q).
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HR

H0,0

H1,0 H0,1

H2,0 H1,1 H0,2

Hn,0 H0,n

Hn,n−1 Hn−1,n

Hn,n

conj

`•
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The cycle class map

If Z is a complex subvariety of X of complex codimension p. We get a map

α ∈ Ωd−p+k,d−p−k 7→
∫

Z
i∗(α).

This is zero unless k = 0. Hence Z can be seen as an element of
(Ωd−p,d−p)?. Indeed, we get the cycle class map on the cohomology

Z 7→ cl(Z ) ∈ Hp,p(X ) ' Hd−p,d−p(X )?.

Moreover, cl(Z ) ∈ H2p(X ,Z).

Conjecture (Hodge conjecture)
Any element of Hdgp = Hp,p(X ) ∩ H2p(X ,Q) is the class of a
combination with rational coefficients of complex subvarieties.
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Tropical Hodge theory
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What do we need?

Tropical variety.
Compactification.
Projectivity.
Smoothness.
(p, q)-forms and differential.
Integration.
Tropical subvariety.
Complex conjugation?
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Tropicalization

X ⊂ Cd  lim
t→0

(
logt(|z1|), . . . , logt(|zd |)

)
.
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Tropicalization

X ⊂ Cd  lim
t→0

(
logt(|z1|), . . . , logt(|zd |)

)
.

z1 − 2z2 − 1 = 0

from wikimedia CC BY-SA 3.0 (Oleg Alexandrov, Zerodamage)
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Tropicalization

X ⊂ Cd ×∆∗  lim
t→0

(
logt(|z1|), . . . , logt(|zd |)

)
.

t100z3
1 + t100z3

2 + t3z2
1 z2 + t3z1z2

2 + t10z2
1 + t10z2

2 + z1z2 + z1 + z2 + 1 = 0

from wikimedia CC BY-SA 3.0 (Oleg Alexandrov, Zerodamage)
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Tropical variety
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Compactification and projectivity
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Tropical variety

Let N ' Zn be a lattice and let NR = N ⊗ R ' Rn.

Definition
A tropical variety of dimension d is (the support of) some polyhedral
complex:

rational,
of pure dimension d ,
with some weight w(σ) on each facet (in this talk w ≡ 1),
verifying the balancing condition,
one can replace σ = R+u1 + · · ·+ R+uk by σ = T+u1 + · · ·+ T+uk
where T+ = R+ ∪ {+∞}.
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Tropical smoothness
A tropical variety is smooth if it is locally of the form Σ× Tk where Σ is a
Bergman fan.
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Tropical smoothness
A tropical variety is smooth if it is locally of the form Σ× Tk where Σ is a
Bergman fan.

Σ is (a generalization of) the tropicalization of a complement of
hyperplane arrangement,
can be constructed from the whole space by simple transformations,
many possible ways to compactify/combine,
cohomology of the compactifications can be described combinatorially,
this cohomology is of Tate type (Hp,q = 0 if p 6= q),
this cohomology verifies HR (Adiprasito-Huh-Katz 19).
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What do we need?

Tropical variety. X
Compactification. X
Projectivity. X
Smoothness. X
(p, q)-forms and differential.
Integration.
Tropical subvariety.
Complex conjugation?
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Tropical (p, q)-form

X tropical variety of
dimension d .

On a facet x1, . . . , xd
coordinates.
Dual form d′x1, . . . ,d′xd .
Dual form d′′x1, . . . ,d′′xd .
d′x1 ∧ d′′x1 6= 0
α = π∗(α∞) in a
neighborhood of infinity
strata.
We can differentiate by d′′.
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Tropical cohomology

Hp,q
trop(X ) =

ker
(
d′′ : Ωp,q

trop → Ωp,q+1
trop

)
Im
(
d′′ : Ωp,q−1

trop → Ωp,q
trop

)
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Integration
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Tropical subvarieties and Minkowski weights
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The main results

Theorem (Amini, P. 20)
Let X be a smooth projective tropical variety. Then H•,•trop(X ) verifies HR.

Moreover, the monodromy operator N induces an isomorphism
Hp,q

trop(X ) ' Hq,p
trop(X ).

H0,0

H1,0 H0,1

H2,0 H1,1 H0,2

Hn,0 H0,n

Hn,n−1Hn−1,n

Hn,n

conj

`•
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The main results

Theorem (Amini, P. 20)
Let X be a rationally triangulable smooth projective tropical variety. Then
any element in ker

(
N : Hp,p

trop(X ,Q)→ Hp−1,p+1
trop (X ,Q)

)
is a rational

combination of elements of the form cl(Z ) for some tropical subvarieties Z .
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Asymptotic Hodge theory and tropical
limit
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Recall

Theorem (Itenberg, Katzarkov, Mikhalkin, Zharkov 19 (08))
Let X ⊂ TPn be the tropical limit of a family of projective complex
varieties X. If X is smooth then

htrop
p,q (X ) = hp,q(Xt)

where Xt is any generic fiber of the family.

X ⊂ Cd ×∆∗  lim
t→0

(
logt(|z1|), . . . , logt(|zd |)

)
.

t100x3 + t100y3 + t3x2y + t3xy2 + t10x2 + t10y2 + txy + x + y + 1 = 0
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Degenerescence of a family of varieties
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Clemens-Schmidt exact sequence

Classical Clemens-Schmidt exact sequence:

· · · → Hk(X )→ Hk(X̃ ∗) N−→ Hk(X̃ ∗)→ Hk+2(X ,X ∗)→ Hk+2(X )→ · · · ,

Tropical analog:

· · · → Hk
s (X )→ Hk(X ) N−→ Hk(X )→ Hk+2

rel (X )→ Hk+2
s (X )→ · · ·
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Hk
s (X ) and construction of the cycle
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Conclusion

We have a tropical Hodge theory.
Tropical Hodge conjecture is a way to test (to prove?) classical
Hodge conjecture.
Tropical theory is a very interesting tool in both asymptotic Hodge
theory and in combinatorics.
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