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ABSTRACT

We give a biset-functor theoretic interpretation of the stable homotopy of p-completed
classifying spaces of finite groups. In particular, thanks to previous work of Ragnarsson
on the subject, we are able to improve some classical results by Martino-Priddy and Webb
regarding the complete stable splitting of BG,. We use these improvements to approach
the stable Martino-Priddy conjecture and get a better understanding of the problem. On the
way, we give a partial answer to a question by O’Hare in his PhD thesis. Subsequently, we
aim to generalize our results to saturated fusion systems. This is achieved by introducing
the concept of biset functors for saturated fusion systems and exploiting the concept of the
characteristic idempotent of a saturated fusion system. More precisely, we give a formula
for the evaluation of global Mackey functors for saturated fusion systems, inspired by Webb.
Then, this formula is used to show our main result, which involves the stable homotopy type
of classifying spaces of saturated fusion systems.
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INTRODUCTION

I LOCALIZATION IN ALGEBRA AND TOPOLOGY

Homotopy theory and representation theory have a long-standing history of fruitful inter-
actions. For instance, group cohomology, which has proven to be a powerful tool in the
progress of group theory (e.g. Schur-Zassenhaus theorem), class field theory (e.g. Tate
theorem), among other areas; can be approached in algebraic topology via the classifying
space of a group: asking a question on H*(G; M) is the same as asking a question on the
twisted cohomology H*(BG; M) (see Section 1.2).

In fact, several results in group cohomology (and broadly speaking, in group representation
theory) were first proven homotopically (e.g. Glauberman’s Z* theorem for odd primes,
Mislin’s theorem on control of p-fusion). Some of them, only have homotopical proofs so far
(e.g. the Carlsson-Thévenaz conjecture).

Now, in homotopy theory, the global structure of a space (or a spectrum) X can be hard
to deal with, hence we can instead study X locally via its rationalization Xq and its p-
completions X3, with the hope that we can recover X from these "pieces". In particular,
if X = BG, the classifying space of a finite group G, its rationalization does not offer any
information, since BGg =~ *. Thus, it suffices to study BG "one prime at a time".

Actually, not all primes p are relevant to approach BG, but only those that divide the order
of G, since BGy ~ * otherwise (see comments below Proposition 1.5.5). Now, fixing a prime
p, the p-completion is intended to isolate the homotopy p-local data of a space. At this point,
given the parallelisms between G and BG outlined above, it is natural to expect that the
homotopy data of BG) corresponds with certain p-local structure of G. This is the goal of
the Martino-Priddy conjecture.

2 THE MARTINO-PRIDDY CONJECTURE AND ITS GENERALIZATION

The Martino-Priddy conjecture (Theorem 1.7.7) says that given a finite group G, we can
recover BGp up to unstable homotopy equivalence, from the p-fusion of G, up to fusion-
preserving isomorphism, and conversely. In more categorical words (see Section 4.1), there
exists a completely algebraic object (i.e. the fusion system Fg(G)) that determines and is
essentially determined, by the unstable homotopy type of BGy,. This was stated as a theorem
by Martino-Priddy in [35], but their proof contained an error. An actual proof was achieved
by Oliver in [48, 47]. For the proof, he used the fact that F5(G) suffices to construct a
category L;(G), the centric linking system of Fs(G), such that its geometric realization,
once p-completed, is homotopy equivalent to BG), [17].
To summarize, the discussion above can be illustrated in the following figure:
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The Martino-Priddy conjecture was later generalized for p-local finite groups [18]. A p-local
finite group is a pair G = (F, L), where F is a saturated fusion system over a finite p-group
and L, the centric linking system of F, is a category constructed from the JF-centric subgroups
of S. The space | L]}, is known as the classifying space of G (see the introduction of Section
4.1). Later, Chermak [21] proved that £ is determined by F, so we can simply speak of the
classifying space of F, denoted by BF.

The problem that motivates this thesis is an analogue of the Martino-Priddy conjecture
in stable homotopy theory, whose origin dates back to Martino-Priddy too [34], and its
generalization to saturated fusion systems. In this context, our interest lies in the homotopy
type of the p-completed classifying spectrum BGy = X*°BGy, and more generally, of
the classifying spectrum BJF := X*°BF (see Section 4.5). The following two sections are
intended to outline a preamble for such a problem.

3 THE SEGAL CONJECTURE AND THE STABLE HOMOTOPY OF BGF/’\

The Segal conjecture, proved by Carlsson [19], led to several consequences. One of them is
that there is an isomorphism

z,B9(S,5) = [BS, BS], (3.1)

where S is a finite p-group, [BS, BS] is the ring of homotopy classes of self-maps of
BS :=2*°BS, and Z;@E <(S, S) is the reduced double Burnside ring of S, with coefficients
in Z@ (see comments below Theorem 3.2.3).

By isomorphism (3.1), the full subcategory S of the homotopy category of spectra, with
objects the stable summands of some BS, where S is a finite p-group, is a Krull-Schmidt
category. Therefore, any stable summand X of BS can uniquely be decomposed as a finite
wedge sum of indecomposable summands, 1.e.

X~ \/ XV, (3.2)
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for some n; > 0, where X; runs over representatives of all homotopy types of indecomposable
stable summands of BS. The splitting above is called complete. In particular, BGy is a stable
summand of BS, hence it has a complete stable splitting:

BG) = \/ X% (3.3)

Historically, a first progress to understanding the homotopy type of BGy was given by
Nishida [44]: given two finite groups G, H, a necessary condition for them to have homotopy
equivalent p-completed classifying spectra is to have isomorphic Sylow p -subgroups. With-
out loss of generality, we can assume that G, H contain a common Sylow p-subgroup S. By
splitting (3.3), this amounts to having

n;(G) =n;(H), for all i.

Priddy [51, 52], and later Benson-Feshbach [5] and Martino-Priddy [33, 34] worked on
determining 7;(G) in terms of a certain p-local structure of G. Their work partly motivated
the notion of biset functors.

4 THE POINT OF VIEW OF BISET FUNCTORS

The indecomposable stable summands of BS are parametrized by pairs (Q, V'), where Q is
a subgroup of S and V is a simple IF,Out(Q)-module. This was first observed by Nishida
[44]. In particular, we can write

Xi = XQ,V and Tli(G) = I/lle(G),

for such a pair (Q, V).

Biset functors (e.g. inflation functors, global Mackey functors) were formally introduced
by Bouc [7, 8] in a successful attempt to unify previous work of Webb, Symonds, Miller, etc.
They are linear functors from an admissible Burnside category to the category of R-modules,
for some commutative ring with identity R (see Section 2.3). This notion is closely related
to those of Mackey functors for a (fixed) finite group G, a fundamental tool in equivariant
stable homotopy theory. In particular, inflation functors provided a suitable framework to
study the computation of ng (G) in purely algebraic terms, Webb [70] observed this and
reproved the main results in [5] and [33], under this approach.

Biset functors have up to five operations: restriction, induction, isogation, inflation and
deflation, depending on the admissible Burnside category chosen (see Definition 2.2.15).
Note that the first two operations are also present in the structure of Mackey functors for a
finite group. In essence, biset functors are intended to associate an abelian group, module,
ring, etc. to any finite group, in a compatible way. Two of the most representative examples
are the group cohomology functor (see Example 2.3.6) and the representation ring functor
(see Example 2.3.7).

Each category of biset functors has simple objects and the isomorphism classes of such
objects are parametrized by pairs (Q, V'), which in this context are called seeds (see Definition
2.1.9), in a similar way to the indecomposable stable summands above. Finding ng v (G)

above amounts to finding the dimension of ‘55 V(G), the evaluation of 85 v at G, where
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S > v is the simple inflation functor associated to (Q, V') (see Convention 2.3.3 and Section
2. 4) This problem has been treated for different kinds of biset functors and has been subject
of deep interest until now, see for instance [10, 12, 63].

5 MAIN RESULTS

This thesis concerns first a progress in the understanding of BGy, through the eyes of
biset functors, much in the spirit of Webb [70]. Then we introduce generalizations for
saturated fusion systems. In particular, by exploiting a version of the Segal conjecture due to
Ragnarsson [57], we are able to interpret the problem of characterizing the homotopy type of
p-complete classifying spectra as an isomorphism problem in algebra, in the following sense:

BG) ~ BHj) if and only if G = H in IF,B"?,

where IF, B P is the p-local right-free Burnside category with coefficients in IF), (see Remark
3.4.8). From this point of view, we refine an implication in the stable Martino-Priddy
conjecture [34, Theorem 1] (see Theorem 3.3.5) by showing the following result, where
we instead use the the p-local bifree Burnside category with coefficients in IFj, denoted by
]FPBAP (see Definition 3.4.2).

Proposition (Proposition 3.4.9). Let G, H be finite groups. Then G = H in ]FPBAP if
F, Cen(Q,G) 2IF, Cen(Q, H) as IF,Out(Q)-modules, for every finite p-group Q, where
Cen(Q,G) ={[f] €Rep(Q,G) | f is injective with p-centric image}.

In fact, the converse should hold by [34, Theorem 1], as discussed in Section 3.6. However,
we have an observation on the proof of [34, Theorem 1]. To be more precise, a subtle
argument is not clear, see Section 3.5 for a detailed account. In consequence, we find it
convenient to give an independent proof of the equivalence in Theorem 3.5.5.

Along the way of proving the above proposition, we introduce in Section 3.4 the "p-
localized" representable functors

F,B%(G,-) and F,B (G, -),

and then study their properties.
In particular, we use the characterization of cohomological simple biset functors with
values in Mod]pp (see Proposition 2.4.25) to give a proof of the following proposition.

Proposition (Proposition 3.4.14). Let G be a finite group with S a Sylow p-subgroup. Then

FpBPP(G,-)= @ (PG,)"er(@),
Qv 7

where (Q, V') runs over the isomorphism classes of seeds with Q isomorphic to a subgroup
of S, Pq v is the projective cover of Sq v and

dimp,S5,(G)
dimp, Endg, out(0) (V)

nov(G) =
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An analogous result holds for ]FPBAP (G, -). The following corollaries would be immediate
consequences of the discussed above, if [34, Proposition 4.5] holds.

Corollary (Corollary 3.5.9). Let R = Z}, or [F). Then RB “v has the same isomorphism
classes as RB2.

This would answer affirmatively a (reformulated) question by O’Hare [46] in his Ph.D.
thesis. The other corollary relates the evaluations of simple inflation functors S 5 v(G) with

those of simple global Mackey functors Sé’V(G).

Corollary (Corollary 3.6.1). Let G, H be finite groups. The following are equivalent:
(1) SEV(G) = SQD’V(H)for every finite p-group Q.

(2) Sé,V(G) > Sé,V(H) for every finite p-group Q.

The intricacy of inflation functors with respect to global Mackey functors makes this
corollary a bit surprising. Indeed, the inflation operation is present in inflation functors, while
global Mackey functors lack this operation, thus becoming easier to handle (see comments
below Convention 2.3.3).

Chapter 4 starts with a review of the theory of fusion systems, then we exploit the properties
of wr, the characteristic idempotent of a saturated fusion system F (see Section 4.4), in
order to naturally adapt classical results for finite groups and our previous results, in this new
context. Indeed, we have the following result, inspired by [70, Proposition 5.1].

Proposition (Proposition 4.6.7). The inflation functor RBY (-, F) satisfies the following
properties:

(1) RBY (-, F) is projective.

(2) Hom (RBY(~, F), M) = M(F).

Fun(RBY ,Modg)
(3) RBY (-, F) is generated by its value at S.
From this, we infer the following proposition adapting our above proposition.
Proposition (Proposition 4.6.8). Let R be Z@ or Fy. Then
RBY (-, F)= @ PR/
(QV)

with Q < S, where
dim Sle(f)

nov(¥) = 4— Endrout(g)(V)’

and dimensions are taken over ]Fp.

This can be interpreted in terms of a complete stable splitting of BJF, in the sense of
Benson-Feshbach [5] and Martino-Priddy [33]. In fact, this result can be viewed as a
generalization of Proposition 3.4.14 displayed above, since

F,BY (-, F5(G)) = F,BIP(~,G) and Sy (Fs(G)) = So.v(G) for all (Q, V).
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However, IF,BY (-, F5(G)) and Sg v (Fs(G)) are quite less explicit than ]FPB<] P(-,G)
and Sq v (G), respectively. After all, the tools employed in each proof differ reasonably.

In Section 4.7, we introduce the notion of biset functors for fusion systems, where we have
again that the simple biset functors can be parametrized by seeds (Q, V).

Inspired by [70, Theorem 2.6], we achieve a friendly formula for global Mackey functors
evaluated at a fusion system F.

Theorem (Theorem 4.7.4). Sé v(F) = P WL (EV), where the direct sum runs over F-fully
’ L

normalized L < S isomorphic to Q, taken up to F-conjugation, and Wy, = k( Z 0')
oeOut (L)
for some k € IF,.

Finally, the above theorem gives us the recipe to show the following result.

Theorem (Theorem 4.7.15). Let F1,F> be saturated fusion systems. The following are
equivalent.

(1) F,Cen(Q, F1) 2 F,Cen(Q, F2) as F,0ut(Q)-modules, for every finite p-group Q
(2) F1 2 F,inF,BA.

This brings an immediate application: the following result provides a sufficient algebraic
condition for two classifying spectra of fusion systems to be equivalent.

Corollary (Corollary 4.7.17). If F, Cen(Q, 1) 2 IF, Cen(Q, F2) as IF,0ut(Q)-modules,
for every finite p-group Q, then BF; ~ BJF,.

6 FURTHER DIRECTIONS

We would like to completely reprove [34, Theorem 1], which we call the stable Martino-
Priddy conjecture. A good progress towards this goal was achieved in this thesis. This could
help us to understand more generally a likely classification of the homotopy type of BF in
purely algebraic terms. This is displayed in the following conjecture.

Conjecture. Let F1, F;, be saturated fusion systems. The following are equivalent:
() FpInj(Q, F1) 2 F,Inj(Q, F2) as F,Out(Q)-modules, for every finite p-group Q.
(2) F,Cen(Q, 1) 2 FpCen(Q, F2) as F,0ut(Q)-modules, for every finite p-group Q.
3) BF, ~ BF,.

The equivalence between conditions (1) and (3) would be, in practice, our best tool
towards understanding how much less information BJ has with respect to BF. Indeed, BF
does not suffice to essentialy determine J, unlike BF (see Example 4.5.3). Even without
going beyond finite groups, an interesting question arises: Given a fixed p-group S, can we
classify, up to p-fusion, all pairs of finite groups G, H containing S as a Sylow p-subgroup,
such that

BGj) # BHj but BG) ~ BH}?

The work of Yagita [73] and Bartel-Spencer [2] makes us believe that this situation, although
it occurs (by Example 4.5.3), it rarely does.
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PRELIMINARIES

In this chapter, we give a short introduction to the homotopical properties of p-completed

classifying spaces of finite groups.

1.1 THE CLASSIFYING SPACE OF A GROUP

In this section we briefly recall the concept of classifying spaces. Although the motivation of
the author comes from homotopy theory, the main results of this thesis may be of independent
interest for representation theorists, so we find it convenient to give a short review of this
subject for the interested reader who is not familiar with these spaces.
Let G be a topological group, its classifying space BG is the base space of a universal
G-principal bundle [41]
p: EG - BG.

By definition, EG is a weakly contractible free G-space. Moreover, BG can be taken as the

orbit space EG/G and p as the quotient map

7:EG -~ EG/G = BG.

The total space EG is unique up to G-weak equivalence, therefore BG is unique up to weak
equivalence. On the other hand, the fiber sequence G < EG — BG induces a long exact

sequence

= 1i1(BG) - mi(G) » m(EG) - m;(BG) — -
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thus 77;(G) = 71,1 (BG), since EG is weakly contractible. In fact, G is weakly equivalent to
Q)BG, see for instance [41, Theorem 11.1]. Moreover, if we take a model for EG which is a

G-CW-complex, we can construct a diagram of fibrations

G —— QOBG

I

EG —— PBG

L

BG — 3 BG

and obtain that G - ()BG is a weak homotopy equivalence.

Example 1.1.1. Classifying spaces cover a wide variety of well-known spaces. We give just

a short list: BZ ~ S§1,BS! ~ CP*,BZ /2 ~ RP*,BZ? ~ S x §1, BY,, ~ UConf,(R*).
Remark 1.1.2. Hereafter, we will restrict to the case of discrete groups.

Let G be a group. Then we have 719(G) = G and 71;(G) vanishes otherwise. Hence

1(BG) = G and 71;(G) vanishes for i > 1, i.e. BG is an Eilenberg-MacLane space K(G, 1).

Proposition 1.1.3. Let G, H be groups. Then the map
[BG,BH]. - Hom(G, H) (1.1.4)

sending the pointed homotopy class of f : BG — BH to rty(f), is a natural bijection.

Consequently, BG is pointed homotopy equivalent to BH if and only if G is isomorphic to
H. Now, let
Rep(G,H) =Hom(G, H)/H,

with H acting on Hom(G, H) by conjugation, i.e. /-« := ¢, o «. On the other hand, we recall
[28, Proposition 4A.2] that [BG,BH]| = [BG, BH]./m(BH) = [BG,BH]./H, therefore

passing to the quotients we obtain:

Proposition 1.1.5. Let G, H be groups. Then the map
Rep(G,H) - [BG,BH]

sending [a] to [Ba], is bijective with inverse given by sending the homotopy class of f :

BG — BH to the class of t1(f).
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We have seen that the homotopy type of BG determines G up to isomorphism. What about
its stable homotopy type? Does it suffice to determine G up to isomorphism? The answer is

no:

Example 1.1.6 (Minami). Let a and b be different odd integers. Let Dy, and Qg4 be the
dihedral group of order 2a and the generalized quaternion group of order 4b, respectively.
Then B(Dy, x Qyp) is stably homotopy equivalent to B(Dyp, x Qy,), but Dy, x Qyp and

D»yp, x Qq, are not isomorphic. More details can be found in [39, Example 4].

1.2 GROUP (CO)HOMOLOGY

Let G be a group, R a commutative ring with identity, and M a RG-module. We define the

nth cohomology group of G with coefficients in M
H"(G; M) := Extg(R, M),

where R is viewed as a RG-module with the trivial G-action. Dually, define the nth homology

group of G with coefficients in M
H,(G; M) := TorX® (M, R).

Informally speaking, the cohomology groups H*(G;—) measure the inexactness of taking
invariants (-)C. Dually, the homology groups H*(G; —) measure the inexactness of taking
coinvariants (-)g.

Alternatively, we can study these (co)homology groups of G as the singular (co)homology

groups of BG with local coefficients, thanks to the following proposition.

Proposition 1.2.1. With G and M as above, there exist natural isomorphisms
H"(BG; M) 2 H*(G; M),

H,(BG; M) = H,(G; M).

In fact, the first successful definitions of H*(G; M) as the cohomology groups of a certain

cochan complex were accomplished by exploiting the properties of BG or a particular model
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for BG, see [72] for a more detailed historical account. At last, this allows the direct
computation of the (co)homology groups of G, when those of BG are known.
Now, we briefly recall some basic operations in group cohomology, more details can be

found in [4, Chapter 3].

* Restriction: Let H be a subgroup of G. The restriction map resﬁ : H'(G; M) -
H"(H; M) is the homomorphism ¢* induced by the inclusion ¢ : H < G.

» Transfer: Let G, H as above. The transfer map trﬁ :H"(H; M) - H"(G; M) is a
homomorphism such that ’crfI o resEI : H"(G; M) - H"(G; M) is multiplication by
[G:H].

* Inflation: Let N be a normal subgroup of G. The inflation map is the composite
infg  : H*(G/N; MN) Z H"(G; MN) — H*(G; M), where 7 : G > G/N is the
quotient homomorphism.

In particular, for M = R, these operations, together with functoriality of H"(—; R), will

define an inflation functor, which we will study in Chapter 2.

Remark 1.2.2. Although transfer is the preferred name in the literature for the operation
outlined above, other authors prefer to call it induction, this little detail will be meaningful in

Chapter 2.

1.3 [F,-COHOMOLOGY AND p-FUSION OF G

Let G be a finite group and S a Sylow p-subgroup of G. We now restrict to the case R = IF),

where the composite trg o resg is an isomorphism, since [G : S] is invertible in IF,.

[G:S]

H*(G;F)) > H*(G;IF))

% /trg

H*(S;]Fp)

Therefore resg is injective, and H*(G;IF,) can be identified with a subring of H*(S;IF).
This subring can be described in terms of the p-fusion of G, i.e. p-subgroups of G and
conjugation homomorphisms by elements of G between them. For that, we will need the

notion of stable elements.



1.3. [Fp-COHOMOLOGY AND p-FUSION OF G 5

Definition 1.3.1. Let G be a finite group, S a Sylow p-subgroup of G. We say that a €
H*(S;IFp) is stable if, for every g € G,

88

res SngSg!

S
ocg(a) = resgsg_lms(a).

The following is known as the double coset formula [20, Chapter XII, Section 8].

Proposition 1.3.2 (Cartan-Eilenberg). For every H,K < G, we have

-1

G oG _ H 8Kg *

resgotry = E tergKg*1 o reshmgKg_1 o°Cq,
ge[H\G/K]

where [ H\G/K] denotes a set of representatives of the (H, K)-double cosets.

The following result is classical, we find it opportune to give a proof since it works more

generally for cohomological functors (see Definition 2.4.24).

Theorem 1.3.3 (Cartan-Eilenberg). Let G be a finite group, and S a Sylow p-subgroup of G.

The image of resg is the subring of stable elements of H* (S;IF).

Proof. Let a belong to the image of ressc. There exists b € H*(G;IF,) such that a = resg(b).

For every ¢ € G, cg is the identity on H*(G;Fy) and cg o resg = 1‘es§;Hg71

H < G [20, Chapter XII, Section 8], hence

ocg for every

cg(@a) = cg oresg S(b)

= resgS 10cg(b)

1 (b).

= res
858

and in particular,
-1 -1
00N _ 10858 G
TeS 5ol ocg(a) = TeS 5ol OTCSgSg-l(b)

G
s g5t (V)

g ngsg-1 OT€Ss S(b)
— recS
= resSngSg_l(a).

This shows that a is stable.
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Conversely, let a € H*(S;IF;) be a stable element, we have by Proposition 1.3.2

S .
ressG S trg(a) = [5%/5] trgmgsg_1 oresiésgf1 ocg(a)
gE
) [s%;;/s] g5t © 5ngsg (1)
gE
- % [s:5ng557]a
8€[S\G/S]
=[G:S]a,

where we used that a is stable in the third equality, the fourth equality is a property of double

cosets. Then, since [G : S] is invertible in IF),

resg otrg ([Ga—S]) =a
Thus, a € Im (resG). U]

Consequently, H*(G;IF,) is isomorphic to the subring of stable elements of H*(S;IF,).
Furthermore, let us consider the action of the Weyl group W (S) := Ng(S)/S on H*(S;F;)
defined by g.x := (cg)*(x), with x € H*(S;IFy) and (cg)* : H*(S;Fp) — H*(S;IF) since,

by assumption, $Sg~! = S. Then we have that
Im(resS) c H*(S;F,)Ve().

Indeed, given b € H*(BG;F)) and g € W5(S), cg oressc(b) = resg(cg(b)) = resg(b).

In particular, it is not hard to check that if S is abelian, this inclusion is actually an equality.

Corollary 1.3.4. Let G be a finite group and S and Sylow p-subgroup of G that is abelian,
then
H*(G;F,) = H*(S;F,)"e(®).

Remark 1.3.5. Alternatively, it is easy to see that a € H*(S;[F,) is stable if and only if

¢ (a) = res3(a)

forall P < S and each ¢ =¢g: P - S with ¢ € G.
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Remark 1.3.6. Throughout this section, we could have used any ring R such that [G : S] is

invertible in R, instead of IF,.

In summary, the Cartan-Eilenberg Theorem says that we can recover the IF,-cohomology
of any finite group from that of finite p-groups and then find the stable elements.
We have seen that mod-p cohomology is an invariant that only sees p-fusion, i.e. two

groups with isomorphic p-fusion are indistinguishable under the eyes of H*(—;F,).

1.4 COMPLETION OF ABELIAN GROUPS

In this section, we recall the algebraic p-completion and its derived variants, as a motivation
to define homotopical p-completion. With this, we will be able to see that B(—)g resembles
H(~;IF,) in the sense explained above (see Theorem 1.7.7).

Let M be an R-module and I c R an ideal. The /-adic completion of M is the limit
M7 = liilqrnM/I”M.

There is always a natural R-module homomorphism cy; : M - M. We say that M is
I-complete if c); is an isomorphism. The nomenclature comes from the fact that the sequence
{I"M} forms a local topological basis for 0 € M, hence we can speak of Cauchy sequences
in the [-adic topology. Thus, equivalently, M is complete if every Cauchy sequence in M
converges to an element in M.

If I is finitely generated, then M} is [-complete. On the other hand, if M is finitely
generated, then MIA ~ M ®g R? and cps can be identified with the homomorphism M —

M ®g R that sends m to m®1RIA.

Remark 1.4.1. Considered as a functor, the I-adic completion (-)7 is neither left nor right

exact in general, unlike localization functors, that are exact.

Hereafter, we will concentrate on the case R = Z and I = (p). In this case, the [-adic

completion of an abelian group A is called the p-completion of A and is denoted Aj.
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Example 1.4.2. The ring of p-adic integers Zj is the p-completion of Z. An explicit

description of Z is the ring of formal series with integer coefficients

Oga,-<p}.

{i ﬂiPi

i=0

Example 1.4.3. (Z/p*)} = Z/p* and (Z/q)}, = 0if g is coprime to p.

More generally, by the classification of finitely generated abelian groups, given a group A

of such a kind, we have a decomposition

AzZ"e P A,

g prime

S
for a finite sequence of primes g, where A; = @ Z/q™* for some m. > 1. Thus
k=1

Ap = (ZQ)’ ® Ap.
Remark 1.4.4. As discussed above, if A is a finitely generated abelian group, then
N~ A
Ay 2 Aoz ).

Even though (-) p is not right exact in general, it still makes sense to speak of its left

derived functors. Indeed, given an abelian group, choose a free resolution
O-F -F-A-0.

The induced sequence

(F)y > B > 4

is not exact anymore, but we can define Ly(A) and L1(A) as the zeroth and first homology

group, respectively, of the chain complex

--—>0—>(P');}—>F£—>0.
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In other words, Lo(A) = Coker((F'), — F;) and L1(A) = Ker((F'); — F}). The
higher left derived functors are zero. Of course, if (-); were right exact, we would have
Lo(A) = Aj.

Thus, despite the lack of exactness of p-completion, we have the following exact sequence
0= Ly(A) = (F')j = Fp = Lo(4) = 0

Functoriality of (-); allows to induce a natural map ¢ : A - Lo(A) in such a way that we

have a map of exact sequences

0 > F' > F > A > 0
0 —— Li(A) — (F') > Fp > Lo(A) —— 0

Fortunately, there are classes of abelian groups where p-completion behaves well:

Lemma 1.4.5 ([38, Lemma 10.1.4]). Let A be either a finitely generated abelian group or
a free abelian group. Then Lo(A) = A, L1(A) =0and ¢ : A — Lo(A) coincides with
p-completion.

Definition 1.4.6. We say that an abelian group A is completable if L1(A) = 0. Under this
assumption, ¢ : A - Ly(A) is called the derived p-completion of A. On the other hand, we

say that A is derived p-complete if ¢ : A — Lo(A) is an isomorphism.

There is no danger of confusion, since a derived p-complete group A is completable [38,
Proposition 10.1.18]. We can give explicit descriptions for Ly(A) and L1(A) in general.
Indeed [38, Proposition 10.1.17] shows

Lo(A) xExt(Z/p*,A) and L1(A)  Hom(Z/p>, A).

Example 1.4.7. Using this description, we immediately see that Z/p® is not completable.

Indeed,
L(Z]p>) =Hom(| JZ/p",Z]p*) = lirrlnHom(Z/p”,Z/p“) = li’EnZ/p” =Z,.
n

The following proposition allows us to measure the deviation of derived p-completion

with respect to p-completion:
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Proposition 1.4.8 ([38, Proposition 10.1.11]). Let A be an abelian group, there is a short

exact sequence

0 - lim' Hom(Z/p’, A) - LyA - A} 0.
1

On the other hand, the short exact sequence
0->2Z-2Z[1/p] > Z[p= -0

induces a long exact sequence of Exti(—, A) groups. From this, the following lemma follows

easily.

Lemma 1.4.9 ([38, Remark 10.1.21]). An abelian group A is derived p-complete if and only
if
Ext(Z[1/p],A) =0=Hom(Z[1/p], A).

1.5 BOUSFIELD LOCALIZATION AND COMPLETION

In classical homotopy theory, we work with homotopy equivalences as isomorphisms. How-
ever, there are other weaker notions of equivalences/isomorphisms that will be convenient
to better understand what the local study of spaces or spectra means. In particular, this will
allow us to find a topological analogue of the algebraic p-completion.

Given a generalized homology theory E., represented by a spectrum E, we would like
to think of E.-equivalences (i.e. maps that induce an isomorphism in E.-homology) as
isomorphisms (of spaces or spectra), instead of homotopy equivalences. This is accomplished
via the Bousfield localization [14, 13]: Let C be the homotopy category of spaces or spectra,
an object Z € C is called E.-local if every E.-equivalence f : X — Y induces a bijection

v,21 5 x,2)
Definition 1.5.1 (Bousfield). An E.-localization is a pair (Lg,7), where Lg : C - C is a

functor and 77 : 1¢ — L a natural transformation such that, for every object X in C, we have
1. LgX is E,-local and

2. nx: X = LgX is an E,-equivalence.



1.5. BOUSFIELD LOCALIZATION AND COMPLETION 11

It is not hard to check that, for every object X in C,
* 77x is initial among morphisms f : X - Y with Y E,-local.
* 17x is terminal among E,-equivalences f : X - Y.

Moreover, any E.-equivalence f : X - Y between E.-local objects is in fact a homotopy
equivalence.
The subcategory Cg, of E.-local objects is a model for the ordinary localization C[E, —

equiv_l], i.e. there exists an equivalence
C[E. -equiv'] - Cg,.

Bousfield localization is then a more sophisticated alternative to the ordinary localization,
which is rather much more abstract. In summary, we have a tool to detect E.-equivalences
f+ X = Y through its induced map Lg(f) : LeX — LgY. Informally, E.-localization allows
us to concentrate on what E, sees. In particular, when E. = H.(—;R), we can say that
H.(—; R)-localization is intended to isolate the R-local information of spaces or spectra,
although there is another way to do this:

For every space X, the Bousfield-Kan R-completion of X or simply the R-completion of
X [16, Chapter I], denoted by X7%, is another space constructed functorially in such a way

that it satisfies the following properties:

* Amap f: X - Y induces an isomorphism f, : H.(X; R) - H«(Y;R) if and only if

the induced map fp : X — Y} is a homotopy equivalence.

* For every space X, there exists a natural map
g X X - XIA{

At this point, we note evident similarities between R-completion and H. (—; R)-localization,
which may lead us to think that they are the same. It is not the case: unlike 77x, we do not

have in general that {x induces an isomorphism in H,(—; R).
Definition 1.5.2. Let X be a space, then

1. Xiscalled R-good if ({x)«: H.(X;R) - H.(X%; R) is an isomorphism.
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2. X is called R-complete if {x is a homotopy equivalence.

Of course, it follows that if X is R-good, then XIA{ is R-complete. In particular, when X
is R-good, X} and Lygr X are homotopy equivalent. If X is not R-good, we say that X is
R-bad. When R = IFp, the class of IF-good spaces is quite large (e.g. all nilpotent spaces are
IF,-good). For simplicity, we will say that a space is p-good (resp. p-complete) instead of

IF,-good (resp. IF,-complete).

Example 1.5.3. We say that a ring R is solid if the map R ® z R — R is an isomorphism. In
particular, I, is solid. The bouquet S1v Sl is R-bad for any solid ring R [66, Theorem 2.7].

We now concentrate on the cases R = ]Fp, where le—completion is now called p-completion,
and R = Z. The following proposition can be found in [15, Chapter VII, Proposition 4.3,

Proposition 5.1].

Proposition 1.5.4. Let X be a space.
1. If m1(X) is finite, then X is p-good for every prime p.
2. If m;(X) is finite for every i, then X is Z.-good.

Proposition 1.5.5 ([15, Chapter VII, Corollary 4.2]). Let X be a space such that 7;(X) is

finite for every i. Then
X5 =~ 1;[ XQ

For instance, the classifying space of a finite group BG satisfies these hypotheses, hence

BG is both p-good and Z-good. Therefore
BG, ~]] BGFA,. (1.5.6)
P

However, we can just take the product running over the primes p dividing |G|. Indeed, let
g + |G|. It is known that |G| annihilates H,,(G;F;), for every n > 0, but |G| is invertible in
IF;, hence H,,(G;IF;) = 0. Consequently,

By definition of p-completion, we have BG =~ x.
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We recall that the idea behind p-completion and H. (—;IF,)-localization is to study spaces
"one prime at a time", but p-completion has the advantage that its construction is more
explicit in general, thereby allowing important tools for computations (e.g. the Bousfield-Kan
spectral sequence).

On the other hand, we recall [15, Chapter VI, Section 6] that, when restricting to nilpotent
spaces (simply connected spaces, abelian spaces, etc.), p-completion and H, (—;IF,) are the
same, thus we can use them both indistinctly.

The following proposition illustrates the relationship between topological and algebraic

p-completion.

Proposition 1.5.7. Let X be a simply connected space. Then X is p-complete if and only if

1t (X) is derived p-complete for every n > 1.

Let us note that the condition for X of being simply connected is to avoid the fundamental
group, since the higher homotopy groups are abelian. Nevertheless, we can define (derived)
p-completion more generally for nilpotent groups as follows: let G be a nilpotent group,
we define LG := 711(BG}), L1G := m2(BGy) and say that G is derived p-complete if the
homomorphism G — LyG induced by BG — BGj, is an isomorphism. In this way, we can

more generally state the following.

Proposition 1.5.8 ([15, Chapter IX, Theorem 3.1]). Let X be a nilpotent space. Then X is
p-complete if and only if 1t,(X) is derived p-complete for every n > 1. Moreover; there is a

short exact sequence
0—- Loty X - nn(Xg) - L1, 1 X =0, (1.5.9)

foreveryn > 1.

In particular, if A is an abelian group, the p-completed Eilenberg-MacLane space K(A, 1),
has 71,(K(A,n)5) = LoA and 71,,,1(K(A,n)5) = L1A as its only non-trivial homotopy
groups. For instance, by Lemma 1.4.5, if A is finitely generated, then 71,,(K(A, 1)) = A}

and its other homotopy groups vanish. More generally, we have the following result.

Corollary 1.5.10. Let X be an abelian space with finitely generated homotopy groups, then

Tt (X3) = (X)) 2 7n(X) ® Zy,
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foreveryn > 1.

Remark 1.5.11. We cannot expect p-completion to commute with homotopy groups for

more general spaces. For instance, K(Z/p>,n), ~ K(Z3,n +1).

1.6 BOUSFIELD p-COMPLETION FOR SPECTRA

In this section, we define the notion of p-completion for spectra as a special case of Bousfield

localization. For that, we recall the definition and properties of the Moore spectrum.

Definition 1.6.1. Given an abelian group A, the Moore spectrum MA of A is characterized

by
(1) m,MA =0, forr<0.
(2) ToMA = A.
(3) H/(MA;Z) =0, forr > 0.

Lemma 1.6.2 ([14, Section 2]). Given a spectrum X and an abelian group A, we have the

following universal coefficient short exact sequences
0->A®m. X —> m.(MAAX)—Tor(A,m, 1X) (1.6.3)
and
0 - Ext(A, 11 X) - [MA, X]. - Hom(A, 7. X) - 0. (1.6.4)
These sequences are natural in X.

Let us turn to the case A = Z/p. We say that a spectrum X has uniquely p-divisible
homotopy groups if for every a € 77, X there exists b € 71, X with pb = a. Then both Ext-term

and the Hom-term in the exact sequence (1.6.4) are trivial.

Definition 1.6.5. Let E, be a generalized homology theory. A spectrum A is called E.-
acyclicif E,A = 0.

Remark 1.6.6. Throughout the rest of this section, we reserve the letter A to denote an

acyclic spectrum.
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We note that a spectrum X is E.-local if and only if [A, X]. = 0 for every E.-acyclic
spectrum A. When E = MZ/p, we denote L7/, X (recall Definition 1.5.1) simply by X3,

and call it the p-completion of X.
Remark 1.6.7. If 77, X are uniquely p-divisible, then X is MZ /p-acyclic by (1.6.4).

Our goal for the next section is to show that the infinite suspension and p-completion
commute in the case of the classifying space of a finite group. Previously, we will see some

properties of the stable p-completion.

Proposition 1.6.8. Let X be a spectrum and p a prime. Then
Xy~ F(E'M(Z[p>), X)

Proof. The cofiber sequence
LIM(Z[p=) > S~ M(Z[1]p]) > M(Z[p*)

induces a fiber sequence

F(M(Z[1]p]),X) — F(S5,X) 2 X —— F(ZM(Z/p>),X)

|

LE(M(Z[1/p]), X)

Let A be an MZ/p-acyclic spectrum. By induction, A A MZ [p ~ » implies AAM(Z[p") ~
*, thus AAM(Z[p*>) ~ *.
The spectrum F(XTM(Z/p>), X) is MZ/p-local since, for A as above, by adjunction,

[A, F(ZIM(Z[p>), X)]« = [AAZIM(Z[p™), X]« 2 [*,X]+ = 0.

The homotopy groups of F(M(Z[1/p]), X) are uniquely p-divisible, hence it is MZ/p-
acyclic. Therefore X - F(X"IM(Z/p*>), X) is a MZ | p-localization. O

The following result is the stable analogue of Corollary 1.5.10. We find it convenient to

give a proof based on the properties of MZ/p and the nice description of Xy above.

Proposition 1.6.9. Let X be a spectrum and p a prime. If 71,(X) is finitely generated for all
n e Z, then
Tt (X3) = (X)) ® Z,,
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foralln e Z.

Proof. We use the short exact sequence (1.6.4) for Z/p>

0 - Ext(Z/p*, . X) > [M(Z]p>), X]«-1 > Hom(Z/p>, 7. .1X) - 0. (1.6.10)
But

[M(Z]p™), X]omr 2 [ M(Z[p™), X]. 2 [S, F(E M(Z[p*), X)]« 2 (X)).

As 71,1 X is finitely generated and abelian, the Hom-term vanishes. Thus, n*(XrA,) ~

Ext(Z/p*, . X). On the other hand, 1irrlanom(Z/p”, 7t X) = 0, hence
Ext(Z/p>, m.X) = li;EnExt(Z/p”, T X) 2 lirrln . X[(p") 2 1. X ®Zy,

so we conclude. ]

Remark 1.6.11. Implicitly in the previous proof, we obtained the stable analogue of Propo-
sition 1.5.8. Indeed, the short exact sequence (1.6.10) corresponds essentially to (1.5.9)
and it is not hard to check that a spectrum X is p-complete if and only if 7. (X) is derived

p-complete.

1.7 HOMOTOPY THEORY OF p-COMPLETED CLASSIFYING SPACES OF FINITE

GROUPS

Throughout this section, we let G, H denote finite groups and S, S’ denote their respective
Sylow p-subgroups.

As we said previously, the p-completion of a space X is aimed at retaining only the p-local
data of X. In particular, if X = BG, we recall that H*(BGj;IF,) is isomorphic to the subring
of stable elements of H*(S;IF,), which is expressed in terms of the p-fusion of G. Thus,
we can naturally expect to find connections between the homotopy theory of BGj and the

p-fusion of G. This section is devoted to outlining that philosophy.

Proposition 1.7.1 ([1, Proposition III.1.10]). Let P be a finite p-group. Then BP is p-

complete.
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Proposition 1.7.2. The fundamental group of BGy, is isomorphic to G/OP(G).

More generally, 771(X5) = 711(X)/OP (711(X)) for every space X with finite fundamental
group [1, Proposition III.1.11].

On the other hand, the natural map (¢ : BG - BGj, induces a map
[BP,BG] —» [BP,BG;@] (1.7.3)

natural in P and compatible with the Out(P)-actions, but more is true:
Theorem 1.7.4 ([40]). The map ({pg)« : [BP,BG] — [BP, BGy] is a bijection.

But we recall from Proposition 1.1.5 that Rep(P, G) = [BP, BG] as Out(P)-sets. There-

fore we have the following corollary.

Corollary 1.7.5. The map above induces a bijection Rep(P,G) = [BP, BGy] as Out(P)-

sets, naturally in P.

Now, let us suppose that G, H have isomorphic Sylow p-subgroups S,S’, we say that
an isomorphism 7y : S — S’ preserves p-fusion if for every P,Q < S, we have that ¢ «
Homg (P, Q) if and only if yo ¢ o y~1 € Homp(y(P),v(Q)). In this situation, we say

that G and H have isomorphic p-fusion, and write G =, H.

Lemma 1.7.6 ([1, Proposition III.1.15]). Let G, H be finite groups. Then G =, H if and only
if Rep(P,G) = Rep(P, H) as Out(P)-sets, naturally in P

In this way, Theorem 1.7.4 and Lemma 1.7.6 tell us that the homotopy type of BGj,
determines the p-fusion of G. At this point, one naturally would ask if the converse holds.

Fortunately, the answer is yes, as proved by Oliver.

Theorem 1.7.7 (Martino-Priddy conjecture). Let G, H be finite groups. Then BG, is homo-
topy equivalent to BH}, if and only if G =p H.

We are interested now in comparing the unstable and stable p-completion, particularly for
BG. We find it convenient to give a proof of the following comparison result, an extensive

account for more general spaces can be found in [3].

Proposition 1.7.8. Let G be a finite group. Then

£(BG)) = (Z°BG)).
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Proof. Since every 71.(BG) is finite, 7,(BGy) are all finite p-groups [15, Chapter VII,
Proposition 4.3]. We now show that the reduced homology groups H. (BGy;Z) are all finite

p-groups. Let BE; denote the universal cover of BG},. We use the fibration
BGy — BG; - B(nl(BGrA,))

and the fact that the reduced homology groups of BG}, and B(7t1(BGy)) are finite p-groups.
The claim follows from a Serre class argument. The next step is to prove that 775 (BG;}) are

all finite p-groups: We use the Atiyah-Hirzebruch spectral sequence
E3,,, 2 Hy(BG); 763,(S%)) = 7631, (BG)).
The second page E%,,In fits into the short exact sequence
0~ Hyu(BGy) ® 71;,(S°) = Hin(BG); 713,(8°)) - Tor(Hy—1(BGyp), 713,(5%)) - 0

Here we remember that 775,(SY) is a finite abelian group for any 7 > 0, it can be expressed
as a direct sum of Z/q!, with g running over some prime numbers. From this it follows that
Tor(H,,-1(BG}), 713,(S%)) € C and H,,(BGpy) ® 713,(SP) € C, the Serre class of finite abelian
p-groups, then Hy,,(BG); 715,(S°)) € C too. Therefore, Ef;, € C and thus 7t5,,,(BG}) € C.
By Lemma 1.4.9 and Remark 1.6.11, it follows that £ (BGp,) is p-complete. O

Informally, Proposition 1.7.8 says that p-completion and infinite suspension “commute”
for BG. Thus, we can denote both £°(BGy) and (£°BG);, by BGj, without danger of

confusion. Similarly, we use (B, G)7 to denote (£°BG. ). Note that (B+G), ~ BG, v S5.

1.8 THE STABLE TRANSFER

Now, let p : X — B be a finite covering of degree n and E* a generalized cohomology
theory. A transfer map Try, : E*(X) — E*(B) is thought as a "wrong way" map serving as

counterpart of the induced map p* : E*(B) - E*(X) in the sense that the composite

E* P* * Trp *
(B) L5 E*(X) =5 E*(B) (1.8.1)
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is multiplication by n.

This transfer is inspired by the transfer in group cohomology discussed in Section 1.2.
Indeed, let us suppose that H < G, the map Bi : BH — BG induced by the inclusion
i: H — G is a covering map with fiber G/H and the transfer map TrIC;;I defined in Section 1.2
is simply Trp; for E* = H*(—;Fp).

On the other hand, taking E = X>*°BH, the stable transfer map trf{ :2X°BG - X*BH is
the map induced by 1 € [X*°BH,X~*°BH] via

Trp; : [S°BH,£*BH] - [S°BG,£*BH].

The good news is that we can also recover Trg; from tr%, since Trg; = E *(tr%). Actually,
this is true more generally for any finite covering p. The construction of Trp; induces that of
trI(_;I and conversely.

Conveniently, we outline the construction of trfl so that the reader familiar with the
cohomological transfer trg can find similarities between them. Let us choose a decomposition
G= LI T;H. Given an element T;, left multiplication by ¢ € G sends it to Ty(¢y(j)lig- This

1
gives us a permutation representation ¢ : G — X,; and a homomorphism

G->-H"xX,=X,:H

g+ (hl,g/ .. .,hn,g,a(g)) .

The stable transfer map >*°BG — X*°BH is the adjoint to the composite

l@

QBH
where O is the Dyer-Lashof map of QBH := ()*X¥~*°BH.
t G\A
In fact, we will mainly work with the stable map BGp % BHp induced by the trg.
(trf)+p

For this reason, we denote it by tr% as well. Similarly, (B, G)j (B+H)j is denoted
by trg when it is clear from the context.
We end this chapter by giving another connection between algebraic and homotopical

p-completion.
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Proposition 1.8.2 ([62, Proposition 2.12]). The p-completion functor on spectra induces an
isomorphism

[BG,BH]) - [BG), BH}].

Similarly,
[]BG+,1BH+]§ ~ [(BG. f?, (IBH+)§].

We will see in Section 3.4 that all the homotopy classes of stable maps BG; — BHJ are
generated by transfer maps and maps induced by homomorphisms ¢ : K - H, with K < G,
and similarly for stable maps (B, G)5 — (B H)j.



BISET FUNCTORS FOR FINITE GROUPS

In Section 1.2, we remarked that H*(—; R) is enriched by some crucial operations. For
instance, the double coset formula, involving restriction and transfer, is essential to show the
Cartan-FEilenberg theorem. In turn, inflation plays a central role in proving the Tate Theorem
in class field theory [43, Theorem 3.1.4]. On the other hand, we can define similar operations
in group homology: restriction and induction (see Remark 1.2.2) are also well defined, but
instead of inflation, there is a deflation operation. Other important functors (e.g. the complex
representation ring) have analogous operations.

These kinds of structures can be approached in their full extent thanks to the notion of

biset functors, originally introduced by Bouc in [7], which are the subject of this chapter.

2.1 LINEAR FUNCTORS

Let C be an additive category and R a commutative ring. The induced R-linear category RC,
has the same objects as C and morphisms RC(X,Y) = R®z C(X,Y). The category of either
covariant or contravariant R-linear functors from RC to Modg, denoted Fun(RC,Modg), is

abelian, because Mody, is abelian.

Remark 2.1.1. All functors studied in this section are assumed to be covariant. However, all
results here can be dually stated for contravariant functors and thus they also work in that

context.

Given an object X of RC, the ring Endg¢c(X) is an R-algebra. This object induces a

functor Ex from Fun(RC,ModR) to Modgng,,(x), called the evaluation functor at X, such

21



2.1. LINEAR FUNCTORS 22

that Ex (M) := M(X), where M(X) is endowed with the Endg¢(X)-module structure given
by
¢-m=M(g)(m),

with ¢ € Endge(X) and m € M(X). Conversely, given an Endg¢(X)-module V, there
exists Ly y in Fun(RC,Modpg) defined by

Lx,v(Y)=RC(X,Y) ®pndge(x) V-
Lxyv(¢)(p®0v) = (¢pyp®0),

with ¢ € RC(Y, Z). We will see in the following proposition that Ly _ is a left adjoint of Ex.

Similarly, we will see that Ex has a right adjoint Rx _ defined by
Rx,v(Y) = Homgng,. x) (RC(Y, X), V),
Rx,v(¢)(f)(a) = f(ag),
with f € Homge(RC(Y, X), V) and a € RC(Z, X).
Proposition 2.1.2. The functor Lx _ (resp. Rx _) is a left (resp. right) adjoint of Ex.
Proof. Let M € Fun(RC,Modg), and V € Modgpg,.(x)- We have a natural isomorphism

of R-modules

HomFun(RC,ModR) (LX,V/ M) = HomEndRc(X) (V/ M(X))

by sending #7: Lx y > M to V = Ly y(X) X, M(X)and f: V> M(X)ton:Lxy - M,

where
ny(a®v) = M(a)(f(v)), with « e Homge(X,Y),v e V.

On the other hand, we have a natural isomorphism of R-modules

HomFun(RC,ModR) (M/ RX,V) = HomEndRc(X) (M(X)/ V)

by sending 7 : M - Rx v to M(X) = Rxy(X)zVand f: M(X)—>Vton: M- Rxy,
where

ny(m)(a) = f(M(a)(m)), withm € M(Y) and « € Hompge (Y, X).
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This concludes the proof. 0

Lemma 2.1.3. If V is a simple Endre(X)-module, then Lx v has a uniqgue maximal sub-

Sfunctor Jx v such that

Jxv(Y) = {Z ¢; ® v;

Z(¢¢i)vi =0, forally e RC(Y,X)} .

Proof. Let M be a subfunctor of Ly y. Then M(X) is a submodule of Ly y(X) = V.
Therefore M(X) = V or M(X) = 0, since V is simple. In the first case, given an object
Y in RC and a morphism ¢ : X - Y, we have M(¢)(1x®v) = p®v forany v e V. As
p®v e M(Y) is a generator of Lx (Y), we have M(Y) = Lx y(Y).

In the second case, we take a morphism ¥: Y - X, and compute

M() (Z @i ®Uz') =2 (Ygi) @vi =) 1x® (Y9;)vi = 1x ® ) (Yi)v;.

This element belongs to M(X) = 0 for any Y; ¢; ® v;, so it vanishes. In this way, we have
M(Y) c Jx v(Y). The natural structure of [x  as a subfunctor of Ly y is easy to see, then

Jx v is maximal, as claimed. O

Quotients of R-linear functors are defined pointwise. In particular, the quotient Lx v/Jx v
is denoted Sx . By Lemma 2.1.3, the functor Sx y is simple, i.e. Sx y has no proper

non-zero subfunctor, and Sx v (X) = V.

Proposition 2.1.4. If P is a projective (resp. indecomposable projective) Endge(X)-module,

then Lx p is a projective (resp. indecomposable projective) functor.

Proof. As P is projective, the functor V' = Homgng,,(x)(P, V) is exact. The evaluation
functor Ex is exact by definition, hence their composite F = Homgpg,.(x)(P, F(X)) is
exact as well. By adjunction, the functor F — Homgyn(re,Mody) (Lx p,F) is exact, i.e., Lx p

is projective. Indecomposability is easy to check. O

Let us suppose that V admits a projective cover P — V. By adjunction, this map induces a

morphism p: Lxp - Sx v.

Lemma 2.1.5 ([7, Lemma 2]). If P is a projective cover of V, then L p is a projective cover

OfSle.
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Consequently, if V' is simple, the projective cover Lx p of Sx v is indecomposable.

Remark 2.1.6. We note that both Lxy and Jx y make sense even if V' is not simple.
Therefore we can still define Sx v as Lx v/Jx v, even though now [xy may not be a

maximal subfunctor of Ly y, thus Sx yy may not be simple.
Now we will see that any simple linear functor from RC to Modp is of the form Sy y.

Proposition 2.1.7. Let S: RC - Modg be a simple linear functor. Then S = Sx vy for some
pair (X, V) with S(X) =V, where V is a simple End e (X)-module.

Proof. As S is non-zero, there must exist X such that S(X) # 0. We show first that V := S(X)
is simple as an Endge(X)-module. Let M be a non-zero submodule of V and i: M — V the
inclusion. By adjunction this corresponds to a non-zero morphism Lx »; — S, which must
be surjective since S is simple. In particular, its evaluation M — V at X is surjective, but
this is the inclusion above, thus M = V, as claimed. Secondly, surjectivity of the non-zero
morphism Ly — S above (with M = V') implies that S is a simple quotient of L y/, which

implies that S = Sx v by Lemma 2.1.3. ]
Alternatively, we can describe Sx y from Ry y as follows:

Proposition 2.1.8. Let V be a simple Endrc(X)-module. Then Rx v has a unique minimal

subfunctor Txy = > Im(Rxv(¢))and Tx,v = Sx,v.
@eRC(X,-)

Proof. By definition Ty v is the subfunctor of Rx i generated by Rx y(X) = V. Let M be
a subfunctor of Ry y. By adjunction, the inclusion M — Rx v corresponds to the inclusion
M(X) - Rx,v(X) = V. The simplicity of V implies that M(X) =0 or M(X) = V. In the
first case, M must be the zero functor by adjunction again. In the second case, Tx v is a
subfunctor of M, therefore Ty y is minimal. In particular T y is simple (its only subfunctor

is the trivial one). Moreover, Tx y(X) = V, hence Tx v = Sx v. O
We end this section with the following definition.

Definition 2.1.9. A seed is a pair (X, V) consisting of an object X of RC and a simple
Endge(X)-module V. We say that two seeds (X, V'), (X', V') are isomorphic if there is an
isomorphism & : X - X’ and an R-linear isomorphism f : V - V' such that f([a~1pa].v) =
¢.f(v)forallveV,p e RC(X', X').
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It is easy to see that if (X, V') and (X’, V') are isomorphic seeds, then Sx v = Sx/ . In
the next section, we will study a particular case of linear functors where this parametrization

by seeds is refined.

2.2 BURNSIDE MODULES

The next few pages contain a short background on the theory of biset functors, more details
can be found in [9, 70]. We must warn the reader that our notation is not standard, but it is

inspired by [46, 58].

Definition 2.2.1. Let G, H be finite groups. A (G, H)-biset is a set X equipped with a
left G-action and a right H-action that commute, i.e., (g.x).h = g.(x.h). A (G, H)-biset
morphism f : X - Y is a (G, H)-equivariant map, i.e., f(g.x.h) = g.f(x).h.

We note that a (G, H)-biset structure on X induces a left (G x H)-set structure on X, i.e.,
(g, h).x = g.x.h71, and conversely. Two (G, H)-bisets X, Y are isomorphic if and only if
they are isomorphic as (H x G)-sets. A (G, H)-biset is said to be transitive if it is transitive
as an (H x G)-set.

The opposite biset X° of a (G, H)-biset X, is the set X seen as an (H, G)-biset by inverting
the actions, i.e. h.x.g := ¢"L.x.h~1. Given a subgroup L < G x H, the opposite subgroup
Lo ={(h,g) e HxG|(g,h) e L} of Hx G satisfies

(GxHJL)*=(HxG)/L®
as (H, G)-bisets. Given a subgroup L of G x H, we define

ki(L):={geG[(g1)eL},
ko(L)y:={HeH|(1,h)eL},

q(L) == L/(k1(L) x k2(L)).
We note that k;(L) < p;(L), where p; is the projection of G x H to its i-th component

for i = 1,2. The composition L LA pi(L) iR pi(L)/ki(L) has kernel kq(L) x kp(L),

hence we can induce an isomorphism p, : (L) — p;(L)/k;(L). In this way, we obtain an
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isomorphism 1 = p, oﬁil : p2(L)/ko(L) = p1(L)/k1(L). Thus, L determines a quintuple
(p1(L),k1(L),n, p2(L),ka(L)). This motivates the following proposition.

Proposition 2.2.2. The subgroups L of G x H correspond bijectively to the quintuples
(B,A,n,D,C), with B, A (resp. D,C) subgroups of G (resp. H) such that A 4 B (resp.
CaD).

By Proposition 2.2.2, we may expect to decompose (G x H)/L in terms of the quintuple
(p1(L),k1(L),n, p2(L),ka(L)), up to isomorphism of (G, H)-bisets. This will be indeed

the case, and to show that, we need the following definitions.

Definition 2.2.3. Given a subgroup K of G and a homomorphism ¢: K — H, the subgroup
A(p,K):={(k,¢(k)) e GxH | keK}

of G x H is called the twisted diagonal of ¢. Analogously, given a subgroup | of H and a

homomorphism a : | - G, the subgroup

A(J ) = {(a(j),j) e Gx Hje]}

is called the twisted diagonal of . We note that

A(J, )% = A, ]).
We are now ready to define the basic bisets that will allow us to define the homonymous
operations that characterize all biset functors (see Remark 2.2.12 and Definition 2.3.1).

Definition 2.2.4. Let G and H be finite groups. We define the following basic bisets:

1. Restriction: Suppose H < G, the biset Res$; := (H x G)/A(H) is called restriction
from G to H.

2. Induction: Suppose H < G, the biset Indg := (G x H)/A(H) is called induction from
Gto H.

3. Inflation: Given a normal subgroup N of G, the biset Infg/N :=(Gx(G/N))/A(m,G/N),

where 71 : G - G/N is the canonical projection, is called inflation from G/N to G.
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4. Deflation: With N as above, the biset Defg/N = ((G/N) x G)/A(G/N, rt) is called
deflation from G to G/ N.

5. Isogation: Suppose there is an isomorphism ¢ : H — G, the biset Iso(0) := (G x

H)/A(H, o) is called isogation of o.

These bisets are basic in the sense that they generate all finite bisets. Indeed, we have

c L L H
(Gx H)/L=IndS (1) xp, 1y I ) % 0y T50(0) % 00y Def2() %, 1y ResL ) (2.2.5)
k(@ k) ky (L) k(D)

as (G, H)-bisets.

Definition 2.2.6. We say that a pair (B, A) is a section of G if A and B are subgroups of
G with A < B. We say that a group K is a subquotient of G and denote this by K c G if
K= B/A, where (B, A) is a section of G. On the other hand, K is a proper subquotient of G
if K G and K £ G, this is written K c G.

In particular, with G and H as above, (p1(L),k1(L)) is a section of G and (p2(L),k2(L))
is a section of H.

Given a section (A, B) of G and g € G, the pair §(A, B) := (84,8B) is a section of G too.
Therefore, G acts on the set of its sections by conjugation.

A general formula for fiber products X xp Y is desirable. Of course, it suffices to have

one for transitive bisets. For this purpose, we first define the following product.

Definition 2.2.7. Let G, H and K be finite groups, and L < G x H and M < H x K, the star
product of L and M is defined by

L+M={(g,k)eGxK|(g,h)eLand (hk)e M, forsomeh e H}.

The following is known as the double coset formula:

Proposition 2.2.8 ([9, Lemma 2.3.24]). Let G, H and K be finite groups, and L < G x H and
M < H x K, there is an isomorphism of finite (G, K)-bisets:

GxK
helpa(LVH/py(M)] L ¥ (WD M

where [p2(L)\H/p1(M)] is a set of representatives of double cosets.
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It is not hard to check that fiber products are associative, up to isomorphism.

Definition 2.2.9. Let G, H be finite groups. The Burnside module of G and H, denoted
B(G, H), is the Grothendieck group of the abelian monoid of isomorphism classes of finite

(H, G)-bisets with disjoint union as addition.

The Burnside module B(G, H) is the free abelian group generated by the isomorphism
classes of transitive (H, G)-bisets, that is, classes of the form [H x G/L], with L < H x G
chosen up to (H x G)-conjugation. An element of B(G, H) is called a virtual (H, G)-biset,

or simply a virtual biset if G, H are clear from the context.

Remark 2.2.10. Our definition of B(G, H) is commonly denoted B(H, G) in the literature,

but we found it convenient for the following definition.

Definition 2.2.11. Let R be a commutative ring with identity, we define the R-Burnside
category RB, with objects the finite groups and morphisms RB(G, H) := R® B(G, H). The
associative composition o : B(H,K) x B(G, H) - B(G, K) is defined by

[Y]o [X] = [Y xp X]
for isomorphism classes of transitive bisets, and extended bilinearly. We note that RB is a

particular case of a category RC as in Section 2.1.

Remark 2.2.12. By abuse of notation, we omit the square brackets for the isomorphism
classes of Resg, Indg, Infg N Defg /N and Iso(0). In this way, the isomorphism (2.2.5)

now becomes the equality

[(GxH)/L] = Ind?l(L) o Infzigf)) olso(c)o Def’ZZELL)) o Resfz(L) (2.2.13)
3102 ka (L)

Clearly, the right-hand side of equality (2.2.13) is a composite of morphisms in RB. This

feature still makes sense for some subcategories of RB, which we define below.

Definition 2.2.14. Let D be a class of finite groups and S a class of sets of subgroups
Sg, g of G x H for each pair G, H € D. We say that (D, S) is a preadmissible pair if D is
closed under taking subquotients and, for each pair G, H € D, the set Sg p is closed under

(G x H)-conjugation and, if L € Sg ;7 and M € Sy g, then L + M € Sg k.



2.2. BURNSIDE MODULES 29

Definition 2.2.15. Given a preadmissible pair (D,S), let RB(P-S) be the subcategory of RB
such that its objects are those of D and its morphism sets are RB(P-5)(G, H), that is, the
submodule of RB(G, H) generated by the classes [H x G/L], with L € Sy . We say that

(D,S) and RB(D:S) are admissible if the virtual bisets Indz(m o Infiigi;/kl(L)’ Iso(#) and
Def;ﬁig;/kz(m o Resgz(L) are morphisms in RB(DP:S),

Observation 2.2.16. We note that the definition of an admissible pair actually does not

depend on the ring R.

If a preadmissible pair (D, S) induces an admissible subcategory RB(P-S), we say that
(D, S) is admissible. In the context of admissible pairs, if D is the class of all finite groups,

we denote RB(PS) simply by RBS and say that S is an admissible class.

Example 2.2.17. Let S = [> be the class of sets D>y = {A(¢,K) | K< H,¢: K- G}.
We call RB™ (G, H) the right-free Burnside module of G and H, its name comes from the
fact that the G-action for the(H, G)-biset (H x G)/A(¢, K) is free. Conversely, it is not hard
to check that any transitive (H, G)-biset with free G-action is of that form. This defines the

right-free Burnside category RBP .

Analogously, we can define the left-free Burnside category RBY by taking <l GH =
{A(],«)} and the bifree Burnside category RB® with

Ag p={A(J,a) | « isa monomorphism}
or, equivalently,
Ac = {A(¢,K) | ¢ isa monomorphism},

Indeed, they give rise to the same admissible subcategory, where each RBA(G, H) is gener-

ated by the transitive (H, G)-bisets with both G and H acting freely.

Observation 2.2.18. We note that > and <! are mutually opposite categories. Moreover, A

is isomorphic to its opposite category.

Convention 2.2.19. From now on, for | < G and « : | > H, we will use the notation

[J,2]8 = (Hx G)/A(], ).
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Similarly, for K< H and ¢ : K - G,
[¢,K]¢ = (Hx G)/A(g,K).
Example 2.2.20. Using the description Z/2 = {1, 0}, we obtain
BY(Z/2,%3) = Z[Z/2,j]® Z[Z/2,ct] ® Z[{1},ct],

where j: Z/2 — X3 is the inclusion that sends ¢ to (1 2). In fact, there are three inclusions
from Z/2 to X3, but their twisted diagonal are all conjugate, hence they induce the same

class in BY(Z/2,%3). On the other hand, B*(Z/2,%3) = Z[Z/2,]] ® Z[{1},ct].

To end this section, we briefly recall the notion of reduced Burnside modules. For a
definition, we will restrict the admissible class <], but the definition for > and A will follow

naturally.

Definition 2.2.21. Let G, H be finite groups, the reduced left-free Burnside module of G
and H, denoted by B (G, H), is the quotient of B(G, H) over the submodule N generated
by the basis elements of the form [K, Ct]g , where ct: K — H is the trivial homomorphism.

The equivalence class [L, ¢] + N is denoted by [L, ¢]. It is not hard to see that we can
speak of the reduced left-free Burnside category RBY, with composition of morphisms

induced from those of RB< .

2.3 BISET FUNCTORS

We are now ready to define the core notion of this chapter.

Definition 2.3.1. Let (D, S) be a preadmissible pair inducing an admissible Burnside subcat-
egory RB(D:S) A (D, S)-biset functor over R is an either covariant or contravariant R-linear
functor F: RB(P:S) - Modg. In particular, when D is the class of all finite groups, we simply

say that F is an S-biset functor over R.

If (D, S) is clear from the context, we refer to F simply as a biset functor. Of course, these
are particular cases of the linear functors studied in Section 2.1, so we can speak of projective

and simple biset functors, which we will study in the next section.
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Remark 2.3.2. Unless otherwise stated, all biset functors are assumed to be covariant.

Convention 2.3.3. In particular, when § = [>, we refer to [>-biset functors as inflation

functors. Similarly, when § = A, we refer to A-biset functors as global Mackey functors.

We observe that global Mackey functors are biset functors with neither inflation nor defla-
tion, in the sense that any L € Ay ¢ satisfies that k1 (L) and k»(L) are trivial subgroups, then
1(L) _ ne(L) q2(L) _ q2(L) . o, . .
Inle( L)k (L) = Infql( 5 and Defq2 (L)L) = Defq2 (L) are identities. In contrast, inflation
functors do have inflation but no deflation, that is the origin of their nomenclature.
Remark 2.3.4. In a dual manner to the case of inflation functors, we can define the admissible
Burnside subcategory given by S := <|, where < gy = {A(J,«)}. The <-biset functors

do not seem to have a standard name in the literature, we will call them deflation functors.

Again, the name comes from the fact that they have no inflation, in the sense explained above.

The double coset formula in RB< (G, H) is simpler and goes as follows:

UalgelKeld=" > [Kng'(J"),acc,oqlc.
he[J\H/p(K)]
Indeed, p2(A(J,«)) = ], and p1(A(K, ¢)) = ¢(K). And we have (f,g) € A(J,a) *
(BDA(K, @) if and only if there exists I € H such that a(l) = f and c,(¢(g)) = I,
g € Kn @ 1(J"). In turn, the latter holds if and only if a o cj, o ¢(g) = f and g € Kn @~ 1(J").

Analogously, the double coset formula in R ™ (G, H) can be expressed as:

[, ] oleKIE= Y [pocioaJna ' ("K)]G
he[a(J)\H/K]

= Y [eocoaJnai(K)IE
1e[K\H/a(])]

Observation 2.3.5. A covariant inflation functor can be viewed as a contravariant deflation

functor and vice versa.

Example 2.3.6. Group cohomology M = H"(—; R) is an example of (covariant) inflation
functor. Indeed, we recall from Section 1.2 the restriction M(Res$;) := res% : H'(G;R) -
H"(H;R) and inflation M(Infg y) :=inf¢, : H"(G/N;R) - H"(G;R) (RN = R since

R has trivial G-action) operations. On the other hand,

M(Ind$)) := tr§ : H"(H; R) > H"(G;R).
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Isogation is obvious by functoriality of H"(—; R) in the classical sense.

It may be confusing to consider group cohomology as a covariant functor, since it is rather
commonly referred as a contravariant one. We can fix this by viewing E = H"(—;R) as a
(contravariant) deflation functor: we set E(Res%) = trs, E (Indg) i=rest, E (Defg N =

Example 2.3.7. Let FF be a field. Then the group representation functor Ry is an inflation
functor. If M € Rg(G), then Resf{( M) is M viewed as a virtual IFH-module via a change of
the base ring along 1:IFH — FG. Similarly, if M € Rg(G/N), then Infg/N(M) is M viewed
as a virtual FG-module via a change of the base ring along 77 : FG — F[G/N]. Isogation
follows the same idea. Now, let us suppose that M € Rg(H), then Ind%(M ) =FGery M,
viewing IFG as a (IFG,IFH)-bimodule. At last, defining deflation is plausible if we further
assume that char IF = 0. We do not outline the argument here, but it can be found in [9,

Section 1.1]. In other words, R has all the basic operations that define a biset functor.

Remark 2.3.8. This point is suitable to start unveiling connections with Chapter 1. Indeed,

we can define the homomorphism of abelian groups
«:BY(G,H) - [B,G,B,H]
that sends the class [K, @] to the composite
B.G 5 B,k 2% B.H.

More importantly, the map « induces an isomorphism after completing over a certain ideal.

We do not make the precise statement here, since it appears in this thesis as Theorem 3.2.3.

For convenience and in accordance with the literature [9], from now on we denote the
composition Defg /T Resg simply by DefresS/T. Similarly, the composition Indg o Infg /T

is denoted IndinfSG/T.
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2.4 SIMPLE BISET FUNCTORS

In this section, we study particular properties of simple biset functors that make them of
special interest among simple linear functors. We write Sy i to denote the simple biset
functor parametrized by the seed (H, V') (recall Proposition 2.1.7 and Definition 2.1.9).

From now non, we only consider admissible pairs (D,S) with D the class of all finite
groups, hence it will be implicit throughout the rest of this thesis. The simple S-biset functors
are properly denoted S%,V, but for simplicity we omit the class S in the notation and simply
write Sg v when there is no need to specify it. In this situation and for consistency, we say
that Sgy v is a simple biset functor, instead of a simple S-biset functor.

We mentioned in Section 2.1 that the parametrization of simple functors can be refined for
the case of biset functors. To do this, we will use the notion of minimal objects, in the sense

outlined below:

Definition 2.4.1. Let M be a biset functor. A minimal group for M is a group H such that
M(H) # 0, but M(K) = 0 for any group K with |K| < |H]|.

Let Iy be the R-submodule of RBS(H, H) generated by morphisms that factor through
a finite group K with |K| < |H|. It can be shown that I is a two-sided ideal of RBS(H, H)
and the quotient RBS(H, H)/I} is isomorphic as an R-algebra to ROut(H). In fact, more

18 true:

Proposition 2.4.2 ([9, Proposition 4.3.2]). The exact sequence 0 - Iy - RB(H,H) —
ROut(H) - 0 splits.

We observe that another more explicit description of Iy for the case S = < is the R-
submodule generated by classes [K, 9], with |¢(K)| < |H|. Even simpler, for S = A, the
ideal I}y is generated by the classes [K, ¢ ] with K a proper subgroup of H. If M is a biset
functor and H is a minimal group for M, the evaluation M(H) is in principle an RB(H, H)-
module, but since Iy annihilates M(H), the induced ROut(H )-module structure on M(H)
retains all the previous information.

Minimal groups are helpful to better understand non-vanishing evaluations of biset functors,

as displayed in the following result.

Proposition 2.4.3. Let S := Sy y be a simple biset functor, with H a minimal group for S. If
Suv(G) #0, then H is a subquotient of G.
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Proof sketch. The proof for a general admissible subcategory can be found in [9, Lemma
4.3.9]. We will concentrate on the case S = <l or A. As Ly y(G) # Jg v(G), there exists

an element ¢ = Z ri[K;, (pi]g ®v; of Ly yv(G), which is not in g y(G). Then there exists
Zs] L],zxj]c such that Z ri[Ki, ¢;]).v; # 0. It follows that [L;,, &, ] o [Kyy, @i ] ¢ In

for some ig, jo. Setting L = Llo,zx a, and K = K; , ¢ = ¢;,, by the double coset formula, we

have:

[La]o[K,¢]=> [Kng ' (LY),a0cyoq],
y

but K n ¢~1(LY) must equal H for some y. Then K = H and ¢(H) = LY. As the composite

P Cy o

HSLY SL—->H

is surjective, L % Hisalso surjective, hence H = L/Ker w, as desired. In the particular case

of S = A, we have Ker a = 0, therefore H = L. O

Remark 2.4.4. We note that in the particular case of S = A, the condition Sg; y(G) # 0

implies that H is isomorphic to a subgroup of G.

We are ready to exploit the advantage of having minimal objects. The simple biset functors

over R are parametrized as follows:

Proposition 2.4.5. The simple biset functors Sy v and Sy v+, with H, H' minimal groups,

respectively, are isomorphic if and only if (H,V) = (H',V").

Proof. It only remains to prove that Sy v = Sy y» implies (H, V) = (H’, V’) (see comments
below Definition 2.1.9). By Proposition 2.4.3, as Sp v(H’) # 0, then H' = H. By symmetry,
H c© H’, hence there exists an isomorphism « : H = H’. Now, the seeds (H, V') and (H',* V)
are isomorphic, so it follows that Sy« = Sy = Sy yr. By evaluation at H', we have

2y =~ V! as desired. O

In the same spirit, we can more generally define

RI(H,G)= ¥ B(K,G)B(H,K),
KeH

where B(K, G) B(H, K) is the image of the associative composition o : B(K,G) x B(H, K) -
B(H,G). This allows us to define RB(G,H) = RB(H,G)/RI(H,G). The following



2.4. SIMPLE BISET FUNCTORS 35

proposition follows easily from the definition of RI(H,G) and the fact that the bisets
Defres) v, with §'/T' € H, live in RI(H, G).

Proposition 2.4.6 ([12, Proposition 2.3]). The free R-module RB(H, G) is generated by the
_ G

classes of the form Indinfr slso(c), where (S, T) runs over the set of G-conjugacy classes

of sections of G with T|S * H and 0 : H - T/S runs over all isomorphisms up to left

composition by conjugation homomorphisms by elements of Gg ).

In particular, when § = </ or A, the basis consists of classes of the form mf( H)E(U) =
m, with ¢ : H - G a monomorphism. This happens because these submodules have no
inflation, unlike in the case of S = >, for instance.

It can be shown that RI(H, -) is a subfunctor of RB(H, -), hence RB(H, -) is a quotient

functor of RB(H, -). For any simple ROut(H )-module V, we have the functor
Ly,v(G) = RB(H,G) ®Rout(s) V-

Analogously, we define TH,V(G) & N Ker(ZH,v ().
9<RB(G,H)

Proposition 2.4.7 ([11, Proposition 4.4]). Let (H, V) be a seed. Then Sg,v = L,y /]y v-
Dually, we define
RB(G,H) = RB(G,H)/ S B(K,H)B(G,K).
KcH
In analogy to Proposition 2.4.6, we have the following result.

Proposition 2.4.8. The free R-module RB(G, H) is generated by the classes of the form
Is_o((T)Defres%/S (o), where (S, T) runs over the set of G-conjugacy classes of sections of
Gwith T|S 2 Hand o : T|S - H runs over all isomorphisms up to right composition by

conjugation homomorphisms by elements of Gs ).

In particular, for S = [>, the basis of RB > (G, H) consists of classes of the form [o, H],

with ¢ : H - G a monomorphism, since > has no deflation. RB is dual to RB in the sense

that we can now define
BH,V(G) = HomROut(H) (RE(GI H)/ V)

Now, analogously to Proposition 2.1.8, we have the following result.
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Proposition 2.4.9. The functor Ry; \ has a unique minimal subfunctor Tyyy =y Im(Ry y(9))
(PERB(H/_)
and IH,V i~ SH,V.

In [70, Section 2], Webb defines S‘EI v for the admissible classes S=DorS=A,asa
subfunctor of a functor that he denotes [y . To avoid ambiguity with our notation, we write

Wy v for Webb’s functor Jp v, in such a way that

Why(G)z @ (“v)NeD), (2.4.10)
w:H—-L
L<gG

where the direct sum runs over representatives L of G-conjugacy classes of subgroups of G
which are isomorphic to H, with a fixed isomorphism « : H — L, and *V is the set V viewed
as an ROut(L)-module via the isomorphism a«. Webb [70, Theorem 2.6] shows isomorphism

(2.4.10), we will see that a similar situation holds for Ry; y,.

Lemma 2.4.11. If S = D> or A, we have

Riv(G) 2 Wiy(G)= @ (V)N (24.12)
e

Proof. We note that RB(G, H) is a permutation ROut(H )-module. Indeed, the R-basis
X ={][o, H]g} is a left Out(H)-set with the action

~ H
[7]-[0,H]g = [cot ! H],
and
Out(H)
Xz S S
MI{‘LL a~10utg(L)a

L<gG
since the Out( H )-orbits Out(H)[«, H] are in bijective correspondence with the G-conjugacy

classes of subgroups L of G which are isomorphic to H via a chosen isomorphism a: H — L

and the stabilizers Out(H ), p) are precisely a~1Outg(L)a.
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Now,
BH,V(G) = HomROut(H) (RB(G,H),V)

Out(H)

= H Rl ——————|.V

a:@»L OmRout(H)( [“_1OUtG(L)“] )
L<gG

0
@ Hompgoum)(R Ta—litéft)c(L)“’ v)

w:H—-L
LSGG

IR

1R

Out(H)
- uczlé.éL Hom"‘*loUtG(L)“(R’ 4 l'ofloutG(L)oL)
L<gG

@ Vtx_loutG(L)zx

112

and the composition sends f € Homgoy(r)(RB(G, H), V) to (f([&, H]))[a(H)]c- N

Moreover, isomorphism (2.4.12) can be exploited to give a functorial structure to WH,V,

in such a way that isomorphism (2.4.12) becomes natural. The inverse D (“v)Ne()
wH-L

L<gG
Homrout(r) (RB(G, H), V) of the isomorphism constructed in the previous lemma sends
vy € (*V)Nc(L) to the map f, defined by
[0].vy, if[a’,H]=[c].[a, H],
fo([&', H]) =

0, otherwise.

Now, given [ ¢, M]gl, we can use it to define f, € Hompgoyut(r)(RB(G', H), V) such that

fou([B,HIZ,) = Ryy v (Lo, M) (£ ) ([B, H])
= fo.((8, H] o [¢, M])
= ). foullpocgroB H]),

g<[B(H)\G'/M]
B(H) <M

(2.4.13)

where by definition fo, ([¢ 0 co-10 B, H]) = [0].04 if

[poce10B,H] =[0][a, H] = [H,a oo 1] (2.4.14)
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and zero otherwise. Let us denote S(H) = L’. A necessary condition for equation (2.4.14) to
hold is that (p(glL’) is G-conjugate to L = a(H), for some g’ € G. Indeed, [¢ o Co-10P, H] =
[a 001, H] if and only if

Cg// O[Xoo’il = (Png_l O‘BOCh = (POCg_llg(h) O‘B (2415)

for some ¢” € G,h e H. Then ¢(§' L") = 8" L, with g’ = g~1B(h).

On the other hand, we have that the map ¢! can be seen as the composite

C,r ’
H-Pop gy g ¥ oy (2.4.16)

Consequently, the morphism

HomROut(H)(RE(G’, H), V) — @ (ﬁV)NG/(LI)

g
satisfying the conditions imposed above. Finally, we obtain a homomorphism

sends fy, to (Z[U].U,X) , with ¢ running over some representatives of ¢(H)\G'/M
p(H)

EGL(“V)NG(L)_) D (FV)Na(L)
wH— :H—>L,
LscG ﬁLsG,G’

8
refer to as Webb’s model of Ry ;. Now, we want to find a more explicit description for

sending v, to (Z[U].v,x) , thus giving the desired functoriality for WH,V, which we
(H)

Tyy= Y, Im(Rpy(¢)) viathe isomorphism given in Lemma 2.4.9.

@eRC(H,-)
Given a class [77,K]%, we have that Ry ([71,K]): V > €D (*V)Ne(D) sends v = vy,
wH-L
L<gG

to (O [o]v) «(H)- In particular, we can assume that the expression for ¢! given in (2.4.16)
8

now takes the form

H x L LN § K T, H, (2.4.17)

~
~
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since the actual ¢ and the inverse of composite (2.4.17) may differ only by composition
with ¢y, for some h € H, thus they induce the same class in Out(H). It then follows that
7t : K - H is a split epimomorphism. As ¢~! depends only on g, we better denote it by Og.
Using equations (2.4.13), (2.4.15) and the fact that 77 : K — H splits, we obtain that g can be
chosen to run over representatives of Ng(L, K)/K such that Bn8L =1, where B = Kerrt.

In other words, we obtain that Sy (G) consists of the elements of P (“V)Ne(l)

w:H-L
L<G
whose «-components are the sums
[Gg]‘l.v , withveV, (2.4.18)
8€¢[Ng (L, K)/K]
BréL=1

as we find in [70, Theorem 2.6].

For global Mackey functors, we have an even more explicit description of SIA{ v(G).

Proposition 2.4.19.
SA G) ~ t Ng(L) LV
H,v( )2 D trg (V)

a:Q—L
LSGG

Proof. With [, K]% as above, we now have that 7t : K - H is also a monomorphism, thus
an isomorphism and §L = K in (2.4.17) for every g running in Equation (2.4.18). We can
improve this by noting that [77, K] = [7T o ¢, L], and then we can assume that K = L. In this

way, 0, takes the form
H—-L-—-L— H.

-1

As « can be chosen conveniently, we can assume « = 77+, viewing now Gg as

HALC_%LQH,

with g running over representatives of Ng(L)/L. Therefore, in this case, Equation (2.4.18)
becomes > [cz]. O
he[Ng(L)/L]

By definition of trace maps, we have trIL\]G(L) (LV) = W (EV), where W} = Z Cx.
xeNg(L)/L
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Remark 2.4.20. The formula for S E v(G) is simplified considerably when there is no
subretract of G isomorphic to H. Indeed, in that case, the only chance for [7r, K] is to equal
[1, L], therefore
Ng(L
SEL(G) 2 @ e (),
a:Q—L
LSGG

just like a global Mackey functor.

Example 2.4.21. Let R = F,, G=Z/p and H = Z/p. We have

Out(Z/p) = Aut(Z[p) = {1, ..., &} 2 Z/(p-1),

where ¢ is a multiplicative generator of (IF,)*. The simple F,[Z/(p - 1)]-modules are
given by the representations (det)k :Z[(p-1) > Fp, with 0 <k < p-2, that send ¢ to ¢F.
In particular, dimp, S% 1o det)k(Z [p) = dimg, (det) = 1, for any admissible class S.

On the other hand, if H = 1, the only simple IF,[Out(H)]-module is IF,,. It is easy to see

that SlAIFp (Z]p) = 0 using Proposition 2.4.19 and the fact that IF, has characteristic p.

Computations of 85 v(G) using only algebraic tools are scarce in the literature. In
fact, computing dimp,5 5 v(G), with R =TF,, and Q nontrivial, amounts to computing the
multiplicity of a certain indecomposable summand of BGy, (see Section 3.2), but the latter
was a subject of study prior to Webb’s definition of inflation functors, which is why several

computations of dimp,S 5 v(G) are known partly via homotopy theory.

Example 2.4.22. Let R = Fy, and A := Z/pxZ[p. We have Out(Z/px Z[p) = Aut(Z[p x
Z[p) = GLy(p). The simple IF,[GL,(p)]-modules are given by

M, = S(A)! ® (det)*, withq=0,...,q-1, andk=0,...,4-2,

where S(A)7 is defined as follows: Let us consider the graded polynomial algebra IF,[x, y],
with x| = [y| = 2, then S(A)7 is the component of IF,[x,y] of homogeneous polynomials of
degree 2g with the GLy(p)-action defined by

(25): %)= o+ by e ).

In this case, dim]pp Mq,k =gq+1.
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A p-group E is called extraspecial if Z(E) has order p and E/Z(E) is elementary abelian.
In particular, let us consider the extraspecial group E of order p3 and exponent p?, with p

odd, which has a presentation
E=(st|s" =1, =1, tst"! = tP*1)

The subgroup Q of E generated by sP and t is the unique subgroup of E isomorphic to
Z[p xZ|p. Moreover, [No(E)/Q] ={1,s,...,sP"!} and

s.xlyl = ((1) pil ).x'yl.

The subgroup Q is not a subretract of E, hence S [Q> M, (E) = WQMq,k- In fact, it is not hard
M,

to check that the evaluation is independent of k, i.e.,
WQML],O = WQMq,l 2 = WQMq,p—2-

Thus, it suffices to find dim]pp WQML,,O, and this is achieved in [23, Proposition 4.6]. Indeed,

we have
0, ifg<p-1,
dimﬂ:p WQMq,() = <P
1, ifg=p-1.
The importance of computing the evaluations of simple biset functors Sz 7(G) can also

be appreciated in the algebraic context. For instance, the following result supports this claim.
Theorem 2.4.23 ([70, Theorem 5.6]). Let k be Zy or Fp. Then

kB>(-,G) = @ (PF,)mv(©),
HV)

where
dim S, (G)

B dim EndkOut(H) (V) ’

npy(G)

and dimensions are taken over the residue field of k.

Definition 2.4.24. Let S = > or A. We say that an S-biset functor F is cohomological if

F([ix, K]g) =[G : K]idp(g), for every K < G, where i is the inclusion.

The denomination "cohomological" is due to the fact that the group cohomology functor

H"(-,R), seen as an inflation/global Mackey functor, satisfies this property.
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The following result is [50, Proposition 6.4], although Park restricts the statement to global

Mackey functors, the proof is essentially the same.
Proposition 2.4.25. Let R be a field of characteristic p and S = > or A. Then Sg,v is
cohomological if and only if Q is a p-group.

Proof. Let us suppose that Q is a p-group. It will suffice to show that Bé,v is cohomological,

since S‘é v is a subfunctor. For that, it will suffice to show that

(¢, Q1 o [1x, K]& = [G: K][, Q.

Now, since [¢, Q]g = [o, Q]g(Q) o[t q)(Q)]Z(Q), we can assume that ¢ is the inclusion

homomorphism Q - G. Hence,

[[/ Q] °© [[/ K] = Z [l/ K*n Q]
xe[K\G/Q]

= >, Q]
xe[K\NG(QK)/Q]

|NG(Q/K) : K| [l/ Q]
=[G:K][+ Q].

The first two equalities are clear. For the third equality, note that K\Ng(Q,K)/Q =
K\Ng(Q, K). The las equality follows from [22, Lemma 3.5].
Conversely, suppose that S := S‘E)’V is cohomological. Let R be a Sylow p subgroup of Q.
Then
resg trg
5(Q) — S(R) — 5(Q)

is multiplication by |Q : R| and hence an isomorphism. Since S(Q) = V # 0, we have
S(R) # 0. Since Q is a minimal group for S, it follows that Q = R, so Q is a p-group.  [J

Let F be a cohomological inflation functor. Inspired by the Cartan-Eilenberg theorem
(Theorem 1.3.3), for the following result we use the notation ¢* := M([¢, P]H), for ¢ : P —

H. Its proof goes essentially as in Theorem 1.3.3.

Proposition 2.4.26. Let R be a field of characteristic p and let F be a cohomological inflation

Sfunctor over R, and G a finite group with S as a Sylow p-subgroup. Then

M(G) = {x e M(S) | ¢*(x) =" (x) for all P < S and each ¢ = cg : P — S with g € G},
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as R-modules. In particular, dimgF(G) < dimgF(S).

Proposition 2.4.26 can be used to give a description of Sg v(G), with Q a p-group, in
terms of the elements of 55 v(8) and the latter’s formula by Webb (see comments above

Proposition 2.4.19). As a result of this, [33, Theorem 0.1] follows (see Remark 3.2.7).



THE SEGAL CONJECTURE AND STABLE HOMOTOPY
CLASSIFICATION OF BG, VIA BISET FUNCTORS

This chapter is devoted to, on one side, reviewing classical applications of biset functors to
the homotopy theory of BG}, and, on the other side, exploiting Ragnarsson’s variants of the
Segal conjecture (see Theorem 3.4.3 and Corollary 3.4.4) to give new consequences on this

subject (see Section 3.6 for an overview).

3.1 THE SINGLE AND DOUBLE BURNSIDE RING

Let G, H be finite groups. We have a bilinear map - : B(G,1) x B(G,H) - B(G,H) by
sending ([Y],[X]) to [Y x X], with G acting diagonally on Y x X and H acting only on the
second component. In particular, if H = 1, this gives B(G, 1) the structure of a commutative
ring (since X x Y 2 Y x X as G-sets), called the (single) Burnside ring of G. For simplicity,
we use the notation B(G) := B(G, 1).

Equivalently, the Burnside ring B(G) can be defined as the Grothendieck construction of
the semiring of isomorphism classes of finite G-sets, with addition induced by disjoint union
and multiplication induced by Cartesian product. This is in fact the usual definition of the
Burnside ring in the literature [8].

As a Z-module, B(G) is freely generated by a set of representatives [ H] of G-conjugacy
classes of subgroups of G. Indeed, the only transitive (1, G)-bisets are of the form 1 x
G/1 x H, with H < G. Using the bilinear map - we can give to B(G, H) a structure of a
B(G)-module. In particular, the product - : B(G) x B(G) - B(G) gives a modified double
coset formula:

(H]-[K]= Y [Hn'K]
xe[H\G/K]

44
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The Burnside ring B(G) can be embedded in a ring that is convenient for computations and

proofs. We will devote the following lines to define that ring and the embedding of B(G).

Definition 3.1.1. Let H be a subgroup of G and @ : B(G) — Z be the ring homomorphism

that sends the class of a finite G-set X to | XH|. The product homomorphism

HH<GG H

®C:B(G) ——

[] z

H<GG

is known as the mark homomorphism for B(G) and Q)(G) := H Z. is called the ghost ring
H<gG
of B(G).

The following list of results regarding B(G) and B(G, H) are classical and can be found

in [59, Section 1.1], for example.
Proposition 3.1.2. Given H,K < G, we have

ING(K, H)|
O ([H]) = :
|H|

In particular, @ ([H]) # 0 if and only if K <g H.

Proposition 3.1.3. The map ®C is a ring monomorphism. Moreover, the cokernel of ® is

isomorphic as a Z-module to

[1 (Z/WH|z),
[H]eC(G)

where C(G) is a set of representatives of G-conjugacy classes of subgroups of G.

This gives us a method to calculate QB(G) via its ghost ring, indeed, we have a short

exact sequence of abelian groups:

0- B(G) - Q(G) — H (Z|\WgH|Z) - 0.
[H]eC(G)

The term on the right vanishes after tensoring with Q, so it follows that:

®:QB(G) = QQ(G) =Q ez O(G),
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with inverse [26, Section 3] given by

1 1

where epy = (0,...,1,...,0), with 1 in the H-th position and p is the Mobius function of the

poset of subgroups of G.

Remark 3.1.5. Even though our interest regarding B(G) in this thesis is limited to its
applications in the stable homotopy theory of BG or BG;, we must remark that its importance
goes beyond this subject. Indeed, the study of Burnside rings gave rise to several induction
theorems in representation theory [4, Section 5.6], a characterization of solvable groups
[8, Corollary 3.3.9], among others. Regarding further applications to homotopy theory, the
Quillen conjecture [54] and its variants have been approached through the theory of Burnside

rings, see [8, Section 4] for a detailed account.

Now, given two finite groups G, H, the abelian groups B(G, H) and B(H x G) are canoni-
cally isomorphic. We can use this point of view to speak of the marks of a virtual (H, G)-biset.

As an easy-to-check consequence of Proposition 3.1.2, we have the following corollary.

Corollary 3.1.6. Let A(K, ) <Hx G and [L, 9] € B(G,H). Then

N,
(L) = L CH(K),

with Nyy = {x € Ng(K, L) | cy¢ = pcy, for some y € H}.

Now, when H = G, the associative composition o : B(G,G) x B(G,G) - B(G, G) gives
B(G, G) the structure of a ring. We call B(G, G) the double Burnside ring of G. This ring

has a richer structure than B(G), in fact, we can see the latter as a subring of the former.

Proposition 3.1.7. The map B(G) - B(G,G) that sends [G/H] to [G x G/A(H,1)] is a

ring monomorphism.

However, as we should expect, B(G, G) is more complicated in general. For instance,

B(G, G) is not commutative in general, and the mark homomorphism described earlier

Y:B(G,G) > Q(GxG),
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viewing B(G, G) as B(G x G), is not a ring homomorphism anymore, but only a homomor-

phism of Z-modules.

3.2 THE SEGAL CONJECTURE

In this section we relate the theory of biset functors to the homotopy theory of classifying
spectra of finite groups. This is achieved thanks to the celebrated Segal conjecture, which in

fact comes in several forms.

Definition 3.2.1. Let € : B(G) — Z be the ring homomomorphism that sends the class
[X] of a finite G-set X to its cardinality |X|, extended linearly. We call € the augmentation

homomorphism and I(G) := Ker(¢€) the augmentation ideal of B(G).

We observe that € can be identified with Res? : B(G) — B(1) 2 Z, viewing the Burnside
ring as a Mackey functor for G [29, Definition 17.3.23]. Thus I(G) = Ker(ReslG ).

Given a G-spectrum X, its collection of H-equivariant homotopy groups 7t (X), with n
fixed and H < G, form a Mackey functor for G [65, Chapter 3] and each 7tf1(X) = X~"(Sp),
where S denotes the G-equivariant sphere [65, Example 2.10], has a B(G)-module structure.

In particular, for X = S, we have
B(G) = n§ (Sg) = [Sc,Sc]°

as rings [29, Corollary 17.3.36]. Now, let X = E; be a G-equivariant spectrum and E its

underlying non-equivariant spectrum. The projection 77 : EG; — S induces
m* 1 E5(Sg) — EG(EGy).

If Eg is a G-split spectrum [27, Definition 3.12], we have EZ(EG,) = E*(EG./G) =
E*(BG,). In this way we obtain

7 : E5(SG) — E*(BG,).
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With Eg as above, we say that the completion theorem holds for Eg if * an I(G)-completion

map, i.e. 77* induces an isomorphism

Historically, the first completion theorem is the Atiyah-Segal completion theorem for complex

equivariant K-theory K. For K = K9, this completion theorem takes the form
R(G)?(G) ~ K(BG),

where R(G) is the complex representation ring of G. Now, for our purposes, the case
Eg =S¢, proved by Carlsson [19], is of remarkable importance. Originally conjectured by

Segal for S, it takes the form
B(G)} gy 2 7°(B.G) = [B.G,S]. (3.2.2)
Before a proof for the Segal conjecture was finally achieved, it was known that isomorphism

3.2.2 implies a more general version (recall Remark 2.3.8).

Theorem 3.2.3 ([32]). Let G, H be finite groups. The homomorphism of abelian groups

BY(G,H) 5 [B.G,B.H],
. . trg 9 . .
which sends the class [K, ] to the composite BG, — BK, — BH. induces an isomor-
phism
BY(G, H)}\) = [B+G,B.H]

This gives us a completely algebraic description of [BG.,BH. ], although I(G)-adic
completion is most of the times hard to compute. We can simplify this description when G = S

is a finite p-group, using the reduced Burnside module. Indeed, « induces a homomorphism

B9(S,H) % [B.S,B.H]/[B.S,S] = [BS, BH]. (3.2.4)
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Now, B< (S, H) is also a B(S)-module, and @ is an I(S)-completion map too, but B< (S, H)
has the advantage that its I(S)-adic topology coincides with its p-adic topology [37]. In

other words, a induces an isomorphism
Z,B<(S,H) = [BS, BH]. (3.2.5)

Indeed,
Z,BY(S,H) =Z,®BY(S,H) = BI(S,H)j,

since B (S, H) is finitely generated. Furthermore, if H = S, we have an isomorphism
Z7,B9(S,S) = [BS, BS] (3.2.6)

as rings, since the homomorphism « (and therefore ) is compatible with the compositions.

Martino-Priddy [33] and Benson-Feshbach [5] used the ring isomorphism in Equation
(3.2.6) to classify, up to homotopy equivalence, all the indecomposable stable summands of
BS. Indeed, each indecomposable stable summand X of BS corresponds, up to homotopy
equivalence, to a unique primitive idempotent ex of Z@g <(S,S), up to conjugation. In
turn, ex corresponds to a unique simple ZQEQ (S,S)-module Mx. Finally, reducing mod
p the coefficients of Z,@EQ (S,S), we obtain that My corresponds to a unique simple

IFPE <(S, S)-module Sy, up to isomorphism. Now, using the quotient
F,B<(S,S) - F,BY(S,S),

which is a homomorphism of IF,-algebras, we can view Sy as an ]FPB<] (S, S)-simple
module.

Now, by Section 2.1, to any simple ]FpB<] (S, S)-module we can associate a unique, up
to isomorphism, seed (Q, V'), where Q is isomorphic to a subgroup of S and V is a simple
IF,Out(Q)-module. However, we must keep in mind that such simple IF, B (S, S)-modules
coming from simple IFPEQ (S,S)-modules are associated to all seeds (Q, V), except the

trivial one (1,1F,).
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All these correspondences are bijective, hence we can associate to any representative seed
(Q,V) with Q # 1, a unique indecomposable stable summand Xg v of BS. Moreover, by
the above arguments, a complete stable splitting

BS~ \/ XV

A%
(QV) ©

corresponds necessarily to a direct sum decomposition
F,BP(S,-)= @ (P5)"er,
V)

therefore 5
dimleSle(S)

- CllIIl]I:Ij End]FpOut(Q) ( V)

nov =nqv(S)

Similarly, given a finite group G with a Sylow p-subgroup S, we have that BG7, as a stable
summand of BS, can also be decomposed in terms of the summands X, 7 above, although
their multiplicities may change. Indeed, the multiplicity of X i as a summand of IBGQ is
nq,v(G) (see Theorem 2.4.23 and Proposition 3.4.14). In fact, this is another reason why
nov(G) <ngy(S) (see Proposition 2.4.26).

Remark 3.2.7. We have just seen that BG) ~ \ X”Q’V(G), with X v an indecomposable

Q/V
QVv)
summand of BS, in particular each Q is a p-group. This is essentially [70, Theorem 6.2], but

we will also deduce it in Section 3.4 (see Proposition 3.4.14).

Historically, shortly after Martino-Priddy [33] and Benson-Feshbach [5], Webb [70] de-
fined the notion of an inflation functor and reproved [70, Theorem 6.2] in a more sophisticated

manner the main theorems of both papers.

Example 3.2.8. Using Example 2.4.21 for § = [>, and the fact that IF), is a splitting field for
Z[(p-1), we have
BZ[p=~Xov--vXyo,

where X; = X, /p,(det)ir i=0,...,p-2. Inparticular, BZ/2 is indecomposable.
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Example 3.2.9. Let G = X, and Q = Z/p. The Sylow p-subgroups of G are isomorphic to
Q, and we can compute

1, ifi=0,p-2,

> 4 (
Z/[p,(det)’ 0, otherwise.

Consequently, BGy ~ Xo v X)».

3.3 THE STABLE MARTINO-PRIDDY CONJECTURE

By the discussion above, the homotopy type of BG is determined by the multiplicities
no,v(G), and they in turn are determined by the evaluation Sp (G). However, there is
no general formula to compute dim]FpSQ,V(G) in practice for an arbitrary finite group G.
In the rest of this chapter, we study the problem of detecting in algebraic terms when two
p-completed classifying spectra BGy and BH}, are homotopy equivalent. We recall from
Chapter 1 that BG ~ \/ IBG,Q. Therefore, given a p-group Q, it follows that

qlIG|

[BQ, BG] = %B' [BQ,BG,] = [BQ,BG}], (3.3.1)
q/|G

since the other summands are trivial. We can therefore use isomorphism (3.2.5) to obtain
Z,BY(Q,G) = [BQ,BG]. (3.3.2)

Let J(Q,G) denote the Z5-submodule of Z@gq (Q, G) generated by the classes [P, «],
with |a(P)| < |Q|. The quotient ZQEQ (Q,G)/J(Q, G) is isomorphic to Z;Inj(Q, G) as a
Z50ut(Q)-module, where

Inj(Q,G) = {[f] € Rep(Q, G) | f is a monomorphism}.

When BGj, is homotopy equivalent to BH}, we have by isomorphisms (3.3.2) and (3.2.5)

(after tensoring with IF ) that

F,B<(Q,G) 2 F,BY(Q, H) as F,Out(Q)-modules, (3.3.3)



3.3. THE STABLE MARTINO-PRIDDY CONJECTURE 52

for every finite p-group Q. Passing to the quotients induces an isomorphism
FpInj(Q, G) 2 IFpInj(Q, H) as IF,0ut(Q)-modules, (3.3.4)

for every finite p-group Q. Then the isomorphism in Equation (3.3.4) is a necessary condition
for BGy, and BH) to be homotopy equivalent. Now we ask if it is sufficient too, and this

was answered affirmatively by Martino-Priddy [34, Theorem 1].

Theorem 3.3.5 (Martino-Priddy). Given two finite groups G, H, the following are equivalent:
(1) BGy, and BH}; are homotopy equivalent.
(2) FyRep(Q,G) =2 FyRep(Q, H) as F,Out(Q)-modules for every finite p-group Q.
(3) F,Inj(Q, G) 2 F,Inj(Q, H) as IF,0ut(Q)-modules for every finite p-group Q.

Condition (3) implies that G and H have isomorphic Sylow p-subgroups. Although it was

only mentioned in the proof of [34, Theorem. 1.1], there is another equivalent condition:

4) F,Cen(Q,G) = F,Cen(Q, H) as IF,Out(Q)-modules for every finite p-group Q,
where Cen(Q, G) = {[f] € Inj(Q, G) | f(Q) is p-centric in G}.

In the original proof, the interesting implication is (4) = (1). Its proof required defining an
abstract matrix [34, Theorem 3.3] that allowed the authors to describe the multiplicities of the
indecomposable stable summands of BG, using the notion of linked summands. Implication
(1) = (2) is quite similar to (1) = (3) outlined above, while (2) = (3) is technical. On
the other hand, some years later, Ragnarsson pointed out that the proof (3) = (4) needed
a correction, and the same authors proposed a new proof in [36]. The author finds some
arguments of the proof in [36] unclear (see Section 3.5).

In the same spirit of Webb [70] (see comments below Remark 3.2.7), we use biset functors
to refine [34, Theorem 1], in some sense. To be precise, we will show that condition (4)

implies
. ~ ; RA
(1*) Gz HinZ;B",

where ZQEAP is the p-local bifree Zj-Burnside category (see Section 3.4). As we will see
in the next section, condition (1°*) is apparently stronger than (1) (see comments below

Proposition 3.4.9), but Theorem 3.3.5 asserts that they would all be equivalent.



3.4. STABLE MAPS BETWEEN p-COMPLETED CLASSIFYING SPACES 53

3.4 STABLE MAPS BETWEEN p-COMPLETED CLASSIFYING SPACES

Since a homotopy equivalence from BG), to BH) corresponds to an isomorphism in
[BG,, BH} ], it would be desirable to have, via a convenient version of the Segal conjecture,

an isomorphism of Zj-linear categories
a:D —B,Grp, (3.4.1)

for some D, where B, Grp is the category with objects the finite groups and morphisms
[BG,, BH} ], and D(G, H) should be of algebraic nature. Of course, the idea is to re-
formulate the isomorphism (3.2.5) so that it works for an arbitrary finite group G (recall
isomorphism (3.3.1) as well).

The first candidate for D could be a (reduced) admissible Burnside category ZQES , but
isomorphisms in admissible R-Burnside categories, for any ring R, detect group isomor-
phisms, i.e. G = H in RB¢ if and only if G = H as groups [63, Proposition 4.3]. The same is
true after reducing. However, we recall from Example 1.1.6 that in general the homotopy
type of BGy, does not determine G up to isomorphism.

In other words, our candidate for a Zj-linear category D cannot be a reduced admissible
Burnside category, although the nature of [BG},BH | and the particular case when G is a
p-group in isomorphism (3.2.5) suggest that in general D(G, H) should be a submodule of
ZQEQ (G, H) encoding the p-local structures of G and H. This problem was successfully
addressed by Ragnarsson, whose paper [57] provides the main source for the following

definition.

Definition 3.4.2. Let G, H be finite groups and R a commutative ring with identity. The
p-local left-free Burnside module of G and H, denoted RB Iy (G, H) (resp. the p-local bifree
Burnside module of G and H, denoted RB%#(G, H)) is the R-submodule of RB< (G, H)
(resp. RB2(G, H)) freely generated by classes [P, ¢], where P is a p-subgroup of G and

@ : P — H is a homomorphism (resp. a monomorphism).
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The following table summarizes the above definitions on Burnside submodules:

Burnside submodule Notation R-basis
Left-free Burnside module | RBY (G, H) [K, ¢]
Bifree Burnside module RBA(G, H) [K, ¢], ¢ is a monomorphism
p-local left-free Burnside 4
RB™*(G,H) [K, ¢], K is a p-group

module

-local bifree Burnside [K, @], K is a p-group, is a
p RBM (G, H) ¢ p ¢
module monomorphism

Note that we cannot speak of the subcategory RBY7 of RB since the identity morphism
[G,idg] of RB(G,G) is notin RBY7(G,G), unless G is a p-group. The same can be said
about RB7.

The following version of the Segal conjecture [57, Theorem 4.1], not established by the

time of [5, 33, 34], will be one of our main tools in reaching the goal of this chapter.

Theorem 3.4.3 (Ragnarsson). Let G, H be finite groups. The map

Z,BYr(G,H) 5 [(B.G)p, (B,H))],

trpp Bg),

which sends the class [P, @] to the composite (B.G); — (B+P); — (B H)j is an

isomorphism of Zg—modules.

Passing to the respective quotients, in the following corollary we obtain the Zj-module

D(G, H) mentioned in the introduction of this section, thus enhancing isomorphism (3.3.2).

Corollary 3.4.4 ([57, Corollary 3.2]). The map a above induces an isomorphism of Z-

modules

Z,B*(G,H) - [BG), BH,].

However, there remains the question of whether Z@g Wisa category or not. In fact, we
ask this question for more general coefficient rings. Let R be a p-local ring, meaning that any

integer in R coprime to p is invertible (e.g. Zy, Z ), [Fp). There is a ring homomorphism
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that sends 2 to m1g.(n1g)~!. In that case RBY? and RB2» meet the requirements to be
categories. Indeed, composition is not an issue and the only remaining requirement is the
existence of an identity in RBY?(G, G) and RB% (G, G), for every finite group G. For
convenience, we first treat the case R = Z,). The following proposition appears in [57,

Proposition 5.3].

Proposition 3.4.5 (Ragnarsson). Let G be a finite group and {Py, ..., P,} be a poset of
p-subgroups of G, partially ordered by G-subconjugacy, where we pick one representative P;

Jor each G-conjugacy class, so that i < j if P; >g P;. The virtual biset
P _ G
lg= Z”J'[PJ" 16
)

is the multiplicative identity on(p)Bq P(G,G), where 1j : Pj > G is the inclusion, and the
coefficients a; satisfy the equations
Ng(P;, P;
Z“jM -1 (3.4.6)
j ’P j|

fori=1,...,n.

By definition of 12, it is consequently, also the identity of Z(p)BAP(G, G). The same
virtual biset works for R = Z@ (seeing Z(p) c Z@), R = F, (after reducing mod p the
coefficients ;) and more generally any p-local ring, but for simplicity we will restrict to these

three cases. Similarly, it follows that RBr and REAP, with R = Zf?, Z(p), IF,, are categories.

Observation 3.4.7. In general, we do not have 1§ = [S,id]g, but we will see in Remark

3.4.11 that M(lg) = M([S,id]), when R = IF, and M is cohomological.

Remark 3.4.8. By the above discussion, BGj is homotopy equivalent to BHJ if and only if
G~ Hin ZQE <y, In fact, we prefer to work with the unreduced category Z,B <y, and it
is not hard to see that both conditions are equivalent to G = H in Z@B v, At last, we can
reduce mod p the coefficients without loss of information, i.e. BG, ~ BHp if and only if
GzHinF,B dp (see Proposition A.2.1). On the other hand, it is clear that we can instead

use IF,B ®p and make the analogous assertion.

Thus, (4) = (1) in Theorem 3.3.5 follows from the next proposition.



3.4. STABLE MAPS BETWEEN p-COMPLETED CLASSIFYING SPACES 56

Proposition 3.4.9. If F, Cen(Q,G) = F,Cen(Q, H) as F,Out(Q)-modules, for every
finite p-group Q, then G = H in leBAP.

Proposition 3.4.9 is a refinement of (4) = (1) since, in general, RB“7 is a proper
subcategory of RB<»r.

For a proof of Proposition 3.4.9, it will be necessary to study the functors leBAP (G,-).
In fact, it is not hard to check that ]FPBAP(G, —) is a global Mackey functor. In general,
IF, B2 (G, -) does not agree with the representable global Mackey functor IF,BA(G, -),
unless G is a p-group. However, a Yoneda lemma argument still works: For the following

proposition and henceforth in this chapter, the coefficients are taken modulo p.

Lemma 3.4.10. Let Mackp , denote the category of global Mackey functors over . Then
Mackg, (IF, B2 (G,-), M) = M(G) for each cohomological global Mackey functor M.

Proof. Given a cohomological Mackey functor M, we send ® € HomMaCk]Fp (F,B Ar(G,-), M)

-1
to [%] @G(lé) e M(G), where S is a p-Sylow subgroup of G. It is not hard to check

that this map is injective, like in Yoneda’s lemma. The subtle difference appears when
proving surjectivity: given v € M(G), we define ¥ ¢ HomMack]Fp (IFPBAP(G,—),M) by
Y1 (X) = M(X)(v), for each group L and each X € F,B% (G, L). Now,

Gl 1" T 16 1
l|NG(S)|] ‘PG(lg)_JNG(S)l_ M(;a]‘[Pj,l]‘])(U)

[ 16T s wmp, ) 0)
| [Nc(S)I| 5

TG e s
~[ING(S)]] ;QJ[G'P’]U

_|_ G algv
| INc(S)I] IS

1-1

Indeed, we used that M is cohomological in the third equality, the coefficients are reduced

-1
modulo p in the forth equality, and a; = [%] in the fifth equality, by Equation

(3.4.6). ]

) .
e | Lmcs) =

Remark 3.4.11. By the arguments given in the Lemma 3.4.10, M (15) = [

1pm(s) for a p-group S and a cohomological Mackey functor M.
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Proposition 3.4.12. Let S be a Sylow p-subgroup of G. Then ]FPBAP(G, -) is a retract of
IFp BA (S, _).

Proof. The biset [S, l]g o[S, id]?; corresponds to

A

A sy A IB[Q A
(IB+G)p e (lB+S)p s (IB+G)p,

which induces multiplication by [G : S] in H*(BG;F,). This map in cohomology is an
isomorphism since [G : S] is invertible in IF,. By definition of p-completion , Buj o trsg is
a stable homotopy equivalence, hence [S, l]g; o[S, id]é is an isomorphism in IF,B% (G, G)

(see Remark 3.4.8). We denote its inverse as (). The composite

([Sid]3)~ (Qo[S,§)-
F,B(G,-) ——5 F,B(S,-) ——="5 F,B(G,-)
is the identity morphism, exhibiting IF,,B% (G, -) as a retract of IF,BA(S, -). O

We recall that IF,BA(S, -) = (QG?/) (IPé,V)”Q/V(S) by [70, Lemma 5.3], where each ]Pé,v

A . and each Q is isomorphic to a subgroup of S. By Proposition

Q/V’
3.4.12 and [71, Proposition 7.4.1], we have

is the projective cover of S

F,B¥(G,-)z @ (I[)élv)”Q,v(G),
QV)

where
dimp,Mackg, (F,B2(G,-), Sé,v)

dimp, End, out(0) (V)

ngv(G) =
But each Sé v 1s cohomological, since Q is a p-group. Then

dim]ppSé’V ( G)
~ dimg, End,ou(0)(V)’

ngv(G)

by Lemma 3.4.10. In summary, we just proved the following result.

Proposition 3.4.13. Let G be a finite group with S a Sylow p-subgroup. Then

FpBY(G,-) = @ (Pgy)"evl®),
Q)
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where (Q, V) runs over the isomorphism classes of seeds with Q isomorphic to a subgroup

of S and
dimlppSé,V(G)

) dim]FpEnlepOut(Q)(V).

ng,v(G)

We can rephrase Proposition 3.4.10 and Proposition 3.4.12 using [>, instead of A, and

obtain a result probably interesting on its own.

Proposition 3.4.14. Let G be a finite group with S a Sylow p-subgroup. Then

IF,B Pr(G,-) = P (H’gv)”gv(c),
(V)
where (Q, V) runs over the isomorphism classes of seeds with Q isomorphic to a subgroup

of S and
i dimg, 85, (G)
dimp, End, out(0) (V)

ngv(G)

We can consider Proposition 3.4.14 as a refinement of [70, Theorem 6.2], discussed in
Remark 3.2.7. Indeed, [70, Theorem 6.2] follows easily from Proposition 3.4.14.

The group ring IF,Out(Q) satisfies the following lemma.

Lemma 3.4.15 ([34, Lemma 4.2, Corollary 4.3]). Let x,y be elements of F,Out(Q) such
that F,Out(Q)x = F,0ut(Q)y as F,Out(Q)-modules and M be any finitely gener-
ated left F,Out(Q)-module. Then xM = yM as IF,-vector spaces. More generally, if
P F,0ut(Q)x = GF,0ut(Q)y as F,Out(Q)-modules, then @ xM = PyM as FFp-
X y X Y

vector spaces.
Proof of Proposition 3.4.9. To prove that G ¥ H in ]FPBAP, it will suffice to show that

IF, B2 (G, -) and F,B% (H, -) are isomorphic in Mackg,,, since

Mackg, (F,B% (H,-),F,B*(G,-)) = F,B* (G, H).

A
QIV,

which are cohomological, is cohomological as well. Indeed, each P2 v fits into an exact

The above isomorphism follows because ]FPBAP(G, -), as a direct sum of functors IP

sequence ]Pé v Sé v — 0, so the fact that ]Pé v 1s cohomological follows from [68, Lemma

2.1] and Proposition 2.4.25, which shows that Sé v 1s cohomological. The hypothesis implies
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that G and H have isomorphic Sylow p-subgroups, let us say S. Thus both ]FPBAP (G,-) and
IF, B2 (H, -) are retracts of IF, B (S, ) by Proposition 3.4.12. In this way,

@D (PP @) 2F,B%(G,-) 2 FpB*(H,-) = @ (Pg,)"evt)
QV) Q)

if and only if ng v (G) = ng,v(H) for each seed (Q, V). In turn, this holds if and only if
dimg,S3 /(G) = dimg,S3 |, (H),

as we show now. Indeed, by Proposition 2.4.19:

$3,(G) = @ m V)= @ wi(tv).

w:Q—L w:Q—L

L<gG L<gG
Now,

Ce(L
WL = Z Cx = ZG(L‘ ) Z g.
xeNg(L)/L ( ) ceOutg (L)
However, CZG((LL)) ’ =0in [Fp, unless L is p-centric in G. Therefore, writing WL for Z o,
oeOutg (L)
we have
S6,v(G) = ) Wr(tv). (3.4.16)
a:Q—L
L<;G is p—centric

On the other hand,

F,Cen(Q,G) = P F, [OL(L)] ~ P IF,Out(Q)W;.

L<gG is p-centric Outg(L) L<gG is p-centric

Condition (2) means

@  FOut(QW.= @  F,0ut(QWy,

L<gG is p-centric L'<yH is p-centric

hence we can apply Lemma 3.4.15 to isomorphism (3.4.16) to obtain Sé,v(G) = Sé/V(H )

as IFP-Vector spaces, as desired. O]
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3.5 A CLOSE-UP VIEW OF MARTINO-PRIDDY’S PROOF

In this section, we revisit the proof of (3) = (4) in Theorem 3.3.5 given in [36]. Recall that
Martino and Priddy introduced this (unpublished) preprint to correct the original proof [34,
Proposition 4.5].

As a part of the motivation for this section, we specify an argument by Martino-Priddy
that remains unclear to us (see comments below Proposition 3.5.3). Moreover, we improve
Proposition 3.4.9 (see Theorem 3.5.5) and finally explore a couple of consequences of our
results if [34, Proposition 4.5] is assumed.

Given a p-group Q, let nCen(Q, G) be the complement of Cen(Q, G) in Inj(Q, G). Let
L < G such that Q = L and p divides |C5(L)/Z(L)|, i.e. L is not p-centric in G. Let L be
a Sylow p-subgroup of L-Cg(L). Choosing a convenient representative of G-conjugacy
L, we have that L is simply L-Cg(L) (see Section). In any case |L| < |L| by definition. An
equivalence s : L, — L, between such groups will be an isomorphism such that s (L1) = Ly.
Let {Qk} be a set of representatives of equivalence classes of such p-subgroups.

We define

Ceng, (Q},Qx G) = {B:Q;~ G | [Bl € Cen(Q;,G), 8(Q)) ~ Qi } /G,
We also define a set of monomorphisms
R(Q,Q)={a:Q' > Qla(Q)=0Q}
and a group of automorphisms
Aut(0 Q) = {a e Aut(Q) | «(Q) = Q}.

Observe that R (Q’, Q) and Ceng (Q, Oy, G) are Aut(Q | Q)-sets since the image of Q is

invariant. The following two results appear in [36].

Lemma 3.5.1. There is an isomorphism of Out(Q)-sets

P ]%[ R(Q Q) X Aut(Gy) CenQy (Qk Ok, G) » nCen(Q,G) (3.5.2)



3.5. A CLOSE-UP VIEW OF MARTINO-PRIDDY’S PROOF 61

given by composition, i.e. P(7y x [0]) = [07], and which is natural in G.

Isomorphism (3.5.2) and its proof are clear, but it is not clear what Martino and Priddy

meant by naturality in G of this isomorphism.
Proposition 3.5.3. IfF, Inj(Q, G) 2 F,, Inj (Q, G") as IF,Out(Q)-modules for all p-groups
Q then IF, Cen (@j, G) = IF, Cen (Qj, G’) as Out (Qj) modules for all j and

IF, Ceng, (Qj, éj/ G) =2 Fy Ceng, (Qj' Qi' G')

as Aut (Q; | Qj)—modulesfor all j.

Observation 3.5.4. Here we see that Martino and Priddy implicitly assume that if IF, Inj(Q, G) =
F, Inj (Q, G’) as IF,Out(Q) modules, then the set of representatives {Oy}, in principle de-
fined a priori for either G or G’, works equally well for the other, i.e. the same family {Qk}

can be used in isomorphism (3.5.2) for both G and G'.

Under the hypothesis of Proposition 3.5.3 and using Lemma 3.5.1, we have the following

commutative diagram

?IFPR (Q Q) ®F, aut(3y/0;) Fr Ceng (Qk O, G) ——=——— F,nCen(Q,G)

112

?IFPR (Q’ Qk) DF, Aut( Qi) IFy Ceng, (Qk’ Ok, G,) — FpnCen(Q,G')

This would imply that IF,nCen(Q, G) = IF,nCen(Q, G’) as IF,0ut(Q)-modules, conse-
quently IF,Cen(Q, G) = IF,Cen(Q, G’) as IF,Out(Q)-modules by complement and cancel-
lation.

In view of this situation, we find it convenient to give, independently of Martino-Priddy’s

argument, a proof of the following theorem.
Theorem 3.5.5. Given two finite groups G, H, the following are equivalent:
(1) G=H inF,B%

(2) FpCen(Q,G) = F,Cen(Q, H) as IF,Out(Q)-modules, for every finite p-group Q.
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Of course, (2) = (1) is Proposition 3.4.9. Before giving the proof of (1) = (2), let us
recall Remark 2.1.6: We remarked that S‘é/v still makes sense when V' is not simple. What is
more, for § = [>, A, its alternative definition by Webb [70] also works when V' is not simple.
To prove that both definitions are equivalent (see Lemma 2.4.11 and comments below it) we

used the fact that V' is simple. However, in the particular case S = A, the isomorphism

Sev(G)z @ Wr('V) (3.5.6)

x:Q—L

L<gG
is valid more generally when V' is a cyclic IF,Out(Q)-module. Indeed, in [7, Proposition
15] Bouc gives a proof of this isomorphism, where the only fact the proof needs about V' is

that it is generated by a single element vy as an IF,Out(Q)-module. In particular, we can

take V = IF,Out(Q) in isomorphism (3.5.6).

Proof of (1) = (2). An isomorphism from G to H in ]FpBﬁ induces an isomorphism
56,v(G) =S5 (H) (3.5.7)

as IF,-modules, for any finite p-group Q, since Sé/v is cohomological by Proposition 2.4.25.
Consider V = IF,0ut(Q) as an (IF,0ut(Q), F,0Out(Q))-bimodule, so that

LQ,]FpOut(Q)(G) = IFpBA(Q, G) ®IFpOut(Q) leOut(Q)

. A .
has a right IF,Out(Q)-module structure and consequently so does 5 0F,0ut(Q) (G). Equation

(4.7.16) displays an isomorphism of IF,Out(Q)-modules (recall the description of Sy in

Section 2.1). Now, we have

50,F,0ut(Q)(G) = S WLF,Out(L)

L<gG is p—centric

P IF,Out(L)/FF,Outc(L)

L<cG is p—centric

= F,Cen(Q,G),

IR
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where all isomorphisms are isomorphisms of right IF,Out(Q)-modules. We then obtain an

isomorphism of IF,Out(Q)-modules
F,Cen(Q,G) - F,Cen(Q, H),

as desired. O]

Moreover, analogously to Remark 3.4.8, we have
G = HinF,B*" if and only if G = H in Z};B*?. (3.5.8)

Now, we devote the last paragraphs of this section to make a brief digression of what would
follow as a consequence of [34, Proposition 4.5] and our results. Homotopically, the first
consequence is that there is an arbitrary homotopy equivalence between BGy, and BH}; if
and only if there is another, more particular, homotopy equivalence between IBGFAJ and IBH;,\,
induced by an element of Z@EAP (G, H) via the Segal conjecture. At the moment, we are
not aware of any homotopical description of that kind of equivalences.

On the algebraic side, in [46, Chapter 2], the author asked if Z( p)B v and Z(p)BAP have
the same isomorphism classes. Changing the coefficient ring Z ) to either Zy or Fp, we
would be able to affirmatively answer this question. Indeed, it follows from Theorem 3.3.5,

Proposition 3.4.9 and the discussion above in this section.

Corollary 3.5.9. Let R = Zj or F,. Then RBY? has the same isomorphism classes as
RB%.

3.6 AN OVERVIEW

To summarize Chapter 3, we recall some different situations for a couple of finite groups

G, H and how they are related according to the arguments displayed throughout this chapter.
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In the following figure, direction of the arrows mean implication, so bidirectional arrows
mean equivalence. We achieved all these implications independently of [34], except the

dashed arrow.

36 A(E) =285 (@) =S ()
for every p-group Q for every p-group Q
G=HinlF,B"» G = HinF,B%
FpInj(Q, G) = F,Inj(Q, H) F,Cen(Q,G) = F,Cen(Q, H)
as IF,Out(Q)-modules, for ~ ------------------- > as [F,Out(Q)-modules, for
every p-group Q every p-group Q

Now, assuming Martino-Priddy’s argument discussed in Section 3.5, they all are equivalent
to BG, ~ BHp, by Ragnarsson’s version of the Segal conjecture. We end this chapter with
another consequence of (3) = (4) in Theorem 3.3.5, which easily follows from the above

diagram.
Corollary 3.6.1. Let G, H be finite groups. The following are equivalent:
(1) ng(G) = SQDIV(H)for every finite p-group Q.

(2) Sé/V(G) E Sé,V(H) for every finite p-group Q.



ON THE STABLE HOMOTOPY TYPE OF p-LOCAL FINITE
GROUPS

Our goal in this chapter is to, in some sense, extend the theory of biset functors for finite
groups to saturated fusion systems. As a result, we will be able to generalize or reformulate

some classical results by Webb and our previous results in Chapter 3.

4.1 FUSION SYSTEMS

In this section we study the notion of saturated fusion systems. They were originally
introduced by Puig [53] under the name of Frobenius systems in the context of modular
representation theory and by Broto, Levi and Oliver [18] in the context of homotopy theory.
More precisely, Broto, Levi and Oliver defined p-local finite groups as generalizations of
finite groups and their p-completed classifying spaces. A p-local finite group (F, £) [18,
Definition 1.8] is informally a saturated fusion system JF together with a space, a priori not
determined by F, but by a centric linking system L associated to F. Such a space is |£|§, the
p-completed geometric realization of £ as a small category, which is called the classifying

space of (F, L).

Definition 4.1.1. Let S be a finite p-group. A fusion system over S is a category F whose

objects are the subgroups P < S and the morphism sets F (P, Q) satisfy:
1. Forall P,Q < S, we have Homg(P, Q) < F(P,Q) < Inj(P, Q).

2. Every morphism ¢ € F(P, Q) factors as P A ¢(P) - Qin F, with P S @(P) being

an isomorphism in F.

65
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Example 4.1.2. Given a finite group G and a Sylow p-subgroup S of G, the fusion system of
G over S, denoted F5(G), is defined by Hom g, () (P, Q) := Homg (P, Q).

We say that two subgroups P, Q of S are F-conjugate if there is an isomorphism ¢ : P - Q
in F.

Definition 4.1.3. Let F be a fusion system over S. A subgroup P < S is fully F-centralized if
|Cs(P)| > |Cs(P")| for every P’ which is F-conjugate to P. Similarly, P is fully F-normalized
if INg(P)| > |Ng(P’)| for every P’ which is F-conjugate to P. A fusion system F is saturated

if it satisfies the following conditions:

1. If P is fully F-normalized, then P is also fully F-centralized and Autg(P) is a Sylow
p-subgroup of Autz(S).

2. If ¢ € F(P,Q) is such that ¢(P) is fully F-centralized, then ¢ extends to a morphism
@ € F(Ny,Q), where

Ny = {x € Ns(P)|¢@ocy=cyoqpeF(P,S), for some y ¢ Ns(@(P))}.

The additional axioms for saturated fusion systems are aimed at imitating the Sylow
theorems and, at least from the homotopical viewpoint, only the saturated fusion systems are
relevant. Indeed, these axioms are necessary to prove the properties expected for BF (see

[18] for more details).

Example 4.1.4. The fusion system Fs(G) of a finite group over its p-Sylow subgroup S is

the archetypal example of a saturated fusion system.

Definition 4.1.5. Let 77, F, be fusion systems over S1, Sy, respectively. We say that 7 is
isomorphic to F», and denote it by Fq = F, if there exists a fusion-preserving isomorphism

A 51— Sy, that is, an isomorphism A : S; - S5 such that
@ € F1(P,Q) if and only if A\pA~! € o (A(P),A(Q)).

Definition 4.1.6. We say that a fusion system is realizable if there exists a finite group G,
with Sylow p-subgroup S, such that F = F5(G). When F is not realizable, we say that F is

exotic.
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For the prime p = 2, the first known examples of exotic (saturated) fusion system are
essentially due to Solomon [67]. They are fusion systems over the 2-Sylow subgroup of
Spin,(q) for any odd prime power g, denoted by Fsol(q) [31]. On the other hand, Dwyer and
Wilkerson [24] constructed the 2-compact group DI(4) (roughly speaking, a homotopical
analogue of a compact Lie group at the prime 2) which is exotic (it cannot be realized by a
compact Lie group, in the sense of [42, Example 2.2]). One of the motivations of Dwyer and
Wilkerson was to find a space that realizes the mod 2 Dickson invariants of rank 4 through its

cohomology ring, this is achieved by the classifying space BDI(4), i.e.
H*(BDI(4);Fp) = H*((Z/2)*F,)Ct¢42).,

Inspired by these works, Benson [6] observed that DI(4) subsumes the information of
Fsol(q) for each q. Then he was led to consider a likely "classifying space for the non-
existing Solomon group Sol(g)". More precisely, Benson defined BSol(g) as the homotopy
pullback of the diagram

BSol(g) —— BDI(4)

| 2

1,97
BDI(4) X% BDI(4) x BDI(4)
where Y1 is the Adams operation corresponding to g, in the sense of [45]. As a result, he
predicted that the saturation axioms would lead to the existence of a classifying space for a

fusion system.

Remark 4.1.7. There are other notions of realisability for fusion systems, but the notion we
just discussed is the strongest one. In fact, any fusion system over a p-group S is realizable by
a finite pregroup P containing S as a Sylow p-subgroup [30, Corollary 4.15]. The pregroup

P induces a universal group U(P) [30, Definition 2.6], in such a way that
F = Fs(P) = Fs(U(P)).

However, U(P) is often infinite.

The following example displays the classification of saturated fusion systems over abelian

p-groups, up to isomorphism.
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Example 4.1.8. Let S be an abelian p-group and F a saturated fusion system over S. It is
known that F = Fg(S » W) for some finite p’-group W < Aut(S). In particular, there are no
exotic fusion systems over abelian p-groups. Moreover, given two such groups Wy, W, we
have

Fs(Sx W) = Fs(SxWs)
if and only if Wq and W, are conjugate in Aut(S), see for instance [55, Proposition 2.1.3].

Definition 4.1.9. Given a saturated fusion system JF over S and P < S, we say that P is
F-centric if Cs(P") = Z(P’), for every P’ which is F-conjugate to P. On the other hand, we

say that P is F-radical if Outz(P) has no nontrivial normal p-subgroups.

The notion of F-centric subgroups generalizes that of p-centric subgroups studied in

Chapter 3.

Proposition 4.1.10 ([17, Lemma A.5]). Let G be a finite group and S a p-Sylow subgroup of
G. Then P < S is p-centric in G if and only if P is Fs(G)-centric.

The following theorem, due to Alperin, tells us that, to recover the whole fusion system
F, we only need to know a certain family of subgroups of S, which are well-behaved with

respect to F, and their F-automorphism groups.
Theorem 4.1.11 ([18, Theorem A.10]). Let F be a saturated fusion system over S. Then for

each isomorphism € F (P, P'), there exists a sequence of subgroups of S

P=P0,P1,...,Pk=P, and Ql,Qz,...,Qk

and morphisms P; € Autg (Q;), such that
* Q;is F-fully normalized, F-radical and F-centric for each i,
* P;_1,Pi < Qjand ¢; (Pi_1) = P; for each i, and

° l/J:lPko’-Pk—lo"'ol/Jl-

We refer to the F-fully normalized, F-radical and JF-centric subgroups of S simply as

F-Alperin subgroups.
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Example 4.1.12 (The Ruiz-Viruel exotic fusion systems). Let E be the extraspecial group of

order 73 and exponent 7. The group E has a presentation

7

E=<x,y,z|x" =y =2"=1,xz=zx,yz=zy,[x,y] =2 >.

Given a fusion system F over E, the only possible F-Alperin proper subgroups are Vj, ..., V7,
where V; =<z, xy’ >, with 0 <i < 6 and V; =< 2z, >. Bach of these subgroups is isomorphic
to Z./7 x Z.]7. To determine F, it suffices to know Outz(E) and the F-conjugacy classes of
JF-Alperin proper subgroups [64, Corollary 4.4]. Particularly, if F is one of the three exotic
Ruiz-Viruel fusion systems RV1, RV2 or RV3, then all V; are F-Alperin. The following table

displays the structure of these saturated fusion systems.

Fusion system | Outz(E) | |F-Alperin| | Autz(V) |
RVI (Z6<Z[6) = Z]2 | 6+2 SL,(7) » Z2,GLa(7)

RV2 D16 XZ/S 4+4 SL2(7) NZ/Z,SL2(7) NZ/Z
RV3 SDy <73 8 STo(7) % Z/2

The expression m + 1 in the third column indicates that there is an F-conjugacy class with m
JF-Alperin proper subgroups and another one with 7.

As we said earlier in this section, Benson predicted the existence of a classifying space
for a saturated fusion system. The pursuit of such a space was fruitful: Broto, Levi and
Oliver generalized the Martino-Priddy conjecture [18, Theorem 7.4] by showing that the
homotopy type of |£|§ determines F, up to isomorphism. However, it remained the question
if, given F, a centric linking system for F always exists. This issue was finally resolved by
Chermak [21]: he proved both the existence and uniqueness of a centric linking system £

associated to F, up to isomorphism. Therefore, because of the existence and uniqueness up

to homotopy equivalence of |£ 2 we can now call it the classifying space of F and denote it

by BF. For illustrative purposes, we briefly recall the idea behind the construction of BF:

for any saturated fusion system over S, we have a functor

B:O(F°) - HoTop
P+— BP,

[¢] — [Bg],
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where O(F¢) is the centric orbit category of F, with objects the F-centric subgroups of S
and morphism sets F (P, Q)/Inn(Q). The saturation axioms on F make it possible to lift B

up to natural isomorphism to a functor
B: O(F°) - Top,
in an essentially unique way [49, Theorem B]. In this manner, we have [18, Proposition 2.2]
hocolimo(fc)gz |L].
One can prove that |£] is p-good [18, Proposition 1.12] and, after p-completing, we have
(hocolirno(jcc)fg)?7 ~ BF.

In particular, BF is p-complete. If F = F5(G), there is a homotopy equivalence BF ~ BGj.

4.2 THE BURNSIDE RING OF A FUSION SYSTEM

Let S be a finite p-group and F a fusion system over S. Given a finite S-set X and ¢ in
F(P,S), we denote by p ,X the set X, with P acting by p- x := ¢(p) - x. We say that X is
F-stable if

PoX 2p,, X (4.2.1)

as P-sets, for every ¢ € F(P,S), where tp : P — S is the inclusion. More generally, if X is a

virtual S-set, we can analogously define p , X € B(P) and say that X is F-stable if it satisfies
PpX =pp X (4.2.2)

in B(P), for every ¢ € F(P,S). It is not hard to check that F-stability is preserved by sums,

additive inverses and products in B(S).

Definition 4.2.3 (Reeh [60]). The subring of B(S) consisting of F-stable elements is called
the Burnside ring of F and denoted B(F).

Remark 4.2.4. If F is saturated, we could equivalently define B(F) as the isomorphic

image in B(S) of the Grothendieck group of the subsemiring B, (F) c B, (S) consisting of
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F-stable sets, under the monomorphism ¢ induced by the inclusion B, (F) < B, (S), see [60

Proposition 4.4].

Given an F-stable element X, a property of special interest is that (recall Definition 3.1.1)
®p(X) = P (X) for all F-conjugate subgroups P, Q (see [60, Lemma 4.1]). This allows us

to define, in analogy to Definition 3.1.1, the mark homomorphism

OF:B(F) —Z 5 [] 2
P<£S

and O(F) := [] Z, the ghost ring of B(F). As expected, ®7 is injective [60, Theorem
Bl P<zS

Let F be a saturated fusion system. Using the mark homomorphism and its properties,
Reeh [60] picks a representative P of each F-conjugacy class and constructs an JF-stable
element ap, such that B(F) is freely generated as a Z-module by {ap}p. Moreover, each
ap lives in B, (S) (it is not only a virtual S-set but an honest S-set) and it is irreducible (it
cannot be expressed as a disjoint union of F-stable sets).

Although the proof of the existence of the sets ap is constructive, its expression as a linear

combination of transitive bisets [S/P] is not immediate. More details can be found in [25].

4.3 THE p-LOCAL BURNSIDE RING OF A FUSION SYSTEM

Throughout this section, F is a saturated fusion system. In accordance with the discussion
above, RB(F) := R® B(F) is a free R-module with rank the number of F-conjugacy classes
of subgroups of S. For our purposes, we will concentrate on the case R = Z p) and we call
B(F)(p) = Z(p)B(F) the p-local Burnside ring of F. In this context, we can find another
more convenient basis {p} p, whose properties will be outlined below.

In [61], Reeh defines a stabilization map 7tz : B(S)(,) = B(S)(;), in the sense that any
virtual S-set X becomes F-stable via 7t and 7t leaves X unaffected if X is already F-stable.

The following results in the rest of this section appear in [61].
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Theorem 4.3.1 ([61, Theorem Al]). There exists an epimorphism 7T : B(S)(p) - B(]:)(p)
of B(F)(p)-modules, where B(S) p) = Z,)B(S), such that

! >, Po(X),

P ) a1 o 2,

forall Q < S and all X € B(S) p)-

When F is clear from the context, we simply denote 77+ by 7t.
Our goal in the rest of this section is to find an explicit formula for Bp := 7t£([S/P]). For

that, we will need the following lemma.

Lemma 4.3.2 ([61, Lemma 4.1]). Let F be a saturated fusion system over S, and let P < S
be fully F-normalized. Then the number |[P] x| of F-conjugates of P equals \N P| -k for
some positive integer k coprime to p. Under the same assumptions we also have |F(P,S)| =

|Autz(P)|-|[P]F| = % -k, for some positive integer k' coprime to p.

Given a commutative ring R, we say that a divides b in R if ar = b, for some r € R.

Lemma 4.3.3. Let P,Q < S, then |[Q]#| divides HQI]S‘ in Zpy for all Q" ~x Q; and

furthermore
[F(Q, P)|- 1|
[Pl-1F(Q,5)]

Proof. We can always find a fully normalized subgroup Qg such that Qp ~z Q. By Lemma
4.3.2, we have |[Q]#| = |[Qo]#| = INs(Q -
Ns ‘((|2 - Since p" = [Ns(Q")| < INs(Qo)| = p™, we have

Qq(pp) = €Z(p)-

Q's| =

Q| _ pm _prmr
QI p'k  k

€ Z(p)

Therefore |[Q]#| divides |[Q]¢| in Zp).-
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This leads to the following sequence of equalities:

1 B [Q']s]
[ o2, "V g, QI
1 3 S| [Ns(Q',P)|
Q1 (01501, Ns (@0 IP)

_ B INs (Q', P)]
Pl 1[Ql7l (orictar, INs(Q)
S|

= 7' R R<P
P QIA o 2, R € (s 1R <P

I

_ S|

- |P[[Q]#| [Autz(Q)]

IFQ P
|P|-[F(Q,S)]

Do ([S/P])

{Re[Q]r|R<P}-[Autr(Q)|

IF(Q, P)[-]S]

, as desired. O]
|P[-[F(Q,S)

In other words, ®o(Bp) =
Now, we are ready to exhibit a formula for Bp.

Proposition 4.3.4. For each P < S, the element Bp € B(F )(p) is given by the following

Z(p)-linear combination of transitive S-sets:
_IR[-ISI F(Q, P)|
ooy HR,Q)|IS/R].
= 2 o7l {25 [F(Q )]
In particular Bp contains no copies of [S/R] unless R is F-subconjugate to P.

Proof. By definition of the mark homomorphism @ and the canonical basis {eq }, we have

®(Br)= 5 @q(pr) e = 3 N @ (B ce

Qss
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We then apply the formula from Equation (3.1.4) for the inverse of ® and get
INsQ|
Z S CI)Q (;B P) "€Q
Q<S | |

|N5Q|,

- Z ||S| (RZ cI)Q (IBP)'V(RIQ)) [S/R]

R<S <Q<S

- % |1\|113z| (R > @ (Bp)- V(R,Q)) [S/R]

<Q<S

RS« 1F@P
= & INSRI-IPl (R<%<s FQS) (R’Q))[S Rl

If R is not F-subconjugate to P, then |F(Q,P)| = 0 for all R < Q < S, and hence the

coefficient of [S/R] above becomes zero. O

Remark 4.3.5. The formula cgj(Bp) = m ( Y D@o(Br)-u(R, Q)) displayed
R<Q<S

in the proof above will be helpful in the next section.

4.4 THE CHARACTERISTIC IDEMPOTENT OF A SATURATED FUSION SYSTEM

Definition 4.4.1. Let F7, 7, be fusion systems over Sq, Sy respectively. An element X €

B(S1,S») is called right F;-stable if for every P; < Sq and every ¢ € F(P;,S1), we have:
S, . 115
Xo[Py, q)]P1 =Xo [P1,1nc1]P1
Similarly, X is called left F,-stable if for every P, < Sy and every ¢ € F»(P,, S2), we have

[p(P2),¢7" 15 0 X = [Py, idp, ] o X.

When F; = F, = F, we simply say X is F-stable if it is both right and left F-stable.

Definition 4.4.2. Let F; be a fusion system over S;, i = 1,2. We denote by B(Fy,F>)
c B(S1,S7) the submodule of right Fi-stable, left F,-stable elements. It is called the
Burnside module of Fi and F,. When X € B(Fy,F,), we simply say that X is (Fq, F>)-

stable.
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It is easy to see that two fusion systems JFi, JF, over S1, Sy, respectively, induce a fusion

system JFq x JF, over S1 x S and JFq x F» is saturated if Fq, Fp so are [18, Lemma 1.5].

Proposition 4.4.3 ([61, Lemma 5.6]). Let F1, F, be fusion systems over S1,5; respectively
and X € B(S1,S2). Then X is (Fy,F,)-stable if and only if it is (F, x Fy)-stable when
viewed as an element of B(Sy x S1). Therefore, B(Fy,F,) and B(F, x F1) are isomorphic

as abelian groups.

In particular X € B(S,S) is right (resp. left) F-stable if and only if it is (S x F)-stable
(resp. (F x S)-stable).

As desired, compatibility with the composition works: If X € B(F;,F,) and Y €
B(F,,F3), then Y o X € B(Fy,F3). We might wish that Burnside modules for fusion
systems define a category like for finite groups. Unfortunately, it is not the case as we cannot
expect the existence of identities in B(F;, F;) in general. However, it is viable for saturated
fusion systems if we extend the coefficient ring. The following paragraphs will outline this

idea.

Definition 4.4.4 (Linckelmann-Webb). We say that Q) € BA(S, S) is a characteristic biset of

F if it satisfies the following conditions:
(a) Q)is alinear combination of some [P, ¢ |, with ¢ € F(P,S).
(b) Q)is F-stable.
(c) &(X) is prime to p.
Example 4.4.5. If 7 = F5(G), the class [G] is a characteristic biset.
The following result appears in [18, Proposition 5.5].
Proposition 4.4.6. For any saturated fusion system, there is a characteristic biset.

A saturated fusion system J may have several characteristic bisets. We note that Definition
4.4.1 still works if we consider bisets with coefficients in Z(p) instead of Z. Similarly with

Definition 4.4.4 if we replace condition (c) by
(c’) &(X) is invertible in Z ).

The advantage of taking characteristic bisets with coefficients in Z ) is that now, among all
the characteristic bisets of a saturated fusion system J, there is only one that is idempotent

[56, Proposition 4.9, Proposition 5.6].
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Theorem 4.4.7 (Ragnarsson). Every saturated fusion system F has a unique idempotent
characteristic element wr i.e., wr o wr = wx, which is called the characteristic idempotent

of F.
Example 4.4.8. If F = F5(S), the trivial fusion system over S, then wz = [S,id].

Example 4.4.9. Let F be the fusion system of G = £4 over S = Dg, we have [24] = [Dg,id] +
[V,ca 2)], and wg = [Dg,id] + %[V,c(l 2] - %[V, incl], where V < Dg is isomorphic to

the Klein group.

Reeh [61] proves that wy coincides with Ba(sy = 7Tr.s([S x S/A(S)]). In contrast,
Ragnarsson [56] proves the existence of w in Z}@B (S,S) by a limit argument and its
uniqueness by showing that a certain system of linear equations has a unique solution.
Then he realizes that the coefficients of wy actually live in Z ;). Reeh’s approach is more
concrete, indeed, he proves independently of [56], that A(S) is F-characteristic, idempotent
and unique with these features.

In turn, Ba(s) coincides with 7Tz, 7([S x S/A(S)]) because they have the same image in
the mark homomorphism from B(S, S) ;). Hence we can denote them both sy without

danger of confusion.
Remark 4.4.10. From now on, any fusion system JF we deal with is saturated.
Proposition 4.4.11. Let P < S and ¢ € F(P,S). Then

S|
q)A(P,q))(,BA(S)) = m, (4.4.12)

whereas Pp(Ba(sy) = 0 for all other subgroups D < S x S.
Proof. By Lemma 4.3.3, we have

Op(Bas)) = 2T DAOIIS x| _|Fx F(D,A(S))]-IS
D) = TF (D, 5x )-8 |FxZF(D,SxS)
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But |F x F(D,A(S))| = 0 unless D <zxr A(S). Any subgroup of A(S) has the form
A(Q, 1), and any subgroup of S x S which is (F x F)-conjugate to A(P, ) is of the form
A(P, @), with ¢ € F(P,S). Thus, we can assume D = A(P, ¢) and

¥y (Bas) = T AR 0), AS))- IS xS
AP@RPAS = I E X F(A(P, 9),5 % S)| 19|
_lF@s)s s
F(P,S)[-|F(P,S)| |F(P,S)

as claimed. O
Corollary 4.4.13. Let R, T be subgroups of S. Then

S|

, ifoeF(P,R), withP<T
7,5y 1T ER)

DPppp)([R,id]§ 0 wr o [T, 1]3) =

0, otherwise.

Theorem 4.4.14 (Reeh). Let F be a saturated fusion system over S. The equality

Wr =

S| ( {y e F(Q,S) | Ypp = ¢}
P<Q<S

gl Paee) ([P 913) I7(Q,S)]
peF(P,S)

H(P, Q)) [P, 13

holds in B(S,S) ().

Proof. We recall from Remark 4.3.5 that

1
cap,p) (WrF) = Bacom) (P 9]) A(P%)qu’D (w;)-y(A(P,(p),D))

_ 1 S|
(I)A(P,(p)([P/ 4’]) A(P,p)<A(Q¥) |-7:(Q/S)|

_ S| {p e F(Q S)Ylr = ¢}
- Dap,p) ([P 9]) p%g:g IF(Q,S)| MPIQ))’

'V(A(Pfq)),A(Q,llJ)))

since u(A(P, ¢), A(Q,¥)) = [{yp €« F(Q,S)|¢|p = ¢}|- u(P, Q). We used Proposition 4.4.11
for the second equality. 0
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Corollary 4.4.15. Let F be a saturated fusion system over S and R, T < S. Then

S| 1
Op1,e) ([T, @]) |F(T,S)|

if e F(T,R),
C[T,¢]§([R/id]§ owgo[T,i]3) =
0, otherwise.

The following proposition implies that characteristic idempotents work as identities in

their respective Burnside modules.

Proposition 4.4.16 ([59, Proposition 2.4.6]). Let JF1,F, be saturated fusion systems over
S1, Sy respectively. Then X € B(S1,Sy) is right Fy-stable if and only if X o wz, = X and left
JFr-stable if and only if wg, o X = X.

Consequently, any (Fj, F,)-stable element is of the form wzr, o X o wg,, for some X €

B(S1,52). We record this fact by writing B(F, F2) = wr, © B(S1,52) cwg, .

4.5 CLASSIFYING SPECTRA OF SATURATED FUSION SYSTEMS

Given a characteristic element () of F, we take its image Qin [BS, BS] via the composite

z)B(s,5) =% 73B89 (s,5) > [BS, BS). (4.5.1)

The classifying spectrum of F, denoted BBF, is defined via the mapping telescope:
BF = Tel(BS > BS 2 BS.-.).

This spectrum does not depend on (), up to homotopy. Indeed, BF is, independently of the
chosen characteristic biset (), homotopy equivalent to the suspension spectrum of BF, the
classifying space of F [18, Section 5]. In particular, we can choose () = wr, and this choice
has the advantage that (r is a homotopy idempotent. It follows that BF is a homotopy
summand of BS [44, Section 4].

Example 4.5.2. Let F = F5(G). We know that () = [G] is a characteristic biset, thus
BFs(G) ~X*BFs(G) ~ BGy.
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In the following example, we will see that the homotopy type of BF does not suffice to

determine F, up to isomorphism.

Example 4.5.3. Let S be a p-group and Wy, W, be finite p’-groups that act faithfully on S.
We define G; := S x W; and F; = F5(G;), i = 1,2. By assumptions on Wy, W5, they can be

viewed as subgroups of Out(S). Indeed, we have
W; 2 Outz,/(S), i=1,2.

For simplicity, we assume W; = Outy.-l.(S ). In [34, Theorem 1.5], the authors show, indepen-
dently of Theorem 3.3.5, that (BG1) ~ (BG2)j, if and only if W is pointwise conjugate to

W, in Out(S), that is, if there is a bijection a : W7 — W) such that

a(w) = oSy

for gy € Out(S) depending on w € Wj. Of course, this condition is weaker than W; being
conjugate to Wy in Out(S).

On the other hand, (BGy)j ~ (BGy)j if and only if Wy is conjugate to Wy in Out(S), by
the Martino-Priddy conjecture and some extra work as in Example 4.1.8. Concretely, in [34,
Example 5.2] it was found that G = (Z/2)% x (Z/3)3 and H = (Z/2)% x U3(IF3) fit into

the situation above, since the regular representations

(Z/3)% - GL(27,2)
Us(F5) > GL(27,2)

are faithful. Recall that GL(27,2) = Aut((Z/2)?"). Thus, G, H satisfy that BGy ~ BH},
although BG5 ¢ BHY, since (Z/3)3 and Us(IF3) are pointwise conjugate in GL(27,2), but

these groups are not even isomorphic, hence they cannot be conjugate.

More generally, the criteria above apply to any pair of finite groups with normal Sylow
p-subgroups. Indeed, let G be a group with a normal (hence unique) Sylow p-subgroup S.
By the Schur-Zassenhaus Theorem, G is a semidirect product of S and G/S. Moreover, the
quotient group

G’ = G/Oy(G)
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has the same p-fusion as G, with the advantage that G’ is isomorphic to S x W, for some

p’-group W which acts faithfully on S.

4.6 BURNSIDE CATEGORIES FOR SATURATED FUSION SYSTEMS

We can now define a Burnside category for (saturated) fusion systems: Let R be a p-local ring,
the ring homomorphism 77 : Z,,) - R induces a change-of-coefficients ring homomorphism

from Z,)B(S,S) to RB(S, S), also denoted by 7.

Definition 4.6.1. Let R be a p-local ring. We define the Burnside category for fusion systems

RB whose objects are all fusion systems over finite p-groups and morphisms
RB(fl,fz) = 7'((6()}‘2) o RB(Sl, 52) o 7T(CU}‘1).

More generally, for any admissible pair (D, S) with D containing the class of finite p-groups

and S containing A, we analogously define the (D, S)-Burnside category for fusion systems

RB(D.S),

For our purposes, we will concentrate on the cases S = finy, the class of finite p-groups,
and D = < or A. In this context, the category RB(fi"»<) is simply denoted by RB<.
Similarly, the category RB(iny4) js denoted by RB2. We would like to have an R-basis for

RBY(Fy, F,). A natural way to achieve is via the following definition.

Definition 4.6.2 (Ragnarsson). Let S, S, be finite p-groups. Given [P, ], [Q, p] € RBI (51, S,)
and F1, J, fusion systems over Sq, Sy, respectively, we say that [P, ] is (F, F»)-subconjugate

10 [Q, p] and write
[Py] 5 [Qp]

(F1,F2)

if there exist ¢1 € F1(P, Q) and ¢y € F(y(P), p(Q)) such that the following diagram

P — % 4(P)

o e

Q —— p(Q)



4.6. BURNSIDE CATEGORIES FOR SATURATED FUSION SYSTEMS 81

commutes. We say that [P, y] is (F1, Fp)-conjugate to [Q, p] and write

orsimply [P,v] ~[Q,p].if [P,7] = [Q,e]and[Q,p] 3 [P, 7]
(F1.F2) (F1.F2)

Proposition 4.6.3 ([56, Proposition 5.1]). Let F1, F, be fusion systems over S1, Sy, respec-
tively. If [P, y] is (F1, Fp)-conjugate to [Q, p], then

wro[P,y]lows =wr, o [Q,plows.

The above result gives the recipe to prove the following result.

Proposition 4.6.4 ([56, Proposition 5.2]). Let F1, F, be fusion systems over S1, Sy, respec-
tively, and let {[P;, ;] | i € I} be a set of representatives of (F1, Fo)-conjugacy classes. Then

the set

{wfz °© [Pi/’)/i] CWrF | i€ I}
is an R-basis of RB (Fy, F»).

Naturally, Proposition 4.6.4 can be adapted to right-free or bifree Burnside modules.

Now, Definition 4.4.1 leads naturally to the following definition.

Definition 4.6.5. Let F be a fusion system over S, and let M be either a deflation functor or
a global Mackey functor over a p-local ring R. An element x € M(S) is F-stable if for every
P < S and every ¢ € F(P,S) we have

M([P, ¢]3)(x) = M([P,incl]3)(x)
in the contravariant case, or
M([¢(P), ¢7]§)(x) = M([P,idp]5)(x)

in the covariant case. The submodule of F-stable elements is denoted M (F).

The following theorem, due to Ragnarsson, tells us that the F-stable elements are those

that are invariant under the action of wrg.
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Theorem 4.6.6 ([58, Theorem 4.10]). An element x € M(S) is F-stable if and only if
M(wr)(x) = x.

Alternatively, thanks to Theorem 4.6.6 and the fact that wr o wr = wx, we can equivalently
define M(F) as
M
Im(M(S) 2“7, p(s)).
For any finite group G, let us consider the corepresentable deflation functor RBY (G, -).
By Theorem 4.6.6, it follows that RBY (G, F) = wz o RBY(G,S). Thus, RBY (-, F)isa

contravariant deflation functor, and RBY (-, F) = wz o RBI (-, S).
Proposition 4.6.7. The inflation functor RBY (-, F) satisfies the following properties:
(1) RBY (-, F) is projective.

(2) Hom B (-, F),M) = M(F).

Fun(RB Modg) (R
(3) RBY (-, F) is generated by its value at S.

WFo—

Proof. For (1), we use the fact that RBI (-, F) < RBI(-,S) ——— RBI (-, F) is the
identity. Then RB (-, F) is a retract of RB< (-, S). The result follows because RB< (-, S)
is projective.

In turn, property (2) follows from an argument analogous to Yoneda’s lemma. Indeed, the
map

H (RBY (-, F), M) -~ M(F)

OME n(RB Mody)

sending a morphism of deflation functors (i.e. a natural transformation) ¥ : RB< (- F)—
M to ¥Yr(wx) is bijective. For (3), if § € RBY(H,F), then § = wx o B for some B ¢
RB<(H,S). The morphism —o B: RBI(S,F) -~ RBI(H,F) sends wg to 0. O

As RBY (-, F) is aretract of RBI (-, S), and End(IPy v ) is a local ring [71, Corollary
11.1.5], all indecomposable projective summands P iy of RB < (-, F) form part of are those
summands of RBI (-, S).

Proposition 4.6.8. Let R be Z, or ¥, and F as above. Then

RBY (- F)= @ PR,
Qv
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with (Q, V') running over representatives of isomorphism classes of seeds with Q isomorphic

to a subgroup of S, where

_ dim Sle(]:)
dim EndROut(Q) (V) !

no,v(F)

and dimensions are taken over IF ).
Proof. From the properties of a projective cover we have

dim Hom(RB< (-, F),Sq,v) _ dimSg y(F)
dim EndROut(Q) (V) dim EndROut(Q) (V) '

nov(F) =

as desired. O]

This generalizes the finite group case. Indeed, Sq v (Fs(G)) = So,v(G) since S v is
cohomological by Proposition 2.4.25.

Proposition 4.6.9. Let F1, F, be saturated fusion systems over S1, Sy, respectively. Then

there is an isomorphism of Zﬁ—modules
Z,BY (71, F2) = [BFy, BF].
Proof. By [44, Lemma 4.1], we have [Y,Y’] 2 eys o [BS1, BSy] o ey. In particular,
[BFi, BF,] = wz, o[BSy, BS2] 0w, .
On the other hand, we recall that
Z,BY(F1,F2) 2 wr, 0 ZpBI(S1,S2) o w,.

The Segal conjecture (recall Corollary 3.4.4) is compatible with composition, so the claim

follows. ]

Corollary 4.6.10. Let F1, F; be as above. Then there is an isomorphism of Zj,-modules

Z,BY(F1, 7o) = [(BLF1)), (BoF2)y ]
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4.7 BISET FUNCTORS FOR SATURATED FUSION SYSTEMS

Throughout this section, R will denote a p-local ring.

Definition 4.7.1. An S-biset functor for fusion systems over finite p-groups with values in
Modpy, is a (covariant or contravariant) functor F from RBS to Modg. In particular, when

S =< (resp. S = A), we call F a deflation functor (resp. a global Mackey functor).

Clearly, a biset functor for finite groups (actually, for finite p-groups is enough) induces a
biset functor for fusion systems. Indeed, given H : RBS — Modgp, a biset functor for fusion
systems H is induced, defined by taking H(F) := H(F), the F-stable submodule of H(S)
and for Y € RBS(Fy,F,), we define

H(Y) = H(wg,) e H(X) o H(wg,),
where Y = wr, o X owz,, with X € RB(S1,S7).

When using the trivial fusion system Fs(S), we denote H(Fs(S)) simply by H(S).

Proposition 4.7.2. Let H be a biset functor for fusion systems. For any fusion system F over

S, we have

H(F) =2 wr.H(S) = H(wg)(H(S))
as R-modules, viewing wr as a morphism in RB€(Fs(S), Fs(S)) = RBC(S,S).

Proof. As a morphism, wr can be considered to have source and target S or F, as depicted

in the commutative diagram below:

o

S —— > F
wr wr J/ F=1g¢
S —— F
F
Since the composite
H(f) H(S) H(]—') 4.7.3)
N H(wf)
equals H(1x) = 1), we have H(F) = Im(H(F) —— H(S)). But
H(W}') H(wf) H(wgr)

H(S) ——> H(F) — H(S) equals H(S) ——= H(S)
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and H(S) H(]—") is surjective by Equation (4.7.3). Thus Im(H(F) —— Hewr), H(S)) =

Im(H(S) 2“7, H(s)). O

Proposition 4.7.2 confirms the intuition that H(F) coincides with the submodule of

JF-stable elements of H(S) defined in Section 4.6, also denoted H(F). Therefore,
RB(-, F5(G)) = RB(-,G).

Let F be a fusion system over S and V an RB(F,F)-module. We can naturally define

Sryv =Lzy/]Fy, where
L]—',V(,H) = RB(?,,H) ®RB(.7:,.7-') V,

and

Jry(H) = {Z%@’UZELfV( ) VEL’ERB(H/JT)IZ(P#’@UFO}-

As expected, if V is simple, then sois Sz .
In particular, for the following proposition, we assume that R = IFp,, Q is a finite p-group

and V is a simple IF,Out(Q)-module.

Theorem 4.7.4. There is an isomorphism Sé v(F) = Wy (LV), where the direct sum
’ L

runs over F-fully normalized subgroups L < S which are isomorphic to Q, taken up to

F-conjugation, and Wy, =k Z o | for some k € IF,.
ceOut (L)

Proof. Since V is simple, we can choose a single generator v for V as an IF,Out(Q)-module.

Thus, we have an isomorphism Sé/v(}") ~F,BA(Q,F)/N, where
N={9eF,BXQ,F) | (pp)-v=0, forall g ¢ F,BA(F,Q)}.

We would like to find an alternative description for the elements of N. Indeed, let ¢ = wr@ €

N. Then
0= =Pwrwrd = Pwrd, (4.7.5)
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for all ) = Ywz € F,BA(F, Q). By linearity, it suffices to assume that ) = [P, uc]SQ. Thus, if
g=y A[Rlﬁ][R,,B]%, we have owrod =Y Mr,g[P,a]owz o[R, B]. But the products

([P,a]ewxo[R,B])-v 4.7.6)

are trivial unless R = Q and a(P) = Q, so we can assume that R = Q and P = ¢(Q), where

v :Q — S is a monomorphism and & = y~1 : 4(Q) — Q. In other words, we can assume

[P,a] = [v(Q),7]and [R, B] = [Q, B].

Thus, we can simply write Ag for /\[Q,ﬁ]' Hence, Equation (4.7.5) takes now the form

0=(X2As[1(Q), 7 Tewro[Q,B]) . (4.7.7)

On the other hand, we have that

Q.81 = [B(Q), T ) °[Q. Bl

and

(7(Q), 7] = [1(Q), 71 ) ° [1(Q), id] 1.

We recall by Corollary 4.4.15 that [v(Q),id] o wr o [B(Q), t] equals

5| 1 @), .
([ﬁ(%:),v] @pp(0),0) ([B(Q), 0]) F(B(Q),S) [B(Q),o ]5(@) , (4.7.8)

where the exhibited sum runs over the classes [5(Q), (r];ggg with o € F(B(Q),v(Q)) and

the rest of summands are annihilated by v. Therefore, we have that ([y(Q), Y 1]owro

[Q,B]) - v equals

S| 1

[ﬁ(%:),o] Pa(pQ),0) ([B(Q),0]) |F(B(Q), S)]
eF(B(Q)1(Q))

[Q v eI | o
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In particular ([7(Q), 7™ '] owzo[Q,B]) - v vanishes if B(Q) is not F-conjugate to y(Q).
If we choose 0p € F(B(Q),v(Q)) and set p = 0y, then

Wgr o [Q/;B] =Wgro [Q/P]

by Proposition 4.6.3. This has the advantage that p = 6, for some 6 € Aut(Q). Therefore

without loss of generality we can assume that B = p = 76 so that f(Q) = ¥(Q) and
o € Autz(Q). In consequence, [7(Q), 7] ows o [Q, B] equals

S| 1

. 1 [0,0 -
[0160%(7(@)) P (4(Q),0) ([7(Q),]) |]:(7(Q),5)|[Q7 oy]o[Q,0] (4.7.9)

Note that @ (,(0),0)([7(Q),]) = [Z(7(Q))| does not depend on ¢, hence sum (4.7.9)

equals
S| 1 .
' Q/ oyjo Q,Q .
ZOHO TFHO), ) 1oz 2T 70120
We can assume that y(Q) is fully F-normalized. Then |F(y(Q),S)| = % k', with k'

coprime to p, by Lemma 4.3.2. Therefore

S| 1Cs(v(Q))
ZO@DE 15K jeoutz(r(Q))

(m 1y
1Z(V(QDI K (g1c0ut(1(0))

([7(Q), v owro[Q,B]) 0= ( [Q, 7 toy]o [Q,e]) v

[QI 7_10.7] °© [Q/ 9]) " 0.
If v(Q) is F-centric, then Cs(y(Q)) = Z(Q). Thus

([7(Q), v owro[Q,B]) v = (k > [Q,’Y_lU’Y]O[Q,Q])'U

[c]eOutr(7(Q))

(k [vlm]) ([0]0),
[01<0utz(7(Q)

where
k= ICs(7(Q)) l _ S| (4.7.10)

ZO (@)K F(r(Q), SIIZ(v(Q)I
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At last, Equation (4.7.7) becomes

0=([7(Q), v Towzro Y AglQ,B])-v= (k ["Y_I‘T”Y]) (3 Apg16]0),

4.7.11)

[c]eOutz(7(Q))

where A[g) := Ag = A[g ). We now define a homomorphism
R
FyBH(QF) = DWi("V)

that sends wz o [R, 7y] to zero if R # Q and, for each F-fully normalized representative of

L < S of F-conjugation, we choose wz o [Q, ] with ¢(Q) = L and send it to

(k [71(77]) -0 e W) ("QV)
[0]eOutz(7(Q))

with k as in Equation (4.7.10) and, for any other wz o [Q, '] with 4/(Q) = L, we have
wro[Q, 7] =wro[Q,7] 0], for some [0] € Out(Q) and define

R(wro[Q,7']) = (k > [’r‘lm]) ([6]-0) € Wy ("),
[7)€0ut(7(Q))

then extend linearly. This homomorphism is surjective and has kernel N. Hence

So,v(F) = @ W (tv),

as desired. O]

Particularly, we note from Equation (4.7.10) that k = 0 unless L := y(Q) is F-centric.
Hence, W (LV) = 0 unless L is F-centric and Wy (EV) = W (LV) if L is F-centric, where

WL = Z [T]
[T]eOutz(L)
Therefore, alternatively we have
Sov(F 2 @ Wi(tv). (4.7.12)

L is F-centric
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Remark 4.7.13. Our proof of Theorem 4.7.4 does not use that V' is simple but generated
by a single element as an IF,Out(Q)-module, therefore the isomorphism there works more

generally when V is cyclic, analogously to the finite groups case.

Example 4.7.14. In the case F = RV1 (see Example 4.1.12), it is known that Out(E) =
GL,(7). We recall from Example 2.4.22 the simple GL,(7)-modules, in particular, Mg o =
F7{x® x>y, ..., xy°,y°}. Moreover, Outz(E) = {(89),(%5) | a,b,c,d € F;} by Example
4.1.12. Then Wg.x® = Wg.y® = 6x° + 610, whereas W.x'y/ = 0 for 0 < i, < 6. Therefore
dimp, Wg. Mg = 1.

For the following result, we define Rep(Q, ) := Hom(Q, S)/~, with p ~ o’ if and only
if there exists x € F(p(Q),p’(Q)) such that p’ = x o p. Similarly, Cen(P, F) c Rep(P,F)

is defined by taking only the classes of monomorphisms with F-centric image.
Theorem 4.7.15. The following conditions are equivalent

(1) Fr = F,inTF,BA.

(2) F,Cen(Q, F1) 2 F,Cen(Q, F3) as F,Out(Q)-modules, for every finite p-group Q.
Proof. (2) = (1) The proof follows the idea of Theorem 3.5.5: we will show that IF, B (-, F7)
and leBA(—, JF») are isomorphic in Mack]pp, since

MaCk]Fp(]FpBA(_,f]);IFPBA(_Ifz)) = IFPBA(flle)l

The hypothesis implies that F; and J, have isomorphic Sylow p-subgroups, thus both
IF,BA(-, F1) and IF, BA(—, F) are retracts of IF,B4(—, S). In this way,

P (]Pélv)nQ,v(fl) = ]FpBA(—;]:l) = ]FPBA(_’ )z P (H)g,v)nQ’V(f2)
" Q)

if and only if ng v (F1) = ng,v(F2) for each pair (Q, V). In turn, the latter holds if and only
if
dimg,S3 , (F1) = dimg,S§ \/ (F2)-

We will show this. Indeed, by Theorem 4.7.4 and comments below, we have

So,v(F1) = GLBWL(LV),
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where WL = Z
[(T] eOut}—(L)
tives of F7-conjugacy classes of subgroups of S which are isomorphic to Q.
On the other hand, F,Cen(Q, F;) = P

L< 2 S is F—centric
means

o, with L running over Fp-centric, F1-fully normalized representa-
F,Out(Q)W,. Condition (2)

O FowQWr @

L< 2 S is Fj—centric

]FPOU.’[(Q)WL/,

L'<x,S is Fr—centric

hence we can apply Lemma 3.4.15 to equation (4.7.12) to obtain

So,v(G) 253y (F2)
as ]Fp—vector spaces, as expected.
(1) = (2) An isomorphism from F; to F, in leBl% induces an isomorphism

o, (F1) > Sp,y (H) (4.7.16)

as IF,-modules, for any finite p-group Q, since Sé/v is cohomological by Proposition 2.4.25.

. . A . .
Essentially as in the proof of Theorem 3.5.5, SQ,IFpOut(Q)(}—l) is a right IF,Out(Q)-

module. It follows that isomorphism (4.7.16) is an isomorphism of IF,Out(Q)-modules.
Now, we have

SqF,0ut(Q) (F1) = & WL F,Out(L)

L< 2 S is F—centric

L<z, S is F-centric

= F,Cen(Q, F1),

where all isomorphisms are isomorphisms of right IF,Out(Q)-modules. We then obtain an
isomorphism of IF,Out(Q)-modules

F,Cen(Q, 1) —» F,Cen(Q, F),

as desired.
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By reasoning analogously to Remark 3.4.8, we have that Theorem 4.7.15 leads to the

following consequence.

Corollary 4.7.17. If F, Cen(Q, 1) = F, Cen(Q, F2) as F,Out(Q)-modules, for every
finite p-group Q, then BF; ~ BF.

We end this thesis by giving some evidence of [34, Proposition 4.5], that is, the implication
(3) = (4) in Theorem 3.3.5. Let G, H be finite groups with normal Sylow p-subgroups.
Following Example 4.5.3, we can assume that G = S x W, for some p’-group W acting
faithfully on S, without losing information of its p-fusion, and analogously for H = S x W'.

Now, let us assume that G and H satisfy condition (3) in Theorem 3.3.5. Hence, we can
assume that G and H have S in common as their Sylow p-subgroup. In particular, we have

H =S »xW'. Regarding G, we have

. : Out(S
By Inj(Q, G) = ByIni(Q,S) o, 0u(s) Fy | g | @7.18)
and
Out(S
F,Cen(Q, G) = F,Cen(Q, S) @, ous) Fy [ Vé >], (4.7.19)
and analogously for H. Now, by hypothesis, we have isomorphisms
Out(S . . Out(S

as IF,Out(S)-modules. Therefore, the dependence of F,Cen(Q,G) on F), [Ouvt\;S)] in

isomorphism (4.7.19), and analogously for IF,Cen(Q, H), guarantees that
F,Cen(Q,G) = F,Cen(Q, H),

as desired. In particular, we are able to affirmatively answer O’Hare’s question (see the
conclusion of Section 3.5) for finite groups with normal Sylow p-subgroups, extending the

family given in [46, Proposition 2.4].
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APPENDIX

A.l1 THE MOBIUS FUNCTION

Let (P, <) be a poset. We say that (P, <) is locally finite if all intervals

[x,z]={yeP|x<y<z}

are finite. When the order < is known, we simply denote (P, <) by P.

Definition A.1.1. Let P be a poset. The incidence algebra of P is the set

I(P)={f:PxP—-R]|f(x,y) =0unless x <y},

with the following operations:
-(Addition): pointwise

(f +8)(x,2) = f(x,2) +8(x,2)

-(Multiplication): convolution

(f*9)xz)= > f(xy)g(y, 2)

x<y<z

1, ifx=y,
-Multiplicative identity: e(x,y) =
0, otherwise.

Proposition A.1.2. A function f € I(P) is invertible if and only if f(x,x) # 0 for all x € P.
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The Mobius function of P, denoted by u, is defined as the inverse of the zeta function ,

with

1, ifx<y,
C(x,y) =

0, otherwise.

Indeed, ( is invertible by Proposition A.1.2. The function u can inductively constructed as

follows:
p(x,x)= 1,
uxy)= - > u(x2).

x<z<y

A.2 LIFTING OF ISOMORPHISMS

The following result is proved in [69], but it is not contained in any published source to
the best of the author’s knowledge. Therefore we reproduce the proof from [69] here for

completeness.

Proposition A.2.1. Let C be an additve category, such that C(x,y) is a finitely generated
abelian group, for every x,y € Ob(C). Then any isomorphism in F,C(x,y) lifts to an
isomorphism in Z;,C(x,y), for every x,y € Ob(C).

Proof. Given an isomorphism f € FpC(x,y), we claim that any lift f € Z5C(x,y) of f is
an isomorphism. Indeed, if ¢ € Z3C(y, x) is aliftof g = 7_1, we know that gf =1-peg
for some ¢ € Z;C(x,x). By hypothesis, it follows that Z;C(x,x) 2 C(x, x)p, thus it is
p-complete (recall Remark 1.4.4). The series 1 = i pig' converges in Z5C(x,x) and gives
a two-sided inverse of gf, so f has a left inverse l/)lg,) and g has a right inverse f1p. Swapping

the roles of f and g shows that f has a right inverse as well, so f is invertible. O
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